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Zusammenfassung 3

Zusammenfassung

Die vorliegende Arbeit basiert auf den mikroskopischen Bewegungsgle-
ichungen der Wechselwirkungen von Licht im THz Bereich und einem Elektron-
Loch Plasma. Die Berechnungen hierzu werden unter der Annahme eines
inkohérenten Systems und unter Benutzung der Analogie zwischen den Lochern
des Plasmas und den lokalisierten positiven Ionen des Heterolibergangs eines
2DEG Systems gemacht. Die analytische Losung der Systemantwort fiihrt hier-
bei zur korrekten Lindhardt Form der Antwort eines dreidimenionalen Elek-
tron Gases, welches mit einer longitudinalen Anregung wechselwirkt. Man
erhilt ebenfalls die Antwortsignale fiir ein- und zweidimensionale Systeme,
welche durch longitudinale Plasma- Frequenzen nicht vorhersagbar sind. Die
berechnete transversale Antwort wird zudem mit der, beziiglich der Thz-
Licht Wechselwirkung mit 2DEG in der Literatur angefiihrten, longitudinalen
dieelektrischen Funktion verglichen. Ebenso werden Vergleiche zwischen der
Abhéngikeit der transversalen und der longitudinalen Plasmaantwort von der
Elektronendichte prasentiert. Abschliessend wurde ebenfalls eine vollkommen
dynamische Antwort berechnet, um die Zeitentwicklung der Antwort eines
"Transversalen Plasmons” studieren zu kénnen.

Aufgrund der neuen und vielversprechenden Moglichkeiten der THz Spek-
troskopie, darf man annehmen, daf sie sich nicht nur fiir die Physik in einem
Fokus des zukiinftigen Forschungsinteresses befindet, sondern ebenfalls die
Nanotechnologie beeinflussen wird. Grundlegende Untersuchungen der Wech-
selwirkungen von Licht im THz Bereich mit Materiel sind daher sowohl das
unerlassliche Fundament als auch der erste Schritt fiir mogliche spatere An-
wendungen. Im Rahmen dieser Arbeit konnte klar gezeigt werden, wann und
warum ein auf longitudinalen Plasmonen basierender Ansatz nicht in der Lage
ist, die experimentellen Ergebnisse von THz Spektroskopie eines Elektronen
Gases zu reproduzieren.



Abstract

The microscopic equations of motion for THz light interacting with an elec-
tron hole plasma are presented. This system is presumed to be incoherent and
an analogy is made between the holes of the plasma and the fixed positive
ions at the heterojunction of a 2DEG system. An analytic solution to the
system response leads to the correct Lindhard type of response for three di-
mensional electron gases interacting with a transverse THz field. This analysis
also gives the response for one- and two- dimensions, which is not predicted by
longitudinal plasma frequencies. This transverse response is compared with a
longitudinal dielectric function which is often found in literature concerning
the interaction of THz light with 2DEGs. A comparison is made between the
behaviour of the transversal response with electron density and the behaviour
of a longitudinal plasmon response with density. A fully dynamic response is
also computed, to examine the temporal evolution of the “transverse plasmon”
response.

This work clearly illustrates when and why a longitudinal plasmon ap-
proach does not reproduce experimental results concerning THz spectroscopy
of electron gases, a source of sizeable current interest in both physics and
nanotechnology communities.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Quasiparticle Spectroscopy

Electrons and holes (the positive gaps left when an electron is excited out
of its ground state) are charged particles and interact via the longitudinal
Coulomb interaction. Through optical excitation, electron-hole pairs are
created in a semiconductor such that electron (hole) numbers are not con-
served. Oppositely charged electron and hole quasiparticles can coexist in
an ionized but correlated plasma, or form bound hydrogen-like pairs called
excitons. Optically excited electron-hole pairs form optical dipole oscillators
and recombine via stimulated or spontaneous emission of the transverse light
field. These processes yield a superposition of the incident and the induced
field. The related phenomena can be summarised with the expression [light
propagation because their study requires the solution of Maxwell’s equations
which describe the transport of light.

Electron-hole pairs can be scattered out of their optically prepared
quantum states by collisions with other quasiparticles in a solid, like phonons,
imperfections, and surface states. Such scattering effects may yield additional
dephasing of the induced electromagnetic fields (temporal decay of electron-
hole dipole oscillations) and lead to the disturbance of the ballistic motion of
electron-hole wavepackets. While propagating in the material, the incident
electromagnetic field accumulates changes induced by its interaction with the
material excitations.

Photoexcitation of even low densities of quasiparticles in condensed matter
results in complex many-body states, which arise from the interactions among

quasiparticles and with other elementary quanta of vibrations (phonons) or

3



4 CHAPTER 1. INTRODUCTION

light (photons). In the past, the dynamics of excited semiconductors were
often investigated by absorption, photoluminescence, or nonlinear wave mix-
ing experiments close to the bandgap [1], [2] . These techniques are based on
creation and/or destruction of excitons and, because of the photon’s small mo-
mentum, probe e-h states with negligible centre-of-mass momentum. Absorp-
tion in that spectral range is only indirectly influenced by carrier and excitonic
populations. The interband light-matter coupling in semiconductor systems is
mediated by the optical polarization, i.e. the induced coherence between the
valence and conduction bands. Already existing, or excitation generated pop-
ulations of quasi-particles do not directly couple to the light field; they can
only modify the optical polarization. Hence, interband spectroscopy does not
yield direct information about incoherent populations and it is often difficult,
if not impossible, to unambiguously attribute observed changes in the optical
response to their genuine origin. In contrast, THz transitions can measure
populations of excitons or conducting charges already present in the sample (
photogenerated or introduced by doping ) and at centre-of-mass momenta well
outside the optically accessible range [3], [4]

In order to learn about the true nature of optically generated excitations and
quasi-particles, one needs supplementary information from other methods. Re-
cent experimental efforts [5], [6] have extended semiconductor optics toward
the regime where transitions between quasi-particle states can be probed di-
rectly with far-infrared fields at terahertz (THz) frequencies which are orders
of magnitude lower than the usual band-to-band transitions. Especially, the
combination of interband optical excitation and intraband measurements of
the induced Thz absorption allowed the experimentalists to discuss questions
such as the ultrafast build-up of plasma screening [7] and the formation of
excitonic correlations [6]. Since the semiconductor quasiparticle excitations
strongly interact with THz radiation, time-resolved THz spectroscopy is be-
coming an important tool to investigate the optically induced dynamics.
This opens new opportunities for precise spectroscopy of low-energy excitation
dynamics, we may also use the term quasiparticle spectroscopy.

Probing an electron gas with THz fields, that is probing a heterojunction
which has had a gate voltage applied such that an equilibrium electron distri-
bution has been established in the confinement region, see Fig.1 is similar to a
THz pump-probe experiment where an optically excited electron hole plasma
is probed with a THZ field, This study seeks to describe just such a system.

Elementary excitations in an electron gas are traditionally decomposed into
two distinct categories [8], [9], [10]: single-particle electron hole excitations
and collective plasmon modes. The single-particle excitations correspond to
the excitation of an electron above the Fermi surface leaving a hole below,
whereas the plasmon is a collective charge-density excitation of the whole
system arising from the long-range nature of the Coulomb interaction. In
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the interacting Fermi system, this basic picture still holds due to the validity
of the Landau Fermi-liquid theory [8] - [10] in which single particle excita-
tions are interpreted as quasiparticles ( Cooper pairs in a superconductor,
excitons in a semiconductor, and so forth ). At low excitation energies,
these quasiparticles are long-lived and the interacting Fermi-liquid consists
of weakly interacting quasiparticle excitations and a collective plasmon
mode At large wavevectors, the plasmon mode enters the electron hole
continuum of single-particle excitations and becomes Landau damped due to
its decay into electron-hole pairs. Thus the distinction between collective and
quasiparticle excitations is lost at large wavevectors. This paradigm of the
elementary excitation spectra of a quantum solid-state plasma consisting (at
least, for long wavelengths) of low-energy quasiparticles and (a high-energy)
collective plasmon mode has long served as the basic model for normal
metals in three dimensions. More recently, this paradigm has been used very
successfully [11] , in describing the properties of two-dimensional electron gas
(2DEG) systems confined in semiconductor inversion layers, quantum wells,
and heterostructures. For many solids, the concept of quasiparticles has been
very useful for describing the ground state and small departures from it,
that is, the most basic excitation and the linear response to weak external
perturbations. However, the part of the Coulomb forces not accounted
for in the formation of quasiparticles leads to interactions between these
quasiparticles, inducing nonlinearities and destroying their phase coherence.
Understanding the influence of these many-body interactions and Coulomb
correlations is one of the central challenges of condensed-matter physics. In
the analysis presented in this thesis, we concentrate on Coulombic effects.

Several recent experiments have applied terahertz (THz) fields to directly
probe the optically generated many-body system. So far, this approach has
been used to detect and monitor conductivity [12], plasmons [7] and bound ex-
citon formation [13], [6]. Particularly in the case of the exciton investigations,
THz spectroscopy has helped to resolve a long-standing issue in semiconductor
physics.

[27] gives an insight into recent efforts in understanding the time evolution
of screening. This topic will be returned to later when we examine the widths
of the plasma THz resonances.

1.1.2 What is THz ?

“Terahertz (THz) fields” is a generic term for waves with a spectrum be-
tween 0.1 and 10 THz. Although, strictly speaking, THz waves are those
with frequencies between 1 and 10 THz the spectral range covered by the
extended notion of THz fields includes some millimeter- and submillimeter-
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waves. Sometimes, especially in connection with imaging techniques, the THz
spectrum is defined as T-ray. To get a better grasp of the frequency region we
are referring to it is useful to mention that the frequency of 1 THz corresponds
to a wavelength of 300 um or 0.3 mm and to a wavenumber of 33 cm™' .
Thz fields have wavelengths extending from 3mm (0.1 THz or 100 GHz) up
to 30 pm (10 THz ); this wavelength interval ranges between the top edge
of the millimeter wave spectrum to the bottom edge of the optical spectrum
corresponding to the boundary of the far-infrared (FIR) spectral region.
Terahertz signals were until recently an almost unexplored area of research
due to the difficulties in generation and detection of electromagnetic fields
at these wavelengths. Neither optical nor microwave techniques are directly
applicable in the terahertz range since optical wavelengths are too short and
microwave wavelengths are too long compared to terahertz field wavelengths.
The development of ultrafast optical techniques, the manufacturing of semi-
insulating semiconductors with very short lifetimes and of band-engineered
heterostructures,as well as the micromachining techniques and nanotechnol-
ogy have boosted the terahertz fields as a new area of research in quantum
electronics with many important applications.

1.1.3 Why is THz Interesting?

The interest in the THz frequency range is fuelled by the fact that this
range of frequencies is the place where unique physical phenomena with char-
acteristic features are produced. Some of these unique features are listed below.

e The spectral energy distribution in observable galaxies shows that 50%
of the total luminosity and 98% of photons emitted since the Big-Bang
are located in the THz frequency range. [14]

e Thz fields interact strongly with polar substances but penetrate those
non-polar. Thus, the absorption spectra of many polar molecules
have many and distinct spectral peaks in the THz range. This unique
signature of molecules in the THz range is of highest importance in
monitoring the surrounding medium, air pollution detection , or gas
sensing.

e Biological tissues or other biological constituents have distinct signatures
in the THz range. For example, DNA signature, DNA manipulation,
gene diagnostics were demonstrated experimentally using THz tech-
niques. [15]
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e Very small/miniaturised antenna arrays and circuits can be used
in the THz range since the corresponding wavelengths, which im-
pose the dimensions of antennae and circuits are much smaller than
those encountered in the microwave and millimeter-wave spectral
intervals. 'This advantage is of great importance in medical imaging
and imaging devices such as THz cameras. Moreover,despite their
reduced size, THz devices are able to send or receive a huge quantity
of information that can be encoded in the ultra wideband of THz signals.

e THz signals are the information carriers in the 1 — 10 Tb/s optical
communications systems, which are developed now and are expected to
become a commercial reality in the next decade. THz modulators are
able to modulate ultrafast laser diodes will use quantum devices such as
ballistic diodes or transistors with a cutoff frequency well beyond 10 THz.

e The 1 ps switching performance of the THz transistor is studied now by
leading companies using the latest discoveries in nanotechnology [16].
For example,the dimension of the gate of this transistor is 90nm thick
(about 5 atomic layers) and a SRAM cell based on it is smaller than
1 m? . If the power consumption problems occurring at such huge data
speed will be solved, a computer will run at a speed that is unimaginable
today, making possible, for example, real-time speech recognition and
translation.

1.1.4 Generators and Detectors

The location of the THz field spectrum between the electronic and photonic
domains implies that optical or electronic, or even better a mixture of optical
and electronic means, can be employed for THz field generation, detection and
processing.

There exists a great interest in new solid state devices that could detect
and emit terahertz radiation in a selective and tunable way. Indeed,tunable
terahertz sources are evolving rapidly, ranging from 2DEG FETs [17],
free-electron [18], [19] and quantum cascade lasers [20], [21] to sources with
difference frequency generation [22]. The difficulty in detecting and generating
terahertz radiation using solid state devices is related to two factors: i) the
transit times in the devices are typically much longer than the period of
the terahertz oscillations, and ii) the quanta of terahertz radiation are much
smaller than room or even liquid nitrogen thermal energy. There are ways
around this. For example, plasma waves in a gated two-dimensional electron
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gas (2DEG) can propagate with much larger velocity than the electron drift
velocity and their excitation is not linked to any type of electronic transition.
Hence, they can be excited even at elevated temperatures [23].

No practical materials exist with appropriate band gaps to allow interband
light-emitting diodes or lasers at the appropriate terahertz frequencies.
Intersubband transitions, however, potentially allow photon emission energies
in the terahertz region of the spectrum by using band gap engineering. Such
structures in the from of the quantum cascade laser [20], [24] are already well
established in III-V materials at midinfrared frequencies.

1.2 Preliminary Concepts

1.2.1 Two Dimensional Electron Gas

An important system where quantum effects are observed is a 2 Dimensional
Electron Gas (2DEG). There are two basic systems where 2DEGs have
been studied. One of them is Si MOSFETs (metal-oxide-semiconductor
field-effect-transistors). A typical device is shown in Fig.(1.1).

A (100) Si surface serves as a substrate while the SiOy layer behaves as
an insulator. A 2DEG is introduced electrostatically by applying a positive
voltage V, . The sheet density of a 2DEG varies linearly with (V, — V})
where V; is the threshold voltage for the barriers creation.
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2DEG

Metal i,

Figure 1.1: Band diagram showing conduction band FE¢, valence band Ey
and quasi-Fermi level Er . A 2DEG is formed at the interface between the
oxide ( Si0s ) and p-type Si substrate as a consequence of the gate voltage
Vy
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n-AlGads -Gahs

Figure 1.2:

Another important system concerning 2DEGs involves modulation-doped
GaAs-AlGaAs heterostructures. The bandgap in AlGaAs is wider than in
GaAs. By variation of the doping it is possible to move the Fermi level inside
the forbidden gap. When the materials are put together, a unified level of
chemical potential is established, and an inversion layer is formed at the
interface.
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Figure 1.3: Band structure of the interface between n-AlGaAs and intrinsic
GaAs, both before and after charge transfer
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1.2.2 Plasmons

The collective excitations of the electron gas are called plasmons. In order to
analyze elementary longitudinal excitations of the electron plasma, we compute
the dynamical evolution of a charge density fluctuation following the approach
in [25]. This involves computing the expectation value of the electron charge
density operator

e
<Peqa> = —3 Z < al‘;_qak > (1.1)
k
under the influence of the electron gas Hamiltonian
1
Helectrongas = ZEk aLak + 5 Z anL_qaL,+qak:ak (12)
k k.X/,q#0

where V; is the strongly dimension-dependent bare Coulomb potential. From
the equation of motion of pg ,obtained via the Heisenberg equation, and the

ansatz < anak > (1) = ettt < anak > (t=10) , we find the result
fk—q - fk

Ve =1 1.3

q%:h{w-l-zé-l-ek_q—ek} (1.3)

The real part of this equation determines the eigenfrequencies w = wq :

fk—q - fk

Ve =1 14

4 Xk: h{wq + €k—q — Gk} ( )

where we let § — 0. In the long wavelength limit we obtain the following
expressions for the plasma eigenfrequencies:

€2N30
Wg -0 ‘3D =
€EBaMie
€2N2D 1
Wg—o0 |2p = —q )?
2 €EBGMe
2
€ NlD 1
wgso ip = (——)2¢q (1.5)
4 EBGMMe

From Egs.(1.5), it is clear that the plasma frequency is, like Vg , strongly
dimension dependent, and for two- and one- dimensions it is dependent on
the excitation momentum [26]. It should, however, be noted that the one-
dimensional result is strongly dependent on the chosen wire confinement, i.e.
the radius of the chosen quantum wire, as there is no true 1d limit The phenom-
ena of plasma screening of the Coulomb potential can be accurately described
by again evaluating the equation of motion of

e
<pea>= —73 )~ < af_qm > (1.6)
k
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this time under the influence of an effective single particle Hamiltonian, that is
a single particle Hamiltonian with an effective potential Vs which is the sum
of the Coulomb potential V(r) of a test charge , and the induced potential
Vina(r) of the screening particles, i.e.

Vers(r) = V(r) + Vina(r) (1.7)

When the effective potential is determined self-consistently [25] it is seen to be
given by the expression

v
Vorr(q) = d 1.8
ff( ) e(q, U)) ( )
where €(q,w) is the longitudinal dielectric function and is given by
fk—q - fk
eqw) =1 — V, 1.9
(a,w) q; filw +1y + ex—q — €x) (1.9)

Eq. (1.9) is the Lindhard formula for the longitudinal dielectric function,
and involves the dimension-dependent V,; multiplied by a Lindhard sum.
Verr, when evaluated self-consistently, is also referred to as the dynamically
screened Coulomb potential. The longitudinal plasma eigenmodes of (1.9) are
determined by Eq.(1.4), thus illustrating that the phenomena of screening
and plasmons are closely related. Discussion of the screening of the Coulomb
potential is still an active area in condensed matter research, and some recent
experimental works of relevance have used THz spectroscopy to investigate the
onset of screening in a plasma [27] .

1.2.3 How We Will Proceed

We compare the self-consistent approach of analysing a longitudinal excitation
response with the linear (i.e. susceptibility ) approach , which is the approach
of choice for analysing transverse excitations. By analysing the light-matter
interaction Hamiltonian, we will see that the transverse and longitudinal inter-
actions do become equivalent in the long-wavelength limit. It is for this reason,
and also the success of the three-dimensional plasmon approach in explaining
THz interaction in three-dimensions, that many practitioners use a one- or
two- dimensional plasmon to analyse THz interactions in confined electron gas
systems. This leaves us to answer the question why this plasmon approach
works well for three dimensions, but not for one- or two- dimensions.

This will be answered by analysing the response to a longitudinal excitation
via firstly, a linear (susceptibility) approach, and secondly a self consistent
approach. Having determined which of these methodologies is appropriate
for our system ( a transverse THz field interacting with an electron gas), we
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proceed to present a quantum mechanical description of the electron gas in a
second quantised formulation.

Starting from a semi-classical theory of the coupled semiconductor-light
system, the equations of motion will be derived from the Hamiltonian of the
field-semiconductor system. Firstly the Hamiltonian of the system is described
and then the equations of motion are derived.

The derivation and the solution of the coupled semiconductor-light equa-
tions is difficult for two reasons: Firstly, in contrast to atomic physics where
the wavefunctions and the energies of the excited electronic states can be as-
sumed to be known,in a semiconductor the quantum many-body problem is
not fully solveable. Even the groundstate of the system presents an unsolveable
manybody problem. However for many purposes this problem can be avoided
successfully by assuming a Hartree-Fock groundstate.

Secondly, the resulting equations of motion for the electromagnetic field,
the semiconductor current and the density are given by a coupled set of non-
linear partial integro-diffferential equations. Such equations usually cannot be
solved analytically and a numerical approach has to be chosen.

We will subsequently make the analogy between an electron hole system
and the electron ion system described on the previous page.The analogy is
based upon the ions being treated as massive fixed holes. The formulated
theory holds for one, two, and three dimensions.

1.3 Focus of this Thesis

The focus of this thesis is to investigate the Thz response of interacting elec-
tron plasmas, with an emphasis on Coulomb effects. Many experimental and
theoretical approaches have already considered the response to longitudinal
fields, using the concept of a plasmon to describe the response. However, the
THz fields which are involved when we consider the lasers and detectors de-
scribed above are propagating transversal fields, and a theory for the response
to such transversal fields is required. The open questions which this thesis
hopes to address are:

e the dimensional dependence of the transversal THz response
e the detection of plasmons via transversal fields
e the dynamic build-up of the THz response

e “transverse plasmon” lifetime, buildup of Coulomb screening



Chapter 2

Light-Matter Interaction

The electromagnetic field is described by the electrical and magnetic fields
E(r,t), B(r,t), which are coupled to matter through the charge- and current-
density fields p(r,t), and j(r,t). To formulate a closed set of equations one
needs, besides the Maxwell-equations, either an explicit functional or a set
of (differential-) equations for p , j in terms of E , B . For our purposes a
classical description of the EM fields is sufficient,however the matter must be
treated quantum mechanically. In this case one has to find the wave-function
(or statistical operator) from which the expectation values of the charge- and
current- density operators can be calculated. This will be addressed in Chapter
V.

2.1 Field Equations

2.1.1 Maxwell Equations and Gauges

The state of the electromagnetic field in matter is described by E , B |, j and p
which satisfy the Maxwell equations:

0
VxB(r,t) = pjr,t) + Noéan(ra t)
0
E(r,t) = ——B(r,t
V x E(r, ) ET (r,1)
V-B(r,t) = 0
V-E(r,t) = p(r?)

(2.1)

Maxwell’s equations guarantee charge conservation which leads, owing to
V- (V xB) = 0, to the continuity equation:

0 .
5" +V.j=0 (2.2)

15
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Formal solutions of Maxwells equations can be immediately found by intro-
ducing the vector potential A and the scalar potential ¢ , from which the
electric field E and the magnetic field B are obtained according to

0
E=2A Vo (2.3)

B = VxA (2.4)
Inserting Eq. (2.3) into Eq.(2.1) we find

0 p
A —V-A = ——
¢ + 8tv €

(2.5)

and taking the curl of Eq.(2.4 ) and the time derivative of Eq.(2.3 ) , we find,
together with Eq.(2.1),

2
L2 Av24) = i (2.6)

Vx(VxA) + 5 T

c2

Formally, only three of the four field components (A;, Ay, A, % ) are linearly

independent and as a consequence of this ambiguity Egs. (2.3) - (2.6) are
invariant under the gauge transformation

A —- A + Vyx
0
¢ — (b—&X
(2.7)

i.e. the fields E and B are not affected by this transformation. Thus we
have the freedom to choose an additional constraint on the field components.
Several gauges are commonly used. In, for example, quantum electrodynamics
it is most natural to work with the Lorentz-invariant Lorentz gauge

1 0
A 4 =
vV} + 2 8t¢> 0
1 0? 1
2, L9 _ 1
= Ve c? 0%t eop

(2.8)

in which the vector potential and the scalar potential obey retarded wave
equations. This gauge reflects the fact that at long distances the interaction
between two charges is always retarded. In solids the retardation of the inter-
action is usually less important, and it is more convenient to choose a gauge in
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which the dominant contribution to the interaction is instantaneous. This can
be realised in two ways. Either one chooses ¢ = 0 or one chooses V-A = 0.
In both cases one obtains an instantaneous relation between the longitudinal
field and the charge density from Eq. (2.5). Whereas in the gauge ¢ = 0
both longitudinal and transverse components of the field are contained in the
vector potential, they are strictly seperated in the second case. This favours
the Coulomb (or transverse ) gauge. As a consequence, the time dependence
in Eq. (2.5 ) vanishes and we obtain the Poisson equation

V-A =10
1

= V= ——p
€o

(2.9)

with solution

o(r) = ! dr’ _oe) /d3r'v(r— r')p(r') (2.10)

4eg lr—1'|
where we have introduced the static Coulomb potential

1
Aey | 1 |

v(r) = (2.11)

The evaluation of Eq. (2.6 ) is more complicated. We can use Eq. (2.11 ) to-

gether with the continuity equation Eq. (2.2 ) to eliminate the scalar potential.

Furthermore, as the divergence of A vanishes and, hence V x (V x A) =

—AA, Eq. (2.6 ) takes the form of a wave equation
1 02 j

AA — =2 A = T

= — 2.12
2 0%t cZeg ( )

In the Coulomb gauge, longitudinal and transverse interactions are seperated.
The scalar potential determines the instantaneous longitudinal interaction
between the charged particles, whereas the vector potential is transverse
owing to the cancellation of the longitudinal contribution to Eq. (2.6). Cor-
respondingly the source term in Eq.(2.12) represents the transverse current,
which is characterised by vanishing divergence. So far, we have reduced the
solution of Maxwells equations to the solution of the Poisson equation and a
wave equation. The distribution of charged particles determines the scalar
potential and thus the electrostatic interaction energy in the system, whereas
the vector potential is responsible for transverse interaction effects. Both
contributions enter into the quantum mechanical description of the particle
system, as we shall see soon.
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For convenience, we now seperate the external sources pez. (r,t), Jez. (r, 1)
from the matter fields. Here, by “external”, we refer to the control, not to
the location of the charges; i.e. we assume that they are not affected by the
charges in the medium.

.. 0
VxB= p(+jet) +coporE

ot
0
E= —B
V X Y
V-B=10
VE= —(p + Peat.)
€0

(2.13)

2.2 Response Functions

Instead of using the current density it is sometimes convenient to work with
the polarisation p(r,t) defined by

V-p(r,t) = —p(r,t)

j(rat) = %p(r,t)
(2.14)

Splitting the matter-current into free, bound and magnetization currents is
only useful for quasistationary fields but is neither necessary nor advantageous
in solid state optics. At high frequencies the oscillation amplitude of “free” and
“bound” charges are of the same order, hence, there is no physical difference.
It is common to preferably work with j(r,t) to describe “metallic” systems
(i.e. “free” charges, intraband dynamics) and with p(r,¢) for “dielectric”
behaviour (i.e. “bound” charges, interband dynamics). This is motivated by
the fact that for slowly varying fields (with respect to time and space) the
following relations hold

j(r,t) = oE(r,t)

p(r,t) = exE(r,1)
(2.15)

where o, x represent the electrical conductivity and susceptibility.

These are the simplest form of matter equations. Systems which contain
both types of carriers are conventionally modelled just by adding both contri-
butions and using a response function
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1 0
t) = —[J(r,t —P(r,t
RJ(I‘, ) 60[ (I‘, ) + ot (I‘, )]a
We make a further distinction here,
V-J = _9 V-P = —p;
- atpemt. - Pind.
such that Eq. (2.13) casts into the form
0
H=J +-D
V x + 5
0
E= —-——B
V x p
V-B=0
V-D= pesu. (2.16)

where D | (the electric displacement) is defined by D = ¢E+ P and H ,
(the magnetic intensity) is defined by H = ;%o B- M

2.3 Longitudinal and Transverse Parts

As all vector fields F can be split into a tranverse part V x Fr+ = 0 and a
longitudinal part V- F;, = 0 we now make the divisions
E = E; +Er
B = B; +Br
J =J. +J7
P =P; +Pr (2.17)
The constitutive relations therefore become
0
J=V-J, = ——pe
\Y \Y L atp t.

V-P =V: P, = —pina
1

V-E =V.E = G_[pezt. + pind]
0

0 0 0
J +aP +€0aEL = JT +§PT

(2.18)

As before, the fields are derived from a scalar potential and a vector po-
tential via:

E = V¢— %A

B =V xA (2.19)
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Maxwells equations give rise to wave equations for the vector fields:
1 92 0 0? 0?

_V X (V X ET) — gﬁET = /LO[EJ + @P + GO%EL]
0 0?
Mo[aJT + %PT]
(2.20)
1 02 0
0
= —/,L()V X [JT + aPT]
(2.21)
1 02 0 0? 0 0
-V x (V X AT) — g@AT = ,LL()[EJ + @P —+ eoa(—Vqﬁ — aAL)]
0

It is now convenient to introduce the longitudinal and transverse response
tensors xr/r and opr

%P(w) = xr(w) Er(w)+ xr(w)-Er(w)
éJ(w) = op(w) Er(w) + 01(w) Ey(w) (2.23)

where by definition, the linear response of matter to fields does not involve
a self-consistent treatment of Maxwell’s equations. It is worth noting at this
stage that

XT/L (w) - Er/L (w)

is not necessarily transverse/longitudinal, and similarly for

O'T/L(w) . ET/L(OO)

2.4 Interaction with Matter

In order to examine the linear response of a solid to an electromagnetic field,
the starting point is the interaction Hamiltonian, obtained via the minimal
substitution.

~

i - / (@) {;E(ﬁ—@ﬁ)u V() + Qo(r) }i(z) da
= / / BM(@) ) Ve — 1) D) D) dody  (2.24)
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The rewrittten Hamiltonian contains the kinetic energy of all charge carri-
ers with the momenta renormallised by the vector potential, the longitudinal
Coulomb interaction as well as the energy of the transverse field ( transverse

electric —é%A and magnetic field B = V x A ). Ouly the transverse
part of the total electric field —é%A occurs explicitly in the Hamiltonian.
The internal longitudinal field EY = —V¢,, is already included in the

Coulomb interaction between the charge carriers. This asymmetry in the treat-
ment of the longitudinal and transverse interaction results because the solution
of Poisson’s equation can be directly inserted in the Hamiltonian to eliminate
the scalar potential ¢ . An analagous elimination of the transverse field is not
easily done, because the vector potential satisfies a full wave equation. This
wave equation cannot be solved as easily as Poisson’s equation. Only within
certain approximations can one eliminate the vector potential. In this case,
the field operators vanish completely from the Hamiltonian. The advantage
of using the Coulomb gauge which treats scalar and vector potential on a dif-
ferent footing is that the coupling of the material to the internal transverse
field is of minor importance on short time scales. The simplest example is
the spontaneous recombination of electron-hole pairs in bulk material which
occurs on a nanosecond timescale, too long to be of interest in ultrafast optics.
In this sense, it is often advantageous to treat the longitudinal field as well as
possible and to neglect the internal transverse field as long as the dynamics
is dominated by an external transverse field. A straightforward argument is
that the internal A-field is driven by the current j , which vanishes in an
equilibrium situation, whereas the ¢ field is driven by the density p which
does not.

In this case we choose the Coulomb gauge, which, as previously mentioned,
allows us to assign the transverse part of E to the external field.

V-A =0
0
Er = ——A
g ot
E, = V¢ (2.25)
So the main objective now is to solve for the response R; = %[J + %P] for

a given E; and Ef, .

2.5 Quantum Mechanical Treatment of the
Material

The starting point of our quantum mechanical matter analysis is the full Hamil-
tonian which describes the free motion of non-interacting carriers, as well as the
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various interactions between those quasi-particles. We introduce the Hamil-
tonian and examine the key steps in the derivation of its various parts. We
introduce the Bloch basis for electrons and describe the Coulomb interaction
between the carriers, followed in due course by the role played (in the Hamil-
tonian) by light-matter interaction.

2.6 Carrier System

In semiconductor heterostructures, the microscopic manybody properties of
the fermionic carriers can be described via the field operator

U(r) = Z ark Prk(T), (2.26)

where a) x is the annihilation operator for an electron in band A (A is both a
band and spin index ) with momentum & along the heterostructure plane. The
annihilation and creation operators obey fermionic anti-commutation relations.

oot —

[a')\,k; a/\,,k,] L Ok i O\ 5

~t At  N—TA . A

[a)\,k, G,)\,,k, N = 0= [a)\’k, aX,k:]+ (2.27)

The Bloch function of such an electron is denoted by ¢, ; where the band index
A may include different bands, subbands, and spins. The explicit form of the
Bloch functions in envelope-function approximation [25] is given by

ik ||

vz )

where w, are the lattice periodic Bloch functions obtained from three-
dimensional band structure calculations &) is the normalized confinement wave
function perpendicular to the heterostructure, and the plane wave part is nor-
malized with respect to the size £? of the structure, where d = 1 (wire), 2
(quantum well), or 3 (bulk). In order to avoid explicit labels z,y and z for
the directions along or perpendicular to the structure, we use the subscripts |
and ;. The symbol r denotes the full vector (r,7.). For a one-dimensional
quantum wire (d = 1), the components 7 and k| are scalars along the wire
whereas | and k£, are two-dimensional vectors. From here on, in the name of
neatness, we will omit the subscript ||; i.e. only the perpendicular components
are explicitly denoted. Also for clarity, we restrict ourselves to a two-band
model with one valence and one conduction band and use the annihilation
operators

Gak(r) = Exa(rL) (2.28)

Cr = QOx=ck,

Vg Apr=v,k -
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The generalization to a multi-band system or the inclusion of spin is straight
forward [25, 28].

In the non-interacting parts, carriers evolve freely. The Bloch functions
of Eq. (2.28) are the single-particle wave functions which solve the eigenvalue
equation of one electron moving in an effective lattice periodic potential V7.
Consequently, this choice leads to a simple diagonal structure of the single
particle part of the general many-body Hamiltonian.

2
Hgn = / Ui(r) [—h—v2 +VL(r)] W(r)d®r
2m0
= D [t e + 4 o (2.29)
k

In principle, the eigenenergies 52/ " must be obtained from precise band

structure calculations. It is often, however, a good approximation to assume
a quadratic dispersion relation. In this case, the respective energies are given
by

h2k?
T = e+ Eg= E
Ek: 5k + G 2me + G,
. R
& = —82 = —% s (230)

where m® and m" are the effective electron and hole masses. The unrenor-
malized bandgap is denoted by Fg. Thus, the kinetic part of the Hamilto-
nian (2.29) can be viewed as a Hamiltonian of freely moving quasi-particles
with the energies ¢ and &}, respectively. In order to include the Coulomb
interaction between the electrons in different bands beyond the effective single-
particle level, we use the Hamiltonian [25]

A 1 A A A N
e = g / BHe)d () V(- ) B b(r)ardr
1 A N . R N
= 5 Z Vq [al,k+qal,k’7qac,k,acyk + a’l,k+qal,k’7qa’vak' avﬂk
k.k',q#0
+2] 4pqihseqlupeici] (2.31)

where V(r) is the bare Coulomb potential V(r) = éioﬁ and Vi, is the
corresponding matrix element.

Essentially, Vi, is a Fourier transformation of the effective real space matrix
element obtained from the integration over the directions perpendicular to the
heterostructure. The first two terms in Eq. (2.31) lead to repulsive interaction
between electrons within the same band whereas the last term gives rise to
the attractive interaction between electrons and holes (missing valence band
electrons) in different bands.
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2.7 Light-Matter Interaction

As shown previously, the second quantized Hamiltonian of the single-particle
light-matter interaction is obtained by the minimal substitution Hamiltonian,
i.e., when we replace Eq. (2.29) by

A = / i (r) li (EV—QA(r)) VL) + Q) | B(r)dir. (2.32)

2mgy \ ¢

This equation can be rewritten in terms of
f{ == f{kin + I:IA.p + ﬁAz, (233)

with Hyi, given by Eq. (2.29) and

. Qh . .
ey = = e ) sy

A k,q

€ A At - * ~f .
+ Y = Aqleqm)- (pcvac,k calui s + D0} ac,k,%) (2.34)
k,q

~ 62
Hyp=—— al a A2, 2.35
A 9me (; a)\,ka')\,k> (A) ( )

2.8 Total Hamiltonian

Concluding this section, the final Hamiltonian for all future investigations is
given by X A A A A
Hioy = Hyin + Hc + Hap + Hae (2.36)

with the different parts given by Egs. (2.29), (2.31), (2.34), and (2.35).



Chapter 3

Transversal and Longitudinal
Interactions

3.1 Transversal Vs. Longitudinal Interaction

To determine matter responses to either transversal or longitudinal fields, we
start from the general system Hamiltonian
~2

a = / V(@) o + V(o)) (a) da

- / ¥(2) [ Ar) - pl¥() dz + / ¥ (z) [ A2(2)) (z) da

my 2m0

+ /\iﬁ(x) ep(x)¥(z) dx

o [ [¥@ ¥ @VE - 1) e dody
(3.1)

where the Coulomb gauge ( V- A = 0 ) has been applied and the light
field is treated classically. The first line contains the non-interacting electron
Hamiltonian H, with the lattice periodic potential Uy, () . The second line
identifies the interaction of electrons with transversal field. Since the A?
term only leads to trivial modifications of refractive index, we only study the
transversal component

Hy = — / ¥t (z) mioA(x,t) p¥(z) do (3.2)

The third line couples longitudinal fields to the matter. In order to compare
transversal to longitudinal effects, we also investigate

i, = / B (2) ep(x)b(x) do (3.3)

25
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Our primary goal is to determine the differences and similarities in matter
response to either transversal lﬁIT or longitudinal H 1, interaction.

In section (2.3) it was mentioned that, as a general property, electrical fields
can always be divided into transversal and longitudinal components E =
E; + E; with the distinct properties V-Er = 0 and VX E;, = 0 In
the Coulomb gauge, we have simple connections from these components to the
vector and scalar potentials.

Br(xf) = A1) (3.4
Ei(x,f) = —Vo(x,1) (3.5)

Next, we wish to express fIT and H 1, via Ep and Ej . For this purpose,
we define the Fourier transformations

w) = //F(x, t) e~tlax=wlgx dt
= 5 Z / (q,w) ela* gy
(3.6)

The condition for longitudinal fields V x F = 0 can be re-expressed by taking
a Fourier transformation

/ / V x F(x,t)e 19x=“tgx dt
- / 7{ F(x,t)e axwt . dSdt — / / [Vetlax=wtl] s PB(x,t)dx dt

= 0+//2q><Fxt —lax—wl gy dt

= 1q X F(q,w (3.7)

where the integral over the surface vanishes since F(x,t) = 0 at the bound-
aries of the system. In the same way, V - F leads to 1q.F(q,w) such that
transversal and longitudinal fields must have properties

q - FT(qa CL)) =0
0

1q X Fr(q,w) = (3.8)

Clearly, the longitudinal field must be aligned with q such that only one
direction is allowed for F(q,w) . At the same time, transversal fields must
be perpendicular to q . For this situation, two polarisation directions are
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allowed. Thus, transversal and longitudinal fields can be distinguished by

their polarisation directions o; = % . or1(q) , and oro(q) . with the

properties o01(q).or;(q) = 0 and o7,(q).0r;(q) = 6;; . Since o7(q) lie
in the plane defined by normal o7(q) they are not uniquely defined. One
possible choice is

Qy . 4z .

UT,I(q) - — 0z — — Oy
q q)
qz 9z & Qy . q .
O-T,Q(q) = [ + —=0 ] — —0 (39)
gq T g
where a Cartesian representation is used with q = ¢, + g0y +q.0,,

q = (@2 + qi)% ,and ¢ = (qH + qz) ObV1ously any vector field can be
expressed via these three linearly 1ndependent components

Jj=2

F(q,w) = Fi(q,w) + Frj(q,w)or,;(q)
j=1

(3.10)

which directly implies that seperation into transversal and longitudinal fields
is always possible. By using the general property Eq. (3.10 ), we find

EL(q, w) = Ei(q,w) or(q)
ZET,J q,w) or,;(q)

(3.11)

At the same time, we find that the Fourier transformation of 2A(x,t) is
—wA(q,w) while Vé(x,?) gives wqg(qw) = 1| q | é(qw)or(q,w) -
Combining these results with Eqgs. (3.6) and (3.11 ) we find
Er(qw)or(@) = —v|alé(q,w)or(q,w)
ZET,J q,w) ori(a) = wA(q,w)

(3.12)

Since the vector potential is also transversal in the Coulomb gauge, we may
express it via A(q,w) = >, ; Ar;(q,w) or;(aq) . Since or(q) and o7 (q)
form a complete basis, each vector component in Eq. (3.12 ) has to match,
which provides the connections

¢(q,w) =—%
Arjqw) = Z(@9) (3.13)

w
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These connections allow an identification of ¢ and A for arbitrary E field.
With the help of relations (3.13 ) and (3.6 ) we can express the scalar and
vector potentials via

E(qw _
t — > z[q.x wt]d
P, L Z 27 / 1| q | “

ETa' q7w 2|q.X—Ww
R N e L
q

(3.14)
By substituting these into Egs. (3.2) and (3.3) we find
oW € 1q-X T
Hr = 5o [Ersaw) e [ W60 cnoy()p ¥a) dx do
Q.
H, = —izi/EL(q w) e_“*’t/\iﬁ(x)ie’q'x U(z) dx dw
L3 o 2 ’ 1| q
(3.15)

Clearly, the transversal and longitudinal interactions are now in a comparable
form since both of them are expressed via the electric field. To simplify these
expressions further,we define transversal and longitudinal scalar components
of a vector quantity a:

aT’qyj = O-T’.](q-)a
ar, = or(q).a

such that
X — ez|q|9cL,Q1

0r;(Q) P = Pray
With this notation, the interactions simplify to

. 1 1 o [ € oo G
Hy — s qu %/ETJ(Q, w) e t/\IfT(x)lmee rrapy g () do dw
(3.16)

1 1 A e .
H, = _ﬁgﬂ/EL(q’w) e_’“t/\l’f(x)meﬂq“’q U(z) dz dw

(3.17)

We notice that the interaction has a generic form

mt = L3 Z / q, Ztha(qa t) dw (318)
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with

s

PEIANS(q,t) = [ 81(0), ety b (o)do

PN (q,t) = [ Wi(a) S erennb(a)ds
(3.19)

The analysis indicates that PLLON %(q,t) is the longitudinal component of the
polarisation induced by longitudinal fields. In the same way, the generic inter-
action Eq.(3.18) implies that transversal fields induce a transversal component
of polarisation Pf RANS.(q,t) .

3.2 Long Wavelength Limit

Usually the electromagnetic field changes slowly compared to electronic wave
functions in a solid. This allows a dipole-approximation stating that the light
field e!9*z.a changes slowly on the microscopic scale; in other words the long
wavelength limit | q |— 0 can be applied to these terms. As a result, we find

eldera = 1 4+ O(| ¢|)
L Z|q‘zL,q — 1
1| q 1] q

+21q + O(lq))
(3.20)

This result can now be inserted into Eq. (3.19) such that we find the long-
wavelength limit of the polarisations

A

~ PN (& R
PEANS(at) = [ W@) - prg (oo

(3.21)

e

f)LL’S?NG-(q,t) = - 7] /@T(x)\f!(x)dx +/\i/f(:v)e 14" (z)dz

(3.22)

In this expression, the first term of PLONG  contains a pure density term

which does not lead to any interaction. Thus, we define

PLL,JO-NG'(q, t) = /‘iﬁ(x)e :rL,q\il(x)da:
(3.23)
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These expressions determine the generic polarisations at the long wavelength
limit

PINs(qy = [ @) S pi)d 3.24

(a1) (@) pb(a)is (3:24)

PLONG(q.1) = /@T(aj)e xV (z)dzx (3.25)

vifith transversal 15%’]- = or;(q) - P*(q,t) and longitudinal components
Pt = or(q) - P*q,t) . From FEq.(3.18), we notice that transversal

interaction couples transversal FE and P while longitudinal I;I,-m_ involves
only longitudinal E and P .

3 1 1 —wt BTRANS.

Hr — 73 Zg / Erj(q,w) e Pri 777 (q, 1) dw (3.26)
a,j
1 1 —wt DLONG.

(3.27)

Nevertheless, pa may have both transversal and longitudinal components.

3.3 Equivalence of Excitations

In general , it is obvious from Eq.(3.19 ) that transversal and longitudinal
polarisations are different for arbitrarily large q . However, Eq. (3.25) suggests
that the long wavelength limit (| q |— 0) implies relatively similar PTRANS
and PLONCG _ Thus, we may ask whether transversal and and longitudinal
interactions and responses become indistinguishable at the long-wavelength
limit.

To resolve this issue, we first have to determine under which conditions the
transversal and longitudinal interactions may become identical. If we choose
an arbitrary propagation direction q for the longitudinal field, the interaction
and corresponding polarisation are

g 11 —wt pLONG.
Hiq = —735- [ Bulaw) e ™ P77 (q 1) dv (3.28)
PLONG. (@,t) = /\iﬁ(aj)aL(q) -e x‘i!(x)dx (3.29)

If we choose another direction q; for transversal fields, we find

A 11
Hpq, = “I39n

Er;(q,w) e ™" PEEANS (g, t) dw (3.30)
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. A e . =
PN (qu,) = [ S@oraa) Sopb@dr (331
WMy
To make ﬁL,q and I:IL’% similar, one clearly has to have |q|=|q, | .

If we additionally choose that q and q; are perpendicular to each other, a
simplified connection is found between the polarisation vectors.

For this specific choice, it is convenient to use or;(q, ) which is aligned
with o7,(q) , since then P%?ANS'(QLJ) = f‘i’T(fb)UL(Q) e D U(z) dz .
As aresult, or(q)-%x and o71(qL)-p = or(q)-p involve exactly the same
or(q) component such that Hp, and Hrg, have almost identical forms.

N 11 2 z
Hpq = _ﬁg/EL(q, w) e_m/‘l’f(fﬂ)aL(q)‘e x¥(x)dzx dw
(3.32)
A 11 —wwt Tt € ~ 3
Hpq, = ~Ti9. Eri(qi,w)e /\I’ (z)or(q) - wmg ! ¥(z) do dw
(3.33)

where the only formal difference is in the polarisation terms. This analysis
can clearly be repeated starting from a specific transversal field. Also in this
case, we find transversal-longitudinal field pairs which produce almost the same
interaction except the formal difference between PTEANS. and PLONG.  If
we are able to show that PTRANS and PFONG. hecome identical, Hi g4

and Hrg, lead to precisely the same coupling, thus, providing the same
system responses. The equivalence of H; and Hrp is directly related to the
equivalence of the x-E and A -p pictures, since Eq. (3.33 ) can be written
as

11

Hrq, = T35,

[ Anslarw) e [ W) Sp b do

my

Since this A -p picture can be altered to an equivalent x-E picture via a
gauge transformation

A(x,t) — A(x,t) —V[x-A(0,1)] (3.34)
o(x,t) = o(x,t) +x-A(0,¢)
(3.35)

At this long wavelength limit [ A(0,¢) is applied |, we find

11

Hrq, — “I3on

E;(0,w) e"“t/@T(x)e x¥(z)dz dw
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Thus, Hr and H; are equivalent and they produce identical responses at the
long wavelength limit. The equivalence of Hy and H; and corresponding
longitudinal and transversal responses can also be proven more explicitly. For
this purpose, we study the transversal polarisation term in Eq. (3.33) Pr =
il vl (2) e U, (z)dz where X # v denotes the transition from band A
to band v . For positive frequencies in Eq. (3.33) , the relevant processes

involve transitions from valence (¥ = v ) to conduction band ( A = ¢ ).For
this combination Pr = Y, . az,k toger [ @ () oD @y (z)dr  In order

to evaluate the matrix element between the Bloch states, we use a general
property p = [, Ho] . With the help of this property we find

[0 te) do = = [ @al) 1l Hi] ose(o) o

WMy
e . o p
= %/@C,k(x)Hox — THy®, o (z)dx
Ef — EY,

- BB / &2, (2)exy o (z) dr (3.36)

where we have used the basic property of Bloch functions, i.e. Hypyx(z) =

E} ¢y k() . Since we assumed resonant interband transitions, we have hw =~
Ei — E} , such that % = 1 with great accuracy. At this limit,

Eq.(3.36) provides a polarisation of

Pr = Za:ﬂ,k a,,,k//q)z,k(x)ex P, (z)dx

= /\ill(ac)ex W, (z) dx
(3.37)

As a result, both transversal polarisation and interaction cast into the form

11

[:IT:QL = _ﬁ% ET,l (qL, LU) E_MtpT,l(qL, t) dw (338)
PT,l((h,t) = /\iﬁ(x)aL(q) . ex‘il(x)da:

(3.39)

which is identical to that of a longitudinal field.

From this discussion, it should be clear why some practitioners insist on
describing THz interaction with electron gases via a longitudinal plasma fre-
quency. Indeed the interaction Hamiltonian could be written as that of a
longitudinal or transverse interaction, but the key step is to use a linear (i.e.
susceptibility ) analysis, as we will presently see.
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3.4 Response to a Longitudinal Excitation

In this section, we follow a) a linear response, and b) a self-consistent approach
to a longitudinal excitation; deriving general expressions to describe these
approaches. We will then compare the corresponding dielectric functions.

3.4.1 Relevant Equations and Quantities

From Egs. (2.16) and (2.18 ) we see that the relevant equations for determining
the response to a longitudinal excitation are:

V-PL = —pina.
0
-J - ___
\Y L atpewt.
E = EL = —V(b
1
V2¢ = _g [pemt.+pind.]- (340)

In this ( longitudinal excitation) case the external field is determined by E.,; =
—Voewr. and V2@,p = —%pm_ In order to include possible confinement
effects we also introduce a confinement function g¢(r) such that

Pind.(t,T) = ping.(t,1)) g(r1).
(3.41)

From the Hamiltonian (2.34), it can be seen that the polarisation lies in the
confined plane, i.e. P | r| and

= P(t,r) = Py(t,r) g(r.)

and the interaction term in the Hamiltonian Eq. (2.24) is proportional to
e[ g(ry) ¢(r), ri)dr, Collecting these results together, we have the following
relations for the effective potential ¢ , induced density pinq (f,r) , and the
corresponding polarisation

6 = /9(11) P(r), ro) dry
(3.43)
Pind.(t,T) = pina.(t, 1)) g(rL)
(3.44)
P(t,r) = P(tr)) g(r.).
(3.45)
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We need to solve for the linear response (i.e. x(w) = ;él(lzgﬁ] ) E; (thatis,

¢ ) gives rise to P . Since E| is directly related to ¢ via Eq.(3.40 ) we do
not need to solve the Poisson equation. However, the self-consistent solution
is needed when the quantity Eﬂf% is evaluated. In other words, y(w)
follows the polarisation P[¢] , and field E|[¢] , which are both functionals of
the same potential ¢ ;ie. P and E; stem from the same ¢ . As a result,
X(w) does not depend on the surrounding configuration, which potentially
has induced charges. When E;| is altered to Ef* , P[¢] and Ef"[¢e] stem
from different potentials. Since the connection between ¢ and ¢.,; follows
from the Poisson equation, we may expect configuration dependent responses
in this case.

3.5 Susceptibility Vs. Self-Consistency Solu-
tion
It is convenient now to define the following Fourier transformations:
Fw,q) = /F(t, r) et By gt
F(w,qpr,) = //F(t, vy, 1) e W=l gy dt
Flu,q) = ///g(rL)F(t, ry,r1) e U= dyy dt dr
(3.46)

with the usual inverse transformations.

3.5.1 Linear Response(Susceptibility)

For weak excitation, eé induces a density distribution 1 (r) =
Nina.(r))) g(rL) which is obtained via a linear response function L(w,qy) :

Nina. (W, q),T1) = L(w,qy) ed(w, q)) g(ry) (3.47)

This general form follows directly from the Hamiltonian and, at the moment,
we do not need to know the explicit form of L(w,qy) . Correspondingly, the
induced charge density is

pind.(W,QIH;I'L) = €nmd.(w’(l||;1l) = ¢ L(%QH)&(“;QH)Q(TQ
(3.48)
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We proceed by applying a Fourier transformation to both sides of Eq.( 3.43),
and find

1q)-P(w,qp,r1) = e’ L(w,q))d(w, q))g(rL) (3.49)
which defines the P| needed to evaluate x(w) . What remains now is to solve
for Ef,(w), which follows from E;, = —V¢ , and for its Fourier transformation

E;(w,qp,d1) = —1qé(w,q),qL) -

The E; component is obtained by multiplying both sides by q

qEL(w,qp,q1) = —iqf d(w,qp,qL) (3.50)

or
qEL(w,qpr1) = —uqf ¢(w,qy,rL) (3.51)
which directly implies that

~ 1q ~
(ﬁ(&), q||) = ﬁ ) EL(w: q||)
(3.52)
By combining Egs. (3.49 ) and (3.52 ) we find
~ @2 ~
- Plw,ap) = - [7Lw, @) (w, q))]
|
(3.53)
Since f’H(w,qH) = % : f’(w,q”) and E”(w,qn) = ‘:# : E(w,qH) we find
2
Pyw ay) = 5L q)Eyw,q) (3.54)
[
which provides us with a general expression for the susceptibility
P||(w, q)) e’
Xw,qp) = — = o L(w, q)) (3.55)

o Ejwq)  eqf

Here, we may notice the structure of the three-dimensional Coulomb interac-
tion Vip(q) % . It is interesting to notice that the ¢ 2 form occurs
independently of the system dimension. At the simplest level, L(w,q) is
obtained from the Lindhard formula

fkn-*fln B fkn 1
hw -+ Ekll_qll — Ek“ -+ 7y l(37d)

L(w,q) = V(q) g(ry) Y

K

(3.56)
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n
= WQﬁ + O(Qﬁ) (3.57)

where Eq.(3.57) is valid as q — 0 [25], and n denotes the system density.
At this long wavelength limit, we find the plasmon response

x(wqy) = T =
(3.58)

which defines a finite plasmon frequency w?;
given dimension.

om for a system of any

3.5.2 Self Consistent Response to External Fields

When a known external field is applied to the system, the actual field strength
is modified due to induced fields. Thus, a consistent solution determines the
connection between the external and the actual field. This can be done by
starting from the Poisson equation V3¢ = —%[pext_+pmd_] = V2@epr. — pind.
By taking Fourier transformations of both sides, we find
2
—@’d(w,q;a1) = — A Pezr.(w,qpa1) — (Z—OL(w, q))¢(w, q)g(ryL)

(3.59)

where we inserted Eq. (3.48) . Since linear response follows from the effective
potential ¢(w,q) rather than from ¢(w,qy,q.) , we Fourier transform q;
back to real space via the steps

2

P(w,q), q1) = Peat.(w, qp,dL) + é (w,q) dw,qy) g(rr)  (3.60)

P(w,q,T1) = Pegr.(w,q),rL)
1 e’g(q.) -
+ et 41T T, w, w,
@ L @) L) dea)
(3.61)
&(waQH) = Q’;ewt.(waqﬂ) + VD ( aQH) QE( 7q||) (362)
where we have defined a Coulomb-matrix element
equ_(rJ_ r'))
Vol = g | [ st B S
1

(3.63)
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which is seen to be strongly dimension-dependent. These steps lead us to the
simple connection

i - Pear. (w, q)
ow,ay) = 7 — Vp(ay) L(w, q))

(3.64)

As a special case, we analyse a situation where qz(w, q)) is generated by an
oscillating point charge. The corresponding potential is then qze‘”t(w, q) =
Vp(q)F(w) where F(w) results from the time dependence of the charge.
The actual potential in the confined system is then

~ VD(QH)F(W)

) Vola) F(@)
dlw.ay) = 7 — Vb(q)) L(w,; q))

er(q),w)

= Vj(q),w)
(3.65)

which identifies the usual form of Lindhard screening and longitudinal dielec-
tric function. It is notable that the linear response and Lindhard dielectric
expressions are different

2

1 e
g w,qp) = 1+ x(w, qy) Ga 1—@11(%01”),

er(w,q) = 1 — Vo(q))L(w, q)) (3.66)

% only for three-dimensional systems. This explains
[

why a three-dimensional longitudinal plasma frequency can give a
good description of a transverse THz field interacting with bulk
material, and why in one- or two- dimensions the longitudinal plasma
frequency approach does not work .

One can understand this difference as follows. Once linear response is anal-
ysed, only the “in plane” component E; may interact with the system. In
this case, the response results entirely from E; such that the field depen-
dencies in other dimensions are irrelevant. Thus, for a given Ej(w,q) ) the
linear response is formally dimension-independent. The connection of actual
and external potentials is quite different. Densities induced to low-dimensional
systems induce potential fields in a truly three-dimensional world. Since these
induced fields are strongly dimension dependent, one finds that e;(w,qy )
depends on the system dimensionality. Now that we have compared the re-
spective dielectric functions for the linear response and the self-consistent ap-
proaches to analysing a longitudinal excitation, we will proceed by making a
general comparison between transversal and longitudinal interactions.

since Vp(q)



Chapter 4

Hierarchy Problem and
Equations of Motion

4.1 Hierarchy Problem

Starting from Eq. (2.36), one can use the Heisenberg equation to compute the
equations of motion for all relevant expectation values of interest. The sim-
plest examples of one-particle expectation values are the two-point quantities
describing the incoherent electron and hole distributions

fli” = <&I,k” a/C,kH)J f{(l” = <&j)’7k” a”U,—k||> (41)
and the coherent microscopic transition amplitudes
pk” = <d1,k”dc,k”> (42)

As is well known, the dynamics of these two-point quantities does not yield
a closed set of equations since in general the many-body Coulomb interaction
as well as the interaction with quantized phonon and photon fields lead to a
coupling of the two-point quantities to either four-point quantities or mixed
carrier-boson operators. Schematically, the hierarchy problem [29], [30] is de-

scribed by

m%(m = TUNY] + V(N + 1)] (4.3)

where an N-particle (i.e. 2N-point) operator is coupled to (N + 1)-particle
operators due to the many-body interaction. To solve this hierarchy prob-
lem rigorously, we apply a method known from quantum chemistry where the
truncation problem for many-electron wave functions has successfully been ap-
proached with the so-called cluster expansion [30]- [31]. There, the electronic
wave function is divided into classes where electrons are: i) independent single
particles (singlets), ii) coupled in pairs (doublets), iii) coupled in triplets, and

38
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iv) coupled in higher order clusters. The N-particle wave function is then ap-
proximated by a suitable amount of coupled clusters by including the correct
antisymmetry of the fermions.

In semiconductors, the system properties can be evaluated from 2/N-point
expectation values (N) = (a;hkl..a;N’kNa,,N,pN..a,,hpl), which determine the
reduced density matrix in the Bloch basis. If the system contains exactly N
particles, (N) fully describes the system properties. In this case, 2N-point
expectation values exist for all N < N. The simplest approximation scheme
is provided by the Hartree-Fock approximation which implicitly assumes that
the many-body system is described by a so-called Slater determinant of A
independent single-particle wave functions. In this case, 2/N-point expectation
values can be expressed in terms of two-point expectation values. For example,
a four-point expectation value in singlet (i.e. Hartree-Fock) approximation is
given by

<a;1,k1a;2,k2all2m2 Ay, ,p1>S = <a’;1,kla’l/1 »P1 > <a§\2,k2 al/2,p2> - <a;1,k1a1/2,p2> <a;2,k2 aV%,m))'
4.4

In the spirit of the original cluster expansion the system is thus fully described
by uncorrelated singlets where each carrier behaves effectively like a single
particle influenced by the meanfield of all other particles. Higher order con-
tributions are defined recursively. For example, true two-particle correlations
are obtained from

A<aj\1,klaiz,kzauz,ma’m,l)l) = <a;1,k1 af\z,kza'/2,p2a’l/1,p1> - <af\1,k1 a:r\z,k2aV2,p2aU1,IE14>57)

5
i.e., by subtracting the singlet contribution from the full expectation value.
The advantage of this factorization is its direct physical interpretation. By
subtracting the single-particle contribution, the resulting correlated part re-
ally describes the true two-particle correlations. In the same way, truly corre-
lated triplets and higher clusters can be defined by subtracting all lower-level
contributions.

If we only include plasma and pair-correlation effects in the analysis, an
arbitrary N-particle expectation value can be expressed consistently with the
singlet-doublet approximation (N) ~ (N)sp. This determines uniquely how
the truncation of the hierarchy has to be performed; we only need to — and
are allowed to — solve dynamics of (1) and A(2) because any arbitrary (N)sp
consists only of two-point expectation values and four-point correlations. Ac-
cording to Eq. (4.3), we obtain

o) = T+ VAR) + VAG),, (1.6
hOAQ2) = DA+ Val(3)s0), (4.7

ot
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where T2y and Vj(9) are known functionals defined by the specific form of the
Heisenberg equation of motion. The consistent singlet-doublet-approximation
is obtained when (3) is approximated by (3)sp; as a result, the infinite hierarchy
is systematically truncated and Egs. (4.6)—(4.7) are closed.

In addition to the single-particle (i.e. two-point) quantities, Eqgs. (4.1)
and (4.2), we consequently have to know also the two-particle correlations

B ki A ( az,k” ol e 0 Ty ), (4.8)
ce' ik~ A<az,kll ai’kh ek +a) Gel —q ) (4.9)
C:II Kk A(%t,k” al,kh o 1 ety O ), (4.10)
ol ki A (al X ol e G ey —a ), (4.11)
c?L’kh Ky _ A(“Lk“ ai,kh Gese ay Qe —a; ), (4.12)
cg};kh = A(%t,k” al,k' o k) +q) Qe —q ) (4.13)

which include the three incoherent exciton, electron and hole correlations,
Eqgs. (4.19)—(4.19), the biexcitonic amplitude, Eq. (4.11), and the two coherent
density-assisted transition amplitudes, Eqgs. (4.12)—(4.13).

In general, the (N)sp truncation fully includes the x(®) limit of the so-called
dynamics controlled truncation scheme [32]- [33]. Obviously, a similar relation
holds as the number of clusters is increased; i.e. x*¥=b is a subset of the N-
particle cluster expansion. Furthermore, the cluster expansion can be used in
regimes where x) methods fail, e.g., when the exciting field is strong or the
system becomes fully incoherent. When (3) is approximated by including only
the singlet part (3)s in Eq.(4.7), also the second Born approach [34] is found
to be a subset of the cluster expansion. Since in this case the doublet part is
included only partially, the second Born scheme does not allow formation of
bound states but rather describes microscopic scattering. This ideology can
be directly generalized in order to include the triplets in the scattering level;
for such an approach, the A(3) dynamics is solved but the resulting (4)spr is
approximated by (4)sp. This simplifies the numerical complexity of the triplet
terms considerably and allows their analytic evaluation on the scattering level.

It is worth mentioning that the cluster expansion can also be used directly
to classify and truncate carrier-photon or carrier-phonon correlations using the
formal equivalence between a boson operator and a pair of fermion operators.
However this is not directly relevant here, as we treat the light field classically.
This means that , in effect, correlations between photons and carrier operators
are not included, i.e. photons are always treated on the formal singlet level.
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4.2 Plasma Response to THz Probe Fields

In the next section, we study the system response to an external classical
THz field which probes the system characteristics, e.g. the configuration of
correlations, linearly such that the concept of absorption and susceptibility
are well defined. To get an exact description of the system properties, the
Coulomb interaction is fully included at the four-point correlation level, as
discussed in the previous Section.

In the following, we study THz absorption of a pulse which propagates
perpendicular to the 2DEG system. The electron-hole system is assumed to
be incoherent such that interband terms like (a', a,), vanish. We also assume
homogenous excitation so that all single-particle expectation values,

<a;,ka’/\,k’> = <a';,ka'/\,k’ )0k (4.14)

are diagonal with respect to the carrier momentum. We concentrate on the
high density regime to investigate the plasma response due to the THz field.

4.2.1 Macroscopic THz Current

To evaluate the THz absorption of the probe field, we first have to determine
the generated THz current. The equation of motion of the vector potential
operator leads to the wave equation

[v? n(z) &

62 ﬁ] A(Z) = _HOJTHZ (415)

where the macroscopic THz-current is

Jrm, = Z (j,\(kn) - ;L_OA(ZQW)> <&;\,k”&)\,k”>

k”,A
= > (Jeky) (@l ee,) — (k) (@l g e, )
Je K| )ACc 1 Qe ) — InK| )Gy i Ov kg
K
_6_2A( ) D (Gl a (al  a 4.16
o Alzqw (g ge, Geey) + (g pe o) | - (4.16)

K

Due to the conservation of the total number of conduction and valence band
electrons, the term in the last row of this equation, resulting from the AZ-
term in the Hamiltonian, leads to a contribution proportional to A (zqw) itself
and is independent of the specific excitation conditions of the semiconductor.
At most, it can lead to a small energy shift (no absorption) which is not
important. This is especially the case when differential THz absorption and
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refractive index are studied. Thus, the main contribution to the expectation
value of the THz response is given by

Irmy = 3 (Gelly) S, +inCy) A ) - (417)

kj

For a homogeneous system, the carrier distributions depend only on the
absolute value of kj, i.e. (&L”&k”) = (&‘Tk”‘&|k”|) is a symmetric function. In
contrast, the current-matrix elements depend on the angle of k| such that
for example ji(—kj) = —jr(kj). As a result, the homogeneous system has a
vanishing THz-current density Jrg,. This correctly implies that THz current
(or polarization) does not emerge spontaneously but can only be generated by
an external THz field.

It is clear from Eq. (4.17) that we require the antisymmetric (i.e. odd with
respect to k ) part of the carrier distributions in order to evaluate Jrg, . We
thus need to derive the equation of motion of these carrier distributions.

Since af\yka,\,k commutes with the THz interaction Eq.(2.34), the carrier
densities are changed only via the Coulomb-interaction.

2

Ok = —2m S VB 3 e

-p, q,k' .

Opry = —2m D VoK 4> Ve k
o' Tk

L p.k q,k’ .

(4.18)

It’s apparant from Eq.(4.18) that in order to determine the THz current,
in addition to the single-particle (i.e. two-point) quantities, we also have to
know the following two-particle correlations.

Rl Kk tf
Ceh = Al k0 o e ktplo ki —p);
qk’ k Tt
Cee ' A<ac,kac,k’acak'+qa0,k—Q>’
q,k' k __ Tt
Chh - A<av,kav,k’av,k’+qav7k_q>’

which are the incoherent exciton, electron and hole correlations,

To determine the THz dynamics, we derive the Heisenberg equations of
motion of the four-point correlations with the help of the intraband part of
the interaction Hamiltonian , which results in

a k' k

Zhacg}’l . = —Ju(@)cg ke ATHza
0 0

th— Cq’ Lk THz = =ih—c q,k k THz = 0.

ot ° ot ™
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where
Ju(k) = je(k) + jn(k).

Thus, no further quantities apart from those already mentioned are needed in
order to analyse the system THz response. Of course these four-point quan-
tities will couple to six-point quantities via the Coulomb interaction Hamil-
tonian, but from the above it clearly makes sense to truncate the many-body
hierarchy using the singlet-doublet approximation, as no higher-point quan-
tities feature in the THz part of the equations of motion. We decide there-
fore to include only plasma and pair-correlation effects in our analysis, and
consequently the consistent singlet-doublet approximation suffices. The full
equation of motion for the relevant four-point quantity ce, is

0

zhaCfff b= (GZ'NH) + €Z~+p - 6;1;’ - glcc)cff]f g
Volfe Sl (U= f) (L = fep) — (L= [ = for ) fo fis,)
+ (L= = fh) D Vi Ol R
l

(1= fiy = fi) D View O o
l

= Julp) - CG AT 4Ol

The first line represents the renormalised kinetic energy of the four-point
correlation. The second line comes from the singlet contribution, and resembles
a Boltzmann scattering term. The Coulomb sum terms from lines 3 and 4
(which describe the attractive Coulomb interaction between the electrons and
holes such that this term is responsible for the formation of bound excitons
Jcan be neglected here, as we are only interested in the plasma response (i.e.
high densities). It can be seen that the THz field couples to ¢y, correlations,
leading to modification of f¢ via Eq.(4.18).

As neither ¢®¥*|1y, nor ¢&¥ |1y, provide direct coupling to the Thz
field, equations Eq.(4.18) to Eq.(4.19) are closed and can be used to compute
the electron-hole plasma response to Thz fields.

Thus, the relevant equations for describing the response of an electron-hole
plasma to a Thz probe field are Eqs. (4.17), (4.19) and (4.18).

4.3 From e-h Plasma to e-Gas

In the following, we will make the analogy between the electron-hole plasma
and a 2DEG system, by allowing the holes to become massive and motionless,
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(i.e. ion-like). The holes are treated as massive rigid ions at the heterojunction
such that (a/, a,) are not changed by the THz field, and f} extends to large
k. Thus, the hole density fi =1 — (alkavk) is determined by the excitation
level. We have >, fi! = N), = N, . As a result, f is very small and has only
a very weak k dependence. In the momentum range relevant for electrons,
i = fh~ ¢, where € << 1. Additionally, as €} << ¢f we may ignore the
contribution of € in Eq.( 4.19).
When these conditions are introduced into Eq.( 4.19), it becomes
L 0 p.k’ k ~c ~c p;k’ k
Zhaceh = (feyp = G —1))Cep
- Vp[fli(l - fl(z—i—p) - (1 - fli)fli—l—p]gk'
_ je(p) . Cgﬁk ,kAThz‘

We can immediately observe that the dynamics of c‘;}l: k depends only
trivially on £’. A k¥ summation can be performed by defining

§ : t ot _ pk'k _ pk
A(“kcaklvak+p’cakl_pvv> - Ce;l = ce,

! ! ! !
k' o k/,o

where ¢’/ represents the spin orientation of the holes.
The dynamics of this new quantity follows from

0
ihacg”k = (€ﬁ+p — & — z’y)c?’k
- Vp(fli - fli—i—p)Nh
_ je(p) ) CgkAThz

where we have used Nj, = o [ag]*Ny. and v, = (52)%Vp where o is either 1 or

2 depending on whether we are conducting a single-spin or both-spins analysis,

and from here on all quantities labelled with k refer to spin-up electrons.
The quantity couples to electron densities via

0 .. 2 ,
afk = —%Im[z Vpcgk - Z chgék ’k]-
P

qk’

(4.19)

As mentioned, c&¥ ¥ is not affected by the THz field, and in fact as &k K

serves only to decay the THz-induced part of f; , we may simulate its contri-
bution by introducing a decay constant I' into Eq.(4.19), driving f£ back

to an even (here Fermi-Dirac) distribution denoted by f*™
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a € 2 e €,eqm
afk = _ﬁIm[Z Vel ] = T[fic — fi*™].
P

(4.20)

To obtain a numerically feasible approach, it is necessary to formulate
Eqgs.(4.19)-(4.20) in a more symmetric form. Without a THz field, the carrier
quantities are even functions with respect to the sign changes k — —k and
p — —p. However we have j.(—p) = —j.(p) such that the THz field generates
also an odd ¢®* via the last term in Eq.(4.19). Thus it is convenient to define
even and odd quantities

72 = gl + f]

7 = 5lhe— I)

pvkvk’ — 1 P k,k’ —-pP —k,—k’
ce;E - E[Ce, ’ +Ce T ]

pkk’_]- p,k,k’ -p,—k,— K
Ce;b7 —_ 5 [Ce bt} —_ Ce ) ) ]'

It is also clear that the odd part of the energy €? is field induced i.e. due to
a renormalisation term e = 3", e Vieewr 1S, but we do not include energy-
renormalisation at this point as we have only one energy band and a small
shift in the energy of this band will not influence our results in any meaningful
way. The equations of motion of these even and odd quantities are as follows

0 2
2o /il = —ZIm[Y_ Vool = T
ot h -
(4.21)
y 8 Tapak E E s Tapzk
Zhace,E = (€k+p — € — 27)06,E
- Vp(f1€¢ - f£+p,T)Nh (4.22)
N 8 pak E E . pak
Zﬁ’ace,o = (6k—|—p — € — Z/Y)ce,O

- ”p(fl?_flg}-p)Nh-
— je(p) - AT (4.23)
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where Eqgs.(4.21) to (4.23) have been written to, and are to be solved to
linear order in A(z).

One observes from Eq.(4.22) that cpP* will be generated as long as a
carrier distribution exists, this dynamics is independent of whether or not a
terahertz field exists. One also sees that none of the odd quantities can exist
without a terahertz field. When a terahertz field A7#7 is applied, the quantity
chP* is generated via the jo(p)AT"2¢P* term in Eq.(4.23). This in turn
generates the quantity fl?,T via Eq.(4.21), and leads to a finite J},HZ .

We begin by making the observation that since Eq.(4.23) is linear, we may
seek a solution in the form

k
Cg - CTHZ + cscatt
such that
0 E E . p.k
— je(p) - ATh= R (4.24)
0 bk E E _ ;.\ Pk
Zhacscatt = (€k+p — €k — 7’7)cscatt
— (£ = fp) N (4.25)

From Eq.(4.25), it can be seen that P2, resembles cp « except that the equa-

tion of motion for ¢®X, contains no direct terahertz source term. It can be
interpreted as a scattering term analagous to the pure electron scattering c‘;‘ék”k
in Eq. (4.19). Thus when ¢®X, and ¢2¥* are combined together, one obtains
decay of fC. Rather that calculating c;fﬁtt, a phenomenological approach is
also possible where the decay of fC is accounted for through the introduction
of a decay constant ['.s.qy (which is added to e to give a total ' ) into
Eq.(4.21).

With scattering (both electron and triplet ) accounted for phenomenologi-
cally the relevant expressions we require in order to study the linear response

are
9

ot

where for the sake of neatness we have defined

J™h* = —2Im[Z(t)] — T J"H? (4.26)

= th ZJe p C'IJ)};{’/L
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a k E .

y > k
Zhacgm = (G4p — € — “Y)Cr
— Je(p) - ATMRK, (4.27)
. 0 Tk E E . \1Npk

vp(fir = fierp 1) V. (4.28)



Chapter 5

Numerical Results

Before investigating the temporal setup of the transverse plasmon, we will
consider the characteristics of the steady-state plasma response. To do this,
we examine the steady state solutions to Eqs. (4.26) to (4.28) and perform a
Fourier transform.

5.1 Steady-State Analysis
Recalling that F(w) = [ F(t) e“* dt , the relevant equations are now

Z(w) = Z7(-w) |

THz _
J P (w) = T (5.1)
+ Je(P)ATH=c] 1
CTHz(w) = - _
(hw — €xtp + € + 1Y)
(5.3)
4 Volfir = fiesnt) N
oF €k+p — €k — VY
which can be expressed in a more concise form by
o ATHz _ N
C;Hz(w) — J (p) yp(fk,T fk+P;T) h (54)

(Feo — v + 6+ 1) (Ecrp — € — 17)

48
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Z(w) = (5.5)

o £]dz Je(P) Vf, (fir — fk+p,T)NhA(w)je(k)
hL%" ay = (hw — €xyp + € +17) (€ksp — € — 1Y)

The response of the plasma is illustrated by plotting the imaginary part
of the inverse dielectric function versus photon energy. From here onwards we
will refer to the peak of such a plot as the “transverse plasmon frequency”.
The dielectric function €(w) is related to the current via

€w) = 1+ x(w) (5.6)
_ Jw1t

X(w) - A(w) € wg (57)

Jw) = g(z) Jg"*(w) (5.8)

We employ this steady state approach to answer three of the open questions,
namely

e How are plasmons detected via transversal THz fields?
e How is dimensional dependence modified for transversal fields ?

e What is a typical lifetime for a transverse plasmon?
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For a three-dimensional electron gas, with density a3N = 0.75 , the
“transverse plasmon” peak occurs at about 7 ETB , which is well within the
THz range under current investigation. This plasmon-peak value varies with
carrier density, as illustrated in Fig. (5.2) , and varying the carrier density
(via an applied gate voltage) allows the THz response to be tuned. This can
clearly be noticed from Eq.(5.5) , where the susceptibility varies with the ion

concentration, N, of our electron-ion system.
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Figure 5.1: Plot of —Im([1(w)] versus frequency for a 3d e-gas with normal-
ized density 0.725, at temperature 10K. The peak is obtained via quadratic
interpolation, and identifies what we will refer to as the “transverse plasma
frequency”. The halfwidth parameter A is of interest to us when estimating

a lifetime of the “transverse plasmon”.

As in the case of longitudinal plasmons, the plasma frequency increases
with increasing carrier density, as illustrated below.
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Figure 5.2: Plot of —Im[}(w)] versus frequency for 3d e-gas at normalized
densities 0.725,0.20 and 1.10; all at temperature 10K. The shift in peaks is
clearly visible, as is the variation of A (hwhm )



52 CHAPTER 5. NUMERICAL RESULTS

PLASMA

0 0.2 0.4 0.6

08 3 1 12 1.4 16

N3pd,

Figure 5.3: Upper figure: The behaviour of the transverse response with in-
creasing carrier density is dictated by the f; — fy_, term, i.e. the fermi-dirac
distribution, which is illustrated Above for three different carrier densities.
Below: The straight line is the square of the longitudinal plasma frequency,
in units of (ETB)2 . The dash-dot line denotes the square of the transverse
plasma frequency. Both are plotted versus normalized density Nsgal , where
ao is the exciton Bohr radius (124 A for GaAs) The positions of the carrier
densities illustrated in the upper figure are also shown ( Ep is the Rydberg
binding energy, which is 4.2meV for GaAs.)
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So far, all results have been computed using phenomenological scattering
ratesof v = ' = 0.5 ETB These correspond to a scattering time of 314
fs. The 7 constant accounts for triplet scattering, while I' accounts for
electron-electron scattering and triplet scattering effects. The behaviour of
the response does not vary significantly, as long as the scattering times are
within some physically reasonable range. A range of 50 fs to 3000 fs is quite

broad indeed, and corresponds to a range for v of 0.05 ETB to 3.0 ETB .
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Figure 5.4: The principle phenomenological parameters involved in the eqn.s of
motion so far have been the dephasing times v and I' . Above, the transverse
plasma frequency computed with different dephasing times is plotted, where
decay rates are given in units of ETB
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As the behaviour of the system response with increasing carrier density is
determined by the Fermi-Dirac distribution, it is important to examine more
closely how the system response behaves at different temperatures. In this
case a range of 10K to 300K is more than sufficient. f; at lower temperatures
( fiowr ) is similar to a distribution funr taken at a higher density; so the
response at low temperature is similar to the response at higher temperature
and a higher density. So, for a given density, the peak of the transverse plasmon
is lower at higher temperatures; while the general behaviour with increasing
carrier density is the same for all temperatures.
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Figure 5.5: Again a parameter study: The transverse plasma frequency
squared for different temperatures are plotted against normalized density. Op-
timal agreement with the longitudinal value occurs in the range 10K to 70K.
At higher temperatures the transverse plasma frequency are below the longi-
tudinal value.

From the halfwidth of the Im.[Z] plot (as illustrated in Fig.(5.1), a life-
time of the “transverse plasmon” can be arrived at via Tjfetime = ﬁ )

The lifetime gets lower with increasing carrier density (and therefore increased
scattering). This is illustrated in Fig. (5.6) .
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Figure 5.6: The hwhm of the 3d e-gas THz resonance (as pointed out in Fig4.1.)
is plotted versus normalized density for 10K and 300K. Although both show
the same behaviour with increasing density, the 300K linewidth is lower than
the 10K even though the peak of the resonance is higher for 10K. The lifetime
is also plotted versus normalized density.
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5.1.1 Dimensional Dependence of the Transversal
Plasma Frequency

It has been shown that the general expression for the longitudinal plasma fre-
quency of an electron gas is, in most circumstances, a good approximation to
describing the interaction of THz radiation with a three-dimensional electron
gas. However, this is not the case in two- or one- dimension. As previously
mentioned, 2DEGs are an integral part of THz technology, and have reso-
nances in the THz range , which cannot be explained by a longitudinal plasma
frequency. Thus, a correct microscopic approach to the interaction of trans-
verse radiation with 2DEGs, should predict a response similar to that in the
three-dimensional case (i.e. in the THz range ). It would also be instructive to
somehow fit the correct 2DEG transverse response to the 2DEG longitudinal
expression, using an effective longitudinal excitation wavevector.
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Figure 5.7: The square of the transverse plasma frequency plotted against
normalized frequency for two dimensional and three dimensional electron gases
at 10K. Quite clearly the two-dimensional response is of the order of the 3d
response, in the THz range, and which is not predicted by a longitudinal
plasma frequency. Again wr is in units of ETB .

The same problems are encountered with the expression for the one-
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dimensional electron gas plasma frequency, and our approach again recovers
the THz-range response, as the following figure illustrates.
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Figure 5.8: The transverse plasma frequency squared versus normalized density
for a 1d e-gas (*-line 5nm radius; o-line 10nm radius ) and that of a 3d e-gas
( solid line) . Again, the result does not concur with the longitudinal plasma
frequency, and the 1d response is far closer to the 3d response than to a one-
dimensional longitudinal plasma frequency.
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5.1.2 Finding an Effective Momentum

In order to relate the longitudinal and transverse responses for two- and one-
dimension, it is of interest to fit the transverse result to the general longitudinal
expressions in Eq.1.5. Now we would like to find a value of p.f; such that

xr(w) = XL(wapeff.)

Using a plasmon-pole approximation yields:

2 2
Wpr. W
Xiong\W,q) = —
o00) = T T — o) (g — D)
(5.9)
and
1 wh;
- =1
Elong(w,q) + (w2 wg)
(5.10)

where w, is the effective plasmon frequency for q.
We would like to make a fit by using w,,,, = wpr.(gers. ) , which is the
Drude ( long wavelength) result

1( ) w?
W, Desf.) =
T w2 — i (Pesy)

(5.11)

using the general expressions for dimensional-dependent plasma frequencies
2 . . .
Wy |a given in section 1.2.
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Figure 5.9: p.ss here is the excitation momentum we would require in order
for the longitudinal plasma frequency to agree with the calculated transverse
plasma frequency. This is much larger ( 10? times ) than a typical THz
wavevector.
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Apart from the non-agreement with longitudinal results, the response of
2DEGs to THz light is of technological interest, and we go further, along
the lines of the three-dimensional investigation. Not only is the halfwidth of
the Im[ﬁ] plot interesting, but in addition, whether or not its increase is
symmetric is examined. To this end, we divide the halfwidth A into a “right”
half and a “left” half, and examine the changes of Ao and Ay p as density
increases.
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Figure 5.10: It is also interesting to investigate whether the change in A is
symmetric. For two dimensions, it seem to be symmetric.
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Figure 5.11: However for one dimension, the change in the halfwidth does not
look symmetric as density increases.
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Figure 5.12: For a 10nm 2DEG we examine the behaviour of At , Agignt
and their average, versus normalized density. Also plotted is the corresponding
lifetime in units of femtoseconds.
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Figure 5.13: It is immediately noticeable that the transverse plasmon lifetime
in one-dimension is much larger (by a factor of 2) than in both two- and three-

dimensions.
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5.2 Evolution of the Transverse Plasma Re-
sponse

—-Im [1 fe(w) ]

-0.5 I I I I I
0 2 4 6 8 10 12

Figure 5.14: If we probe the 2DEG system with a series of THz pulses, a
steady state is reached at around 200fs after the equilibrium distribution has
been established (via an applied voltage). This figure shows the response to
consecutive THz pulses. Consecutive responses tend towards the shaded area.
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Figure 5.15: The linewidth of the consecutive resonances also changes, and
from plotting this it is interesting to examine how the lifetime of consecutive
resonances vary
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It can be seen that although the positions in frequency space of the consec-
utive resonances (that is, the transverse plasmon resonances due to consecutive
THz pulses) advance steadily until steady state is reached, the halfwidths of
the consecutive resonances increases rapidly until the pulse at 100fs, then don’t
vary much after 100fs.
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Figure 5.16: As can be seen from Fig. 4.13, the “transverse plasmon” position
changes for every consecutive THz pulse , the peak position moving towards
the steady state value. From this plot, a transverse plasmon setup-time can
be extracted by fitting the expression w = wy + Awe fit"ruise to the peak
position. For the above plot, (which is for a2N = 0.5, and temperature
10K) 74 is 3.4 x 10" Hz , which corresponds to a setup time of 147 fs.
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Figure 5.16 represents results using a density of Npga? . For different densi-
ties, the way that the transverse plasmon peak shifts for consecutive excitations
will be different. That is, the values for 7y and Ty vary with carrier
density. This is immediately intuitive, as Tsep is intimately related to the
setup of Coulomb screening in an electron gas; and this is dependent on carrier
density. We are reminded once again of section 1.2.2 , where it was noted that
the phenomena of screening and plasmons are closely related.
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Figure 5.17: The fitted values of v for
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We see that the setup time for a transverse plasmon increases with increas-
ing density, but always remains in the range of an inverse plasma frequency
(taking an estimate of Teewp as —2— ). These values are in agreement

Wplasma

with recent experimental evidence [27] that Coulomb screening emerges on a
timescale of approximately the inverse plasma frequency. However we have
already seen that the plasma frequency increases with increasing density, so
the setup time should decrease with increasing density if Tyerup 2

Wplasma

were strictly true.



Chapter 6

Conclusion

Starting from the microscopic equations of motion for THz light interacting
with an electron hole-plasma [35], [36], we make an analogy between the holes
of the plasma and the fixed positive ions at the heterojunction of a 2DEG
system. From the resulting equations of motion of the relevant two- and four-
point quantities, a steady-state solution leads to the correct Lindhard type
of response for three dimensional electron gases interacting with a transverse
THz field. This analysis also gives the response for one- and two- dimensions,
and these responses are compared with those predicted by longitudinal plasma
frequencies. We examine some characteristics of these transverse plasmons,
such as dependence on carrier density, and estimate their lifetime.

The temporal evolution of the transverse response for a 2DEG is studied,
and leads us to a discussion of the onset of Coulomb screening in an electron
gas.

The next logical step in this work is to treat the electron scattering micro-
scopically. For intense THz pulses, the linear response does not suffice, and
it is necessary to determine the response to a higher order in the field. A
next step in terms of device physics would be to accurately model grating-
coupled 2DEG systems which rely on the radiative decay of grating-coupled
plasmons as FIR sources, and have been discussed since the 1980s. A further
development would be to couple the 2DEG system to a so-called “metamate-
rial”, [37], [38]. These metamaterials are already well developed in the visible
range, leading to the development of truly single mode lasers .
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