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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der numerischen Untersuchung des Turbulenziibergangs
und auftretender lokalisierter Strukturen in der ebenen Poiseuille-Strémung und dem asympto-
tischen Ansaugpro | Uber einer geheizten Platte. Die laminaren Pro le beider Strémungen zei-
gen eine lineare Instabilitat und im sogenannten subkritischen Bereich, wo das laminare Pro |
stabil ist, kann man jeweils Uberdauernde, aber dennoch transiente Turbulenz beobachten.

In beiden Stromungen kénnen eine Vielzahl von exakten Losungen der Navier-Stokes-Gleich-
ungen mit speziellen numerischen Verfahren aufgespirt werden. Eine genauere Analyse zeigt,
dass in beiden Systemen der Ursprung der subkritischen Turbulenz auf eine Bifurkationskaskade
zuriickgefuhrt werden kann, welche ihren Ausgangspunkt in einer solchen exakten Losung hat.
Die Bifurkationskaskade erzeugt einen chaotischen Attraktor, der durch eine auyere Krisenbi-
furkation (Boundary crisis bifuration) in einen chaotischen Sattel mit exponentiell verteilten
Lebenszeiten umgewandelt wird. Eine zweite Art von Krisenbifurkationen, sogenannte innere
Krisenbifurkationen (Interior crisis bifurcation ), tragen zur Vergréyerung des Attraktors bei
und werden fir die ebene Poiseuille-Strdomung genauer untersucht.

Wahrend der Ausgangszustand fir die Bifukationskaskade im Falle des asymptotischen An-
saugpro Is Uber einer geheizten Platte mit der Instabilitdt des laminaren Pro Is verbunden
ist, haben die relevanten Zustande in der ebenen Poiseuille-Stromung keine Verbindung zum
laminaren Zustand. Dies fuihrt zu zwei koexistierenden Ubergangsmechanismen zur Turbulenz.
Die beiden Mechanismen sind deBypass-Ubergangund der Tollmien-Schlichting-Ubergang

Die Phasenraumstruktur, die der Koexistenz dieser beiden Ubergangsmechanismen zugrun-
de liegt, wird in dieser Arbeit untersucht. Zweidimensionale Projektionen, die exakte Losungen
nutzen, zeigen, dass es unterhalb der kritischen Reynoldszahl drei verschiedene Bereiche im Zu-
standsraum gibt. In einem dieser Bereiche liegt Bypass-Ubergang vor, im zweiten beobachtet
man ein rasches Zulaufen auf den laminaren Zustand und im dritten Bereich, welcher sehr klein
ist und mit steigender Reynoldszahl wéchst, kommt es zu einem Tollmien-Schlichting-Ubergang.
Die drei Bereiche liegen im Phasenraum teilweise sehr dicht beieinander und unterscheiden sich
deutlich in der Zeit, die eine darin be ndliche Anfangsbedingung benétigt um einen turbulenten
Zustand zu erreichen. Oberhalb der kritischen Reynoldszahl gibt es nur noch die Bereiche mit
Bypass- und Tollmien-Schlichting-Ubergang, welche durch die stabile Mannigfaltigkeit einer
besonderen exakten Lésung des Systems, dBgpass-Edgestatesgetrennt werden.

In beiden Stromungen existieren verschiedene raumlich lokalisierte exakte Losungen. In der
ebenen Poiseuille Stromung kdnnen durch Analyse der Instabilitidten raumlich ausgedehnter
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Tollmien-Schlichting-Wellen, periodische Bahnen gefunden werden, welche aus in Stromungs-
richtung lokalisierten Paketen von Tollmien-Schlichting-Wellen bestehen. Des Weiteren kann
eine in Stromungsrichtung lokalisierte, dreidimensionale, relativ periodische Bahn mittels der
sogenanntenEdge-Tracking Technik, die es erlaubt Trajektorien auf der Grenze zwischen la-
minarem und turbulentem Attraktionsgebiet zu verfolgen, gefunden werden. Die raumliche
Lange dieser periodischen Bahn wéchst annéhernd linear mit der Reynoldszahl. Die Ergebnisse
zeigen, dass die lokalisierte periodische Bahn bei hohen Reynoldszahlen in einer subkritischen,
langwelligen Bifurkation einer raumlich ausgedehnten laufenden Welle erzeugt wird. Durch eine
Verfolgung dieser Bahn in der Breite der simulierten numerischen Doméne kann eine relativ peri-
odische Bahn identi ziert werden, die in beide Richtungen parallel zu den Platten lokalisiert ist.
Die in Stromungsrichtung lokalisierten Zustande zeigen einen Abfall der Geschwindigkeitskom-
ponenten, der Uber eine groyere Distanz gut mit einem exponentiellen Abfall Ubereinstimmit.
Die Erkenntnisse durch die doppelt-lokalisierte periodische Bahn und die Simulationen tur-
bulenter Flecken, zeigen jedoch, dass in der ebenen Poiseuille-Strémung im groyen Abstand
um eine lokalisierte Struktur der Abfall der Geschwindigkeitskomponenten einem Potenzgesetz
folgt.

Fur das asymptotische Ansaugpro | Uber einer geheizten Platte kdnnen verschiedene einfach-
und auch doppelt-lokalisierte Fixpunkte gefunden werden. Einer der doppelt-lokalisierten Zu-
stéande wird, ahnlich wie in der ebenen Poiseuille Stromung, durch zwei parallel statt ndende,
langwellige Bifurkationen einer raumlich ausgedehnten Losung erzeugt. Studiert man die Insta-
bilitaten der lokalisierten Losungen, so stellt man fest, dass entlang deren instabiler Richtungen
Plume-artige Dynamik auftritt. Plumes im studierten System kdénnen also als eine Bewegung
entlang der instabilen Mannigfaltigkeit einer exakten Losung interpretiert werden. Ausgehend
von den exakten Losungen ist es moglich, diese Dynamik systematisch zu studieren. Die Resul-
tate zeigen, dass sich die Plumes Uber einen langeren Zeitraum mit einer konstanten Geschwin-
digkeit ausbreiten, wobei die Ausbreitungsgeschwindigkeit mit der Rayleighzahl zunimmt.

Um das asymptotische Ansaugpro | Gber einer geheizten Platte und dessen exakte Losungen
zu studieren, wurde derChannel ow-Code (www.channel ow.org) erweitert. Der entwickelte
Code ermdéglicht auyerdem die Simulation von Rayleigh-Bénard-, Poiseuille-Rayleigh-Bénard-
und Couette-Rayleigh-Bénard-Stromung.



Abstract

This dissertation numerically investigates the transition to turbulence and occurring localized
structures in plane Poiseuille ow and the asymptotic suction boundary layer over a heated
plate. Calculations show that the laminar pro les of both ows are linearly unstable. Never-
theless, in both cases long-living, but transient turbulence can be observed in the subcritical
range.

In the two systems a multitude of exact solutions of the Navier-Stokes equations is identi ed
using specially tailored numerical methods. A detailed analysis shows that for both systems the
origin of subcritical turbulence can be traced back to a bifurcation cascade that starts at one of
those exact solutions. The bifurcation cascade creates a chaotic attractor which is transformed
into a chaotic saddle by a so-callecboundary crisis bifurcation. This chaotic saddle shows
exponentially distributed lifetimes. A second type of crisis bifurcations, so-callednterior crisis
bifurcations, which are studied in detail for plane Poiseuille ow, contributes to an increase of
the attractor and its temporal complexity.

For the asymptotic suction boundary layer over a heated plate, the exact solution that is
the starting point for the bifurcation cascade is directly connected to the instability of the
laminar state. For plane Poiseuille ow there is no such connection causing the coexistence of
two transition mechanisms to turbulence. These are thebypass transition and the Tollmien-
Schlichting transition.

The state space structure underlying the coexistence of the two transition scenarios is
explored by two-dimensional projections of the state space that use exact solutions. The slices
show that below the critical Reynolds number the state space consists of three parts. In one of
these parts, bypass transition is located and in a second one a immediate return to the laminar
states can be observed. In the third part, which is quite small and grows with increasing
Reynolds number, initial conditions undergo Tollmien-Schichting transition to turbulence. In
the state space, all three regions lie close to each other and can be distinguished by the time
needed to reach the turbulent state. Above the critical Reynolds number, only the regions
containing bypass and Tollmine-Schlichting transition can be found. There, both regions are
separated by the stable manifold of a special exact solution of the system, the bypasdge state

In both studied systems, various spatially localized exact solutions exist. For plane Poiseuille
ow, the instabilities of the spatially extended Tollmien-Schlichting wave are analyzed. This
allows to identify periodic orbits that consist of streamwise localized packages of Tollmien-
Schlichting waves. Furthermore, by using the technique oédge-tracking which allows to follow
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trajectories on the boundary between the laminar and the transient turbulent part of the state
space, a streamwise localized three-dimensional periodic orbit can be found. The streamwise
length of this periodic orbit grows approximately linear with the Reynolds number. The result
show further that the orbit is created at high Reynolds number in an subcritical long-wavelength
instability of a streamwise extended traveling wave. By tacking the orbit to wider computational
domains, a relative periodic orbit that is localized in both direction parallel to the plates can
be found.

The streamwise localized state shows a decay of the velocity components that over a wider
range is in a good agreement with an exponential decay. However, the results from the doubly-
localized states, as well as simulations of turbulent spots, show that for large distances the
decay of the velocity components follows a power law.

For the asymptotic suction boundary layer over a heated plate, it is also possible to identify
di erent exact solutions that are localized in one or two directions parallel to the plate. For one
of the doubly-localized states it is shown that it is created in two simultaneous long-wavelength
instabilities of a spatially extended equilibrium solution. By studying the instabilities of these
localized exact solutions one recognizes that plume-like dynamics appear along their unstable
directions. Thus, plume motion in this ow can be interpreted as moving along the unstable
direction of an exact solution. A systematic analysis of the plume shows that for a long time
its tip moves with a constant speed that increases with the Rayleigh number.

To study the asymptotic suction boundary layer over a heated plate numerically, theChan-
nel ow -code (www.channel ow.org) was enhanced. In addition to the parallel thermal bound-
ary layer, the developed code allows to simulate Rayleigh-Bénard-, Poiseuille-Rayleigh-Bénard-
and Couette-Rayleigh-Bénard ow.
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Chapter 1

Introduction

Many ows show two distinct kinds of dynamical states. The rst, the so-called laminar state,

is dynamically simple, often independent of time and shows only smooth variations of the
velocities. The second one is the turbulent state that is erratic and shows large and complex
spatial and temporal variations. In experiments the laminar state is often replaced by the

turbulent one if the Reynolds number is increasetl This observations cause the long standing

turbulence problem which in a de nition by Noether (1921) for pipe ow reads as follows:

"Unter Turbulenzproblem versteht man, allgemein gesprochen, die Frage, warum
der grundsatzlich immer mogliche Poiseuillesche Zustand nur begrenzt realisiert ist
und dem hydraulischen Zustand Platz macht."

Thus, the turbulence problem is the question why the laminar state ( Poiseuillescher Zustand )
that does always exist is not always realized and at some point replaced by the turbulent state
(‘hydraulischer Zustand using Noether's words). For many years, it was tried to solve this
question by an analysis of the stability of the laminar state of a ow (see Eckert (2010, 2014) for
reviews on the historical development of the turbulence problem and hydrodynamic stability
theory). However, it turned out that quite often linear stability theory fails to explain the onset

of turbulence. For plane Poiseuille ow, the pressure driven ow between two parallel plates,
turbulence is observed in experiments for Reynolds numbers far below the one predicted by
linear stability theory. For pipe Poiseuille ow (the pressure driven ow through a cylindri-
cal pipe) and plane Couette ow (the ow between two plates moving in opposite directions),
experiments and also numerical simulations show long-living turbulence although the laminar
state is stable for all Reynolds numbers according to linear stability theory. It should be re-
marked that the fact that the critical Reynolds numbers predicted by stability theory are higher
than those where turbulence can be observed does not imply that the stability of the laminar
state is not relevant. While for Reynolds numbers below the linear instability turbulence in
general is transient, above the critical Reynolds number a return to the laminar state is not
possible.

1f the geometric parameters and the viscosity are xed, an increase of Re is equivalent to an increase of
the velocity.



1. Introduction

Since about half a century there are approaches to understand turbulence using dynam-
ical systems theory. Especially, dierent roads to turbulent dynamics have been proposed,
e.g. the Ruelle-Takens scenario (Ruelle and Takens, 1971) and the period doubling scenario
(Feigenbaum, 1978). For some systems that show turbulent dynamics evidences for the di er-
ent scenarios exist (see e.g Eckmann, 1981, for a classical review). In general, the experimental
evidences were found for systems that shosupercritical turbulence (turbulence for parameter
values were the base state is unstable) as e.g. Rayleigh-Bénard convection.

In recent times dynamical system theory has also contributed to an improved understand-
ing of turbulence in systems where turbulence is observed although the laminar state is stable.
Such subcritical turbulence can be found e.g. in pipe ow, plane Couette or plane Poiseuille
ow. Numerical simulations (Brosa, 1989; Schmiegel and Eckhardt, 1997; Faisst and Eckhardt,
2004; Willis and Kerswell, 2007; Schneider and Eckhardt, 2008) and experiments (Bottin and
Chate, 1998; Peixinho and Mullin, 2006; Hof et al., 2006, 2008) provided evidences that tur-
bulence in subcritical systems is transient and thus it corresponds to a chaotic saddle rather
than an attractor. This saddle is formed by three-dimensional exact solutions of the Navier-
Stokes equations and homoclinic and hetereoclinic connections between them. Exact solutions,
which appear in form of equilibria, traveling waves, or periodic orbits, can be found by us-
ing special-tailored numerical methods. Up to now a multitude of exact solutions has been
found for di erent subcritical systems as plane Couette ow (e.g. Nagata, 1990; Clever and
Busse, 1992; Schmiegel, 1999; Gibson et al., 2009), pipe ow (e.g. Faisst and Eckhardt, 2003b;
Wedin and Kerswell, 2004; Pringle and Kerswell, 2007; Pringle et al., 2009), plane Poiseuille
ow (Ehrenstein and Koch, 1991; Wale e, 2001; Zammert, 2011; Gibson and Brand, 2014) or
counter-rotating Taylor-Couette ow (Deguchi et al., 2014). In addition to their numerical
identi cation, it was also possible to nd evidences for exact solutions in experiments (Hof
et al., 2004).

Recently, it was shown how a bifurcation cascade starting at an exact solution can form a
chaotic saddle (Kreilos and Eckhardt, 2012; Avila et al., 2013) which was a large step towards
the understanding of subcritical turbulence.

The majority of the exact solutions identi ed up to now are spatially extended. However, it
is known since the experiments of Osbourne Reynolds (Reynolds, 1883), that in many systems
subcritical turbulence is localized or spatially intermittent close to its onset. Turbulence can
appear in localized form as pus or slugs in pipe ow (Wygnanski and Champagne, 1973;
Wygnanski et al., 1975) or as spots in plane Couette and plane Poiseuille ow (Carlson et al.,
1982; Henningson et al., 1987; Lemoult et al., 2013). Furthermore, the formation of complex
patterns of laminar and turbulent regions can be observed (Barkley and Tuckerman, 2005;
Tuckerman et al., 2014; Duguet et al., 2010a; Brethouwer et al., 2012; Avila and Hof, 2013). In
order to understand this observations using the framework of dynamical systems theory, there
is a need to nd localized exact solutions because they are expected to form a skeleton for
spatially localized turbulence.

Some of the known exact solutions show spatial localization. For plane Couette ow, sev-
eral spanwise localized solutions have been found (Schneider et al., 2010b,a; Gibson and Brand,
2014) and one doubly-localized equilibrium solution is known (Brand and Gibson, 2014). Lo-
calized solutions of plane Poiseuille and pipe ow were found by Jiménez (1990), Avila et al.
(2013), Chantry et al. (2014) and Gibson and Brand (2014). For the localized periodic orbit in
pipe ow found by Avila et al. (2013), it was even possible to show that a bifurcation cascade
starting at its upper branch creates a chaotic saddle. However, despite the large progress within
the last years, the way towards an extensive understanding of the spatio-temporal structures
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of subcritical turbulence is still long.

By studying plane Poiseuille ow this thesis contributes to the progress in understanding of
subcritical turbulence in the framework of dynamical systems theory. As already mentioned,
plane Poiseuille ow shows turbulence for Reynolds numbers far below the one where its laminar
state becomes unstable. Various exact solutions are identi ed for this ow that are related to
the transition to subcritical turbulence. The formation of the chaotic saddle is investigated and
a mechanism leading to a denser coverage of the state space is identi ed. Furthermore, it is
investigated how the subcritical turbulence and its corresponding exact solutions are connected
to the instability of the laminar state. With the distant goal to understand the formation of
localized turbulence, spatially localized exact solutions are studied.

The second system studied in this thesis is the asymptotic suction boundary layer over a
heated plate. Motivated by the success of the application of methods from dynamical systems
theory to the transition to turbulence in shear ows, it is a self-evident idea to apply the
methods to related problems. In thermal boundary layers that appear in a ow over a heated
surface, special ow patterns, so-called plumes, are of accentuated importance for the dynamics
and the heat transport. To study the dynamics inside of thermal boundary layers as well as the
thermal plumes that appear therein, the asymptotic suction boundary layer over a heated plate
is studied in this thesis as a model system for a real thermal boundary layer. For this system,
the stability of the base ow and, analogous to plane Poiseuille ow, the origin of subcritical
turbulence is studied. Furthermore, as for plane Poiseuille ow, localized exact solutions and
mechanisms leading to their formation are investigated.






Part |
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Chapter 2

An introduction to plane Poiseuille
ow

Plane Poiseuille ow (PPF) is the pressure driven ow between two in nitely extended parallel
plates. The study of PPF is of interest because of its analogy to pipe and duct ows, which
have an enormous technical relevance. The ow is governed by the Navier-Stokes equations

@Bt +(Btot I )Bot = I Prot +  Bhot (2.1)
together with the continuity equation
r Bhot = 0: (22)

In these equationstyy is the velocity eld, pio is the pressure modi ed by density and is the
kinematic viscosity.

Using the kinematic viscosity, the half domain width d and a characteristic velocity scale,
for which most appropriately the maximum of the laminar prole U is chosen, a Reynolds

number,
Re = U—Od; (2.3)

can be de ned and the equation can be made dimensionless:

1
@thot + (ot I )thot = I Prot + Re Hiot ; (2.4)

I it = 0: (25)

If the used velocity scales is the one of the laminar pro le, this pro le becomes
to = (U(y);0;0) with U(y)=(1  y): (2.6)
The full ow eld t4: can be decomposed into the laminar ow and deviations from it

thot = Ho + 2.7)
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2. An introduction to plane Poiseuille flow

In the following, when visualizations of ow elds are shown or energies of a ow eld are
plotted, only the ow eld 4 = (u;v;w) of deviations from the laminar prole is used. A
coordinate system is chosen in whick points in streamwise,y in wall-normal and z in spanwise
direction. A sketch of the geometry that also shows the relevant length scales and the convention
used for the coordinate system is given in gure 2.1a.

The ow can be driven in di erent ways. In most cases it is driven by a constant pressure
gradient or a constant ow rate, but in principle other constraints, e.g. constant energy input
(Yosuke et al., 2014), are possible. In case of constant ow rate the bulk velocity

leLzZLx

1 u dxdydz

Ur =
BT, 10 o

must be xed at 2=3 to obtain a laminar pro le with a center-line velocity of 1. If the pressure
gradient is xed this center-line velocity is obtained with a pressure gradient of 2=Re.

If we have a solution of the Navier-Stokes equations for PPF (not necessarily an equilibrium
solution), it has a characteristic bulk velocity and a characteristic pressure gradient. By com-
paring its bulk velocity with a laminar pro le with the same value of Ug, a Reynolds number
Reg can be assigned to this solution. On the other hand, by comparing the pressure gradient
to the one corresponding to a laminar pro le, a pressure based Reynolds numb&ep can be
assigned. The pressure Reynolds number can also be obtained by simply making the pressure
gradient dimensionless. For the laminar solution,Reg and Rep are identical, but in all other
cases they di er. SinceReg and Rep are based on the bulk velocity and the pressure gradient,
Reg is xed in the case of constant ow rate and Rep is constant if the pressure gradient is
xed.

Today it is a well known fact that the laminar plane Poiseuille pro le becomes unstable near
Reqit = 5772:22 (Orszag, 1971), but for a long time stability of the PPF pro le and especially
the exact value of the critical Reynolds number and wavelengths had been unclear and subject
of many studies (see e.g. Heisenberg, 1924; Lin, 1944; Thomas, 1953).

However, the results from linear stability theory fail to predict the onset of turbulence in
PPF. Experimental observations as well as numerical studies show that the onset of turbulence
lies somewhere aroundReg = 1000 (see e.g. Carlson et al., 1982; Tuckerman et al., 2014) and
therefore far below the critical Reynolds number for the linear instability of the laminar pro le.

Already Heisenberg, who investigated the stability of the laminar plane Poiseuille pro le in
1924, doubted that the linear stability of the laminar state is able to explain the turbulence
observed in PPF. He remarked (Heisenberg, 1924):

"Vom Standpunkt der Theorie aus miussen wir also darauf gefayt sein, unter Um-
standen zwei kritische Reynoldssche Zahlen zu nden, die eine entsprechend dem
Beginn der Turbulenz, die andere entsprechend dem Niederbrechen der Laminarbe-
wegung."

He distinguishes two di erent critical Reynolds numbers for the ow. The rst is the Reynolds
number for the onset of turbulence and the second is the one where the laminar ow becomes
unstable. Indeed, the results of the stability analysis con rmed his conjecture that the critical
Reynolds number for linear instability is not the one for the onset of turbulence.

Since the bifurcation of the laminar pro le is subcritical, an idea how to obtain the second
critical Reynolds number could be to follow the bifurcating solution to its turning point. How-
ever, the two-dimensional solution that bifurcates from the laminar ow does not extend down

8



a) b)

8000
7000
/ . / 6000
u(y) 2d & 5000
A , | 4000
T/ ) / - // Lz 3000
2000 i i i i
Lx 4.5 5.0 5.5 6:0 6:5

Figure 2.1: Panel a) shows a sketch of the geometry of the PPF geometry. In panel b) the
critical Reynolds number of the laminar PPF pro le is shown in dependence on the streamwise
wavelength Ly (red). Furthermore, the bulk- and pressure Reynolds numbeReg and Rep of
the turning points of the bifurcating two-dimensional TS-wave are shown in green and blue,
respectively.

to such low Reynolds numbers. In gure 2.1b the Reynolds numbers of the turning points of the
two-dimensional waves are shown in dependence on the streamwise wavelength The plot
illustrates that the minimal values of Reg and Rep as well as the corresponding wavelengths
di er slightly. However, the lowest value of Reg for which these two-dimensional waves exist is
about 2610and the lowest value ofRep is about 294Q This is still far above the experimentally
observed onset of turbulence.

Aside from the exact solutions that are created in the bifurcation of the laminar state there
are other exact solutions of the Navier-Stokes equations for PPF. A couple of them have been
identi ed during the last years (Wale e, 2001; Nagata and Deguchi, 2013; Gibson and Brand,
2014; Rawat et al., 2014). Some of these structures exist for Reynolds numbers below the
observed onset of turbulence. Chapter 3 is devoted to the identi cation of three-dimensional
exact coherent structures. A more detailed introduction to this active topic of research will be
given in this chapter and several new exact coherent structures and di erent strategies to nd
them will be presented. Moreover, the minimal Reynolds numbers for which such solutions
exist will be determined.

In chapter 4 we will make a step towards the critical Reynolds number for the onset of
turbulence, the second critical Reynolds number mentioned by Heisenberg. Starting with an
exact coherent structure it will be shown how a sequence of bifurcations creates a chaotic saddle.
A special class of bifurcations relevant in this context are crisis bifurcations that transform a
chaotic attractor into a saddle. The Reynolds number at which the chaotic saddle appears can
be seen as a critical Reynolds number for the appearance of transient subcritical turbulence.

In chapter 5 the connection between the exact coherent structures related to the origin
of subcritical turbulence and those bifurcating from the laminar state is explored. The two
known transition paths to turbulence, the bypass- and the TS-transition (see e.g. Schmid and
Henningson, 2001) will be discussed and related to the di erent exact coherent structures.
Furthermore, it is shown that in the state space di erent areas can be distinguished, where the
two transition paths are present.



2. An introduction to plane Poiseuille flow

The turbulence in PPF appears at low Reynolds number in spatially inhomogeneous form.
One observable phenomenon are turbulent spots (see e.g. Carlson et al., 1982; Alavyoon et al.,
1986; Lemoult et al., 2013). The term turbulent spot means that the turbulence is localized in
two directions parallel to the channel walls. A visualization of a turbulent spot observed in an
experiment by Carlson et al. (1982) is shown in gure 2.2a.

Another manifestation of spatially inhomogeneous turbulence are laminar-turbulent bands
or stripes (Aida et al., 2014; Tuckerman et al., 2014; Xiong et al., 2015) where strongly turbulent
and weakly turbulent or almost laminar regions alternate in a relatively regular pattern. A
visualization of a stripe pattern in PPF obtained in a numerical simulation is shown in gure
2.2b. The occurrence of laminar-turbulent bands is no peculiarity of PPF. These structures
have also been found and studied in plane and Taylor-Couette ow (Prigent et al., 2002, 2003;
Barkley and Tuckerman, 2005; Duguet et al., 2010a). Brethouwer et al. (2012) showed that the
patterns also exist under the in uence of Coriolis, buoyancy or Lorentz force but are shifted to
higher Reynolds numbers. For the case of pipe ow this laminar-turbulent intermittency was
already reported by Reynolds (1883) in his famous paper. Despite of the fact that laminar-
turbulent patterns are a quite universal phenomenon, the underlying mechanism leading to
their formation is still unclear.

A strategy that potentially might help to understand this widespread phenomenon is to
explore the connection between localized exact solutions and localized turbulence. Therefore,
as a step towards the distant goal to explain localized turbulence, chapter 6 is devoted to
localized exact solutions of the Navier-Stokes equations for PPF. It will be shown how these
structures appear and their properties will be discussed. Especially, the minimal Reynolds
numbers for which they exist will be determined. Furthermore, we will explore how localized
turbulent structures develop out of these solutions.

At the end of this chapter the main results will be summarized and especially all important
threshold Reynolds numbers for PPF that have been found will be collected.

All performed numerical simulations of PPF use theChannel ow -code that was developed
by J.F. Gibson (Gibson, 2012). For details on the code we refer to the channel ow manual
available on www.channel ow.org. Together with T. Kreilos and M. Salewski code was adapted
to work with parallel FFTW (OpenMP) and the Octave-library used for the linear algebra
routines was replaced by theEigen-package (Guennebaud et al., 2010).
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Figure 2.2: In a) a visualization of a turbulent spot observed in a channel ow experiment is
shown. The picture is taken and adapted from (Carlson et al., 1982). In panel b) a visualization
of laminar-turbulent pattern obtained in a numerical simulation is shown. In the visualization
the wall-normal velocity component in the center-plane is color-coded. The simulation enforces
a constant bulk velocity and a Reynolds numberReg of 1100
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Chapter 3

Edge states and exact solutions In
short domains

Parts of the results presented in this chapter have been published in

"Periodically bursting edge states in plane Poiseuille ow" , Stefan Zammert and Bruno Eck-
hardt, Fluid Dynamics Research 46 041419 (2014)

"Streamwise and doubly-localized periodic orbits in Plane Poiseuille ow" , Stefan Zammert
and Bruno Eckhardt, Journal of Fluid Mechanics 761 348-359 (2014)

3.1 Introduction

For many ows in addition to the simple laminar solution other exact solutions of the Navier-
Stokes equations, also called exact coherent structures (ECS), have been found. The simplest
case are equilibrium solutions that do not depend on time and ful Il

H(X;y;Z;t) = d(X;y;2):

Various such solutions have been found for plane Couette ow (e.g. Nagata, 1990; Schmiegel,
1999; Itano and Generalis, 2009; Gibson et al., 2009). Another type of ECS are relative equilibria
or traveling waves that move with a constant wave speed and satisfy

H(X;y;Z;t + tg) = °(X cto;y; z;t)

for all to. Traveling waves have been found and studied for pipe (Faisst and Eckhardt, 2003b;
Wedin and Kerswell, 2004), plane Poiseuille (Wale e, 2001; Nagata and Deguchi, 2013; Gibson
and Brand, 2014), square duct ow (Wedin et al., 2009; Okino et al., 2010) and plane Couette
ow (Gibson et al., 2009). The third type of ECS are (relative) periodic orbits satisfying

H(X;y;z;t+ T)= d(x cT;y;z;1)

13



3. Edge states and exact solutions in short domains

for some periodT. In a frame that is comoving with the constant speedc these states are
periodic.

ECS play a major role for turbulent dynamics in shear ows. In the dynamical systems
view of turbulence a turbulent trajectory is build up by the following two phases in an in nite
loop:

1. Trajectory gets attracted by an exact coherent structure along one of its stable directions
2. Trajectory gets repelled by an exact coherent structure along one of its unstable directions

Up to now only a few exact coherent structures have been identi ed that are indeed embedded
in the turbulent dynamics and support the above hypothesis. Most of the work has been done
for plane Couette ow. For this ow homoclinic orbits embedded in the turbulent dynamics
have been identi ed in minimal ow units (Kawahara and Kida, 2001; van Veen and Kawahara,
2011). Quite recently periodic obits that are similarly embedded in the turbulent dynamics
of pipe ow have been identi ed by Altmeyer et al. (2014). Heteroclinic connections between
exact coherent solutions (trajectories connecting two ECS) have been studied by Halcrow et al.
(2009). In principle it should be possible to obtain mean quantities of a turbulent ow by
using a su cient number of periodic orbits, e.g time dependent exact coherent structures. The
theory behind is the so-called periodic orbit theory (Cvitanovi¢, 2013). An attempt to use
periodic orbit theory to a hydrodynamic problem was recently made by Chandler and Kerswell
(2013) for a Kolmogorov ow. However, up to now there are no successful applications to other
hydrodynamic systems such as pipe or plane Poiseuille ow.

Another reason to study ECS is their proven relevance for the creation of subcritical tur-
bulence. Recently, in plane Couette (Kreilos and Eckhardt, 2012) and pipe ow (Avila et al.,
2013) simple exact coherent structures (e.g an equilibrium solution and a relative periodic or-
bit) have been found that are starting points of a bifurcation cascade creating a huge number
of exact coherent structures and ultimately a chaotic attractor. This attractor is transformed
into a chaotic saddle in a boundary crisis bifurcation. The identi cation of the described sce-
nario impressively proves that exact solutions play a major role for the birth of turbulence. In
chapter 4 it will be shown that the scenario is also present in plane Poiseuille ow.

Thus, because of their crucial role for the understanding of turbulent ows and the transition
process this section is devoted to the identi cation of ECS in plane Poiseuille ow.

A powerful technique to identify exact coherent structures isedge tracking (Skufca et al.,
2006). The state space of a subcritical ow can be divided into two parts according to the
lifetimes which usually show strong uctuations (Schmiegel and Eckhardt, 1997). Initial con-
ditions in the one part show transient chaos with long lifetimes while such in the other part
immediately return to the laminar state. Edge tracking uses this distinction to approximate a
trajectory on the boundary between the two regions of state space.

For many cases this technique has been used to nd attractors, so-callestige stateson the
laminar-turbulent boundary. Edge states have been studied in plane Couette ow (Schneider
et al., 2008; Duguet et al., 2009; Schneider et al., 2010b), pipe ow (see e.g Schneider et al.,
2007; Duguet et al., 2008), square duct ow (Biau and Bottaro, 2009), parallel (Kreilos et al.,
2013; Khapko et al., 2013) and even spatially developing boundary layers (Cherubini et al.,
2011; Duguet et al., 2012). However, the edge state does not necessarily be an exact coherent
structure. In many cases, especially in spatially extended domains, the edge state turns out
to be chaotic (e.g. Duguet et al., 2009; Mellibovsky et al., 2009). The technique of edge
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3.2. Traveling waves edge states

tracking will be used in section 3.2 and 3.3 to identify exact coherent structures in rather small
computational domains.

Another strategy to search for ECS is to study the bifurcations of a known solution. In
section 3.4 this strategy will be applied to the traveling wave bifurcating subcritically from the
laminar plane Poiseuille pro le.

A third successful strategy is the use of homotopies between di erent ows (e.g Nagata,
1990; Wale e, 2003; Kreilos et al., 2013; Gibson and Brand, 2014; Deguchi et al., 2014). This
method uses a so-called homotopy parameter to interpolate between two ow systems. A known
solution of one ow (e.g. Taylor-Couette ow) can then be transfered to the another system
(e.g Plane Couette ow) by a continuation in the homotopy parameter. For example, this
method was used by Nagata (1990) who discovered the rst three-dimensional exact solution in
plane Couette ow (today often referred to asNBC -solution because Clever and Busse (1992)
obtained the same exact solution using Rayleigh-Bénard-Couette ow) by tracking a three-
dimensional exact solution from Taylor-Couette ow to plane Couette ow. In the context
of the asymptotic suction boundary layer ow with and without temperature gradient this
strategy is used in section 11.7.

3.2 Traveling waves edge states

Through extensive usage of edge tracking in di erent computational domains and with imposed
symmetries, it was possible to nd four di erent travelling wave.
In a short and narrow computational domain with a streamwise and spanwise extend of
0:75 , edge tracking quickly converges to a state with constant energy density,
1 212, 2, ,
E(t) = ——— +° dxdydz: 3.1
(t) Ll 10 o y (3.1)
We use a Newtons method (Viswanath, 2007) to converge to an exact solution. The method
is brie y summarized in section A.3. Newtons method converges to a traveling wave that is
localized to one side of the channel. We will refer to this traveling wave a3 Wg,,. It obeys
the symmetry
Sz x( x=2) U viwl(%y;z) = [upv; WX+ x=2y; Z)

where  is the streamwise wavelength of the traveling wave.

In a computational domain with a streamwise length of2 and a width of 2 the edge state
is a traveling wave (see Zammert, 2011; Zammert and Eckhardt, 2014c) that is symmetric to
the center-plane,

Sy ([ viw](xy;z) =[u; viwl(X; Y;2)

and additionally obeys a shift-and re ect symmetry
Sz x( x=2) t[u;viwl(xy;z) =[upv; wli(x + x=2)y; 2):

The traveling wave shows a weak spanwise localization fdr, = 2 . If the width of the domain
is increased the wave remains an edge state with the mentioned symmetries, but it becomes
localized in spanwise direction.

In a short but wide domain with Ly =0:5 andL, =2 , the edge state is another traveling
wave, referred to asT Wgy 2. This traveling wave is also localized to one side of the channel but
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Figure 3.1: Streamwise averaged ow in the spanwise wall-normal plane for the traveling waves
TWE (a) , TWew (b), TWEew2 (c), and TWEgy, (d). The values of Chax Used in a) - d) are
0.089, 0.182, 0.225 and 0.166, respectively. The streamwise wavelength used in a) and d is
For b) and c) the wavelength is0:75 and 0:5 , respectively.

additionally it is localized in the spanwise direction. TWgy» travels in streamwise direction
and also slowly in spanwise direction.

For adomain with Ly =2 andL, = and a symmetry restriction to a subspace with the
discrete symmetriessy and s, (wall-normal and spanwise re ections), the edge state is a highly
symmetric traveling wave (T WEy; ). In section 3.2 the bifurcations of the upper branch of this
traveling wave will be studied.

For all four traveling waves visualizations of the average ow in the streamwise wall-normal
plane are given in gure 3.1. The gures reveal that TWg, > has the smallest structures.
Furthermore, it shows the spanwise localization off Wg and TWgy, .

The traveling wave TWE is of accentuated importance for the system. In wide but short
(L, 2 andLyx 2 ) the wave localizes in spanwise direction and is the edge state of the
system. In large computational domains exact solutions that bifurcate fromT Wg are found
to be edge states. This will be discussed in detail in the sections 6.2 and 6.3. SinC&®/g or
bifurcating states seem to dominate the laminar-turbulent boundary, it is reasonable to ask
which domain size is necessary fof Wg to exist. Therefore, the dependences of the Reynolds
numbers (Reg and Rep) of the bifurcation point of TWg on the spanwise and streamwise
wavelength are investigated. The results are shown in gure 3.3. In wide domaing Wg
localizes in spanwise direction. Therefore, the position of the turning point does only change
weakly if L, is increased above8 . The lowest bulk Reynolds number for the bifurcation point
is 3168 and is achieved forL, = 2:8 and Ly = 2:95 (for the sampling of the parameter
space steps 00:05 in Ly and of 0:1 in L, are used). Figure 3.3 shows impressively that for
a wide range of spatial wavelengths the traveling wave appears at Reynolds numbers far below
those for the onset of subcritical turbulence Reg  1000. In quite narrow or short domains
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3.2. Traveling waves edge states

Figure 3.2: The spanwise variation of the full energy densityE,(z) (red) and the cross- ow
energy densityE.«(z) (blue) for the edge stateT W in domains of di erent width is shown.
In each case the Reynolds number i8000and the streamwise wavelength i2 . The domains
widths L, are 20 (dashed),40 (dotted) and 80 (solid).

TWEe does either not exist, or it appears at Reynolds numbers much higher than the minimal
one. Since the usual edge state of PPF does not exist or appears at high Reynolds numbers
the features of transitional and turbulent ows in these small domains should be expected to
be di erent from the one in large domains and in the actual physical system. E.g. the onset of
sustaining turbulence lies at higher Reynolds number. In section 3.3 the edge states that replace
TWE in these short computational domains are discussed. Good measures for the localization
of TWg are the spanwise variation of the full energy density,

Eu(2) = i, 1u2 dxdy; (3.2)
X
and the cross- ow energy density
zZ,  Z
1 Ly 1
Eork(2) = o . l(v2 + w?) dxdy: (3.3)
X

Both densities are shown in gure 3.2 forReg = 3000 and di erent values of L ;. The maximum

of the energy densities lies at the position of the low speed streak. With increasing distance
to the maximum both densities decrease exponentially over several orders of magnitude. After
this phase both densities remain at nearly constant nite values. The fact that these values
decrease with increasing size of the computational domains suggest that there is an in uence
of the periodic boundary conditions on the localization.

For the other three traveling waves the minimal Reynolds number for the turning point is
higher than for TWE. The lowest Reg for TWEey, is 410 while for TWgy 1 and TWey 2 the
lowest Reg lies between1000and 2000 Depending on the traveling wave the minimal values
of Reg and Rep might be far apart from each other. This phenomenon is illustrated in gure
3.4 where the pressure Reynolds number is plotted vs. the bulk Reynolds number for several
traveling waves. For TWEey,, which is plotted for Ly =2 andL, =1 , the minimal values
of Reg (642.2) andRep (924.8) di er by almost 300. For TWg the gure shows the solution
curves forLy =2:2 andL, =2 (solid greed) and forLy =3 andL, =4 (dashed green).
The minimal values of Reg and Rep are close to each other for this traveling wave. In the
narrow domain with L, =2 the di erence is 26:7 and in the wide domain withL, =4 , where
TWEe is already strongly localized, the di erence is only13:8. The increasing localization of
T WEe with increasing L, makes the solutions branch sharper and pushes it towards the diagonal
of the diagram which corresponds to the laminar solution). Using the illustration in gure 3.4
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Figure 3.3: Panel a) and b) show the bulk Reynolds numbeReg and the pressure Reynolds
number Rep of the bifurcation point for the traveling waves T Wg in dependence on the stream-
wise and spanwise wavelengths. The black line shows the streamwise wavelength for the min-
imum Reynold number vs. spanwise wavelength. The point of the minimal Reynolds number
for the bifurcation point is marked by a yellow star.

di erences between the two most common operating conditions for PPF can be explained.
If PPF is driven by a constant pressure gradient, this corresponds to a horizontal line while
driving with constant mass ux corresponds to a vertical line. If the ow is laminar, there is no
di erence between a system with a xed Reg = 700 and another one with a xed Rep = 700,
but if they depart from the laminar state the systems are di erent. They have to be di erent
as their state space contains di erent exact coherent states. The gray line in the gure shows
that thus having the same laminar state the intersections with the solution branches of the ECS
are di erent for constant pressure gradient and constant bulk velocity. While for some ECS
the intersections are close to each other (e.g. the lower branches DWWg and its upper branch
in the wide domain), for other ECS the intersections have a large distance. In particular, for
the example case of constant bulk velocity shown in the gure using a gray vertical line there
are intersections with the solutions branch ofTWgy,. For the system operating at constant
pressure gradient, there are no intersection with this solution branch off Wey, .
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Figure 3.4: Pressure Reynolds numbeRep vs. bulk Reynolds numberReg for selected trav-
elling wave edge states. The red line shows the solution branch farWey, with Ly =2 and
L, = . The green lines show the solution branches of Wg for Ly = 2:2 and L, = 2
(solid) and for Ly =3 andL, =4 (dashed). The lowest values oRep and Reg are marked
on each branch by yellow and red cicles, respectively. The diagonal represents the laminar
solution. The horizontal and vertical lines illustrate systems operating at constant pressure
gradient and constant bulk velocity that have a common laminar solution (red square) but
di erent intersections with the solution branches (blue squares).

By regarding the Rep vs. Reg representation it becomes evident that the common classi -
cation in terms of lower and upper branch solutions is not natural because the position of the
bifurcation or turning point depends on the operating condition. Therefore, a state that is on
the so-called upper branch for the case of constant bulk velocity can be on the lower branch if
the system operates at constant pressure gradient.

Nevertheless, the inuence of the operating condition on the Reynolds number for the
onset of subcritical turbulence is most-likely small. Because the solution branch of Wg,
the edge state of the system without symmetry restriction, is very sharp and quite close to
the diagonal, the intersections with this solution branch are close to each other for the two
operating conditions.

The travelling waves TWE and T WEy, exist down to very low Reynolds numbers far below
the observed onset of turbulence. Since there is a large range in Reynolds number where no
sustained turbulence can be observed despite existing three-dimensional ECS, the appearance
of ECS is no good predictor for the onset of subcritical turbulence in PPF. This is also true
for the case of pipe ow as pointed out by Pringle and Kerswell (2007). A more reliable way
to nd a critical Reynolds number starting from an exact coherent structure will be presented
in section 4 where the bifurcations ofT Wgy, are explored.
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3. Edge states and exact solutions in short domains

3.3 Periodically bursting edge states

This section is devoted to a special class of edge states with a complex temporal dynamics
that can be found in PPF. For short computational domains (Lxy < 2 ) and appropriate
choices ofL, and Reg, edge states in PPF are relative periodic orbits. These orbits have large
periods and consist of a quiet phase during which the internal dynamics is only weak, and a
dynamically very active bursting phase. The states have a huge similarity to the edge states
in the asymptotic suction boundary layer (Kreilos et al., 2013; Khapko et al., 2013, 2014). A
rst orbit of this kind was found for an isolated value of Reg by Toh and Itano (2003). For a
xed computational domain and Reg = 3000 they found a periodic orbit by an edge-tracking
method. In this section the results by Toh and Itano (2003) will be reproduced and extended
to other domains and Reynolds numbers.

Narrow domains

In their pioneer work Toh and Itano (2003) showed that forReg = 3000 in small domains with
a streamwise extent of and a spanwise extent 00:4 a trajectory on the edge of chaos shows
periodic behavior. For long times the edge trajectory is nearly constant in energy and then a
sudden burst appears. In their preceding publication (Itano and Toh, 2001), they speculate
on base of the long quiet phases that the edge state is a traveling wave but nally they were
able to prove that the state is periodic. However, they used specially shaped initial conditions
and not arbitrary turbulent elds as initial conditions for their edge tracking. We use the same
domain size and perform edge tracking starting from arbitrary turbulent elds. A numerical
resolution of Ny Ny N; =32 65 32is used and a constant mass- ux is imposed. In
this section the term Reynolds number does always refer to the bulk Reynolds numbdreg .
A typical edge trajectory is shown in gure 3.5 where on they-axis the energy density,
z

- 1 2 .
E(y) = xLyLs H°dxdydz; (3.4)
is shown. The edge trajectory quickly reaches a state that looks periodic. The energy density
E of this periodic orbit that we will in the following refer to as P O; repeats after a periodT
of 1508 advective time units.
This is a large time scale for this system, because a structure travelling with the mean speed
of the ow Umean = 2=3Ug only needs about4:7 time units to traverse the domain. The orbit
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Figure 3.5: Edge tracking atReg = 3000 in a domain with sizeLy = andL, =0:4 . For
each re nement step the energies of the nal turbulent and laminar trajectories are shown. The
ow in the streamwise wall-normal plane is shown in gure 3.6 for the times marked by the
black circles.
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3.3. Periodically bursting edge states

Figure 3.6: Flow in the streamwise wall-normal plane atx = 0 for the times marked by the
black circles in gure 3.5. The streamwise velocity (deviation from the laminar pro le) is color
coded and the velocity in the plane is visualized by the arrows.
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Figure 3.7: Time evolution of the periodic edge statd® O;. a) shows the streamwise velocity at
the position y = 0:223and x = 0 vs. time and reveals the spanwise dislocation by half a box
width. b) shows the total (thick red line) and cross- ow energy (thin blue line) for the same
time interval and the massive increase during the burst events.

consists of long phases during which the ow structure only varies slightly. These long quiet
phases are separated by bursting phases with very active dynamics. Visualizations of the
ow structure for di erent positions on the orbit are shown in gure 3.6. The positions of the
visualizations on the orbit are marked by black circles in gure 3.5. During the quiet phases
the ow structure shows a pair of streaks that is localized on one side of the channel. In the
bursting phase the pair of streaks splits into two pairs (see gure 3.7b), the ow reorganizes
and one pair of streaks is formed that is shifted byl ;=2 compared to the initial one. Periodic
obits with comparable dynamics were found in the asymptotic suction boundary layer (ASBL)
by Kreilos et al. (2013). To visualize the evolution of the streak pair during the orbit in gure
3.7a the time-variation of the streamwise velocity at xed x-coordinate and at a distance of
0:233 from the lower plate is shown. Additionally, in gure 3.7b the corresponding full energy
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3. Edge states and exact solutions in short domains

E (¢) and cross- ow energy,
z

Ef (t) = 2LXI:,LZ (v + w?)dxdydz; (3.5)
are plotted. The cross- ow energy is a more reliable indicator of persistent dynamics than the
full energy E since the ow will relaminarize if its value is too low, while even ow structures
with a large value of E can immediately decay if there is no cross- ow motion. The fact that
the orbit shifts in spanwise direction by one half of the domain width means that after two
periods in energy we re-obtain the initial state up to advection in streamwise direction.

The periodic orbit shows many of the features described in the self-sustaining process of
Wale e (1997). The pair of streaks that exists during the quiet phase decays slowly, resulting
in a slow decrease of total energy. At a certain point in time the streaks undergo an instability,
new vortices form and the cross- ow energy content increases dramatically. Due to the cross-
ow motion, energy is transfered into the streamwise component and strong streaks are formed.
These streaks than undergo instabilities that nucleate further vortices and the cycle starts again.

As already mentioned, the orbit is remarkably similar to the edge states in the ASBL. This
similarity can be explained by the fact that the ASBL pro le close to the wall is similar to the
Poiseuille pro le from the wall to the mid-plane. Both pro les have a strong gradient in the
velocity pro le close to the wall which becomes smaller with increasing distance to the wall.
It can be conjectured that this curse of the derivative of the laminar pro le is crucial for the
existence of this kind of bursting states. The theory is supported by the fact that for plane
Couette ow, where the derivative of the base ow is constant, such bursting orbits have not
been found yet while they appear if the laminar state is deformed towards the ASBL pro le
(Kreilos et al., 2013).

We want to track the orbit that was found at Reg = 3000 to other Reynolds numbers.
Since the period of the orbit is too long to achieve convergence with a Newton-method, we use
edge tracking to continue the orbit in Reg. This is done by using a ow eld of one Reynolds
number as initial condition for an edge tracking at a neighboring Reynolds number. For some
values ofReg it is checked if the tracked state is still an attracting edge state by performing an
independent edge tracking starting from a random turbulent initial condition. It is possible to
track the orbit down in Reynolds number to about 210Q The attracting states on the edge are
similar to P O in that they all show bursts in energy. However, there are di erences in detalil,
and for someReg the sequence of bursts is not periodic but chaotic. In gure 3.8a a bifurcation
diagram of the edge states is shown using the time between two bursts along the ordinate. For
Reynolds numbers where the attracting edge state is periodic, the distance between two bursts
becomes constant after an initial, possibly very long, transient, resulting in a single square
entry in gure 3.8a. For period-doubled states two squares and in case of a aperiodic chaotic
state small dots are plotted. Figure 3.8b shows the bifurcation diagram using the maximum of
energy on the ordinate. Blue symbols are used for states that are similar tB O; in the sense
that they shift by half a domain width between two bursts or that they bifurcate from these
states. An example bifurcation is shown in the inset in gure 3.8b, where a period-2 state is
created in a forward bifurcation at Reg  2950and disappears again in an inverse pitchfork
bifurcation at Reg 2987

Another periodic orbit, referred to as P O, is found for 3200< Reg < 3300(green circles
in gure 3.8). The states have relatively low periods between 400 and 500 time units and di er
from P O; in that the structures do not shift by half a wavelength in spanwise direction over
one period in energy. Speci cally, after one period in energy the ow eld equals the original
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Figure 3.8: Bifurcation diagram for the edge states as a function of Reynolds number. The
labels 1, 2, 3 and 4 indicate where the periodic orbitsP O1, PO,, PO3; and P O, are located.
Panel a) shows the times between two bursts. If the identi ed edge state is a periodic state, the
values are shown as squares, if it is aperiodic small dots are shown. In panel b) the maximum
energy during the burst is used on the ordinate. The inset shows a small window where, with
increasing Reynolds number, the® O; rst undergoes a period-doubling, which then is reversed.
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Figure 3.9: Time evolution of the periodic edge stateP O, at Reg = 3250. Panel a) shows
the streamwise velocity at the positiony = 0:223and x =0 vs. time and reveals the spanwise
dislocation by half a box width. Panel b) shows the total (thick red line) and cross- ow energy
(thin blue line) for the same time interval and the massive increase during the burst events.
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Figure 3.10: Time evolution of the periodic edge statd® O3 at Reg = 3800. The visualizations
are the same as in gure 3.7.
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Figure 3.11: Space-time dynamics for a chaotic edge state &eg = 3030. The visualisations
are the same as in gure 3.7.

one except for a spanwise re ectiong; : [u; v;W](X;y;z) =[u;v; w](x;y; z)). The dynamics
of the PO,-state is visualized in gure 3.9 where also the axis for the re ection is shown.
P O, undergoes a Neimark-Sacker bifurcation close tReg = 3300 which is followed by further
bifurcations as Reg increases. The orbit nally disappears close tdReg = 3600.

Yet another periodic orbit, P Os, is found for Reg around 3800(red triangles in gure 3.8).

It di ers from the above orbits in the displacement following the burst, which is only 0:389_,
(see gure 3.10). It seems to exist in a small range irReg only. The deviation of the shift
from half a domain width is a precursor to the behavior in wider domains, where the sideways
displacement becomes a consequence of the intrinsic dynamics and is not correlated with the
width of the domain (a phenomenon also seen in the ASBL).

BetweenReg = 2500 and 2600a fourth orbit ( P Og4) exists. After one period in energy the
state returns up to a spanwise re ections; : [u;v;W](X;y;z) =[u;v; W](X;y; z). Therefore,
the orbit has the same symmetry properties a$> O, but larger periods.

In addition to the four orbits P O1-P O4 highlighted above there are also more complicated
relative attractors in the edge. In particular, in the region betweenReg = 3000 and Reg =
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3.3. Periodically bursting edge states

310Q many di erent states can be found. Among them are period doubled states, e.g. near
Reg = 2960 and 3095 States with higher periods exist as well: for instance, aReg = 3090
the relative attractor shows six di erent maxima in energy and hence corresponds to a period
6 state. For Reg = 3035 the edge trajectories are chaotic but show intermittent behavior: the
trajectories stay near a periodic state with essentially constant inter-burst periods for several
1000 time units before they enter a chaotic phase. For the slightly smaller Reynolds number
of Reg = 3030, the attracting state in the edge is chaotic without any intermittency, but the
ow structure and the dynamics is quite similar to the periodic orbits at slightly higher Reg,
as is evident from the visualization of the edge trajectory shown in gure 3.11.

In order to demonstrate the periodicity of the orbits, we consider the orbitP O; at Reg =
300Q In gure 3.12a we show the energy of the di erence between the initial velocity eld
and a symmetry related one at a later time,t(tp) S(d(to + t)). The symmetry operation S
consists of the shifts in spanwise and streamwise direction that gives the minimal di erence
for a given value oft. The time between the two peaks with minimal energy is1508 and
corresponds to one period in energy. After applying the symmetry operation S the energy of
the di erence of two ow elds after a time T is of order 10 7, demonstrating that the orbit is
closed. The same check of convergence was done FoD, at Reg = 3250, where the symmetry
operation S consists of a re ection in spanwise direction at the axis shown in gure 3.9 and the
streamwise shift that minimizes the di erence for a given value oft. In gure 3.12b the course
of the energy di erence for this orbit is shown. ForP O, the time between the two peaks with
minimal energy is 93405 and corresponds to two periodsT in energy. Therefore, the energy
period of PO, is approximately T = 467:025 for this Reynolds number. After applying the
appropriate symmetry operations the energy of the di erence of two ow elds after atime T
is of order 10 . The same analysis forP Oz at Reg = 3800 yields an error of1 10 ’ and a
period T = 1333:5.
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Figure 3.12: Energy of the dierence ow eld d(tp) S(d(tg+ t)) as a function oft for
to = 17964. The symmetry operation S consists of a re ection in spanwise directions, (at
the axis shown in gure 3.9) and the streamwise shift that gives the minimal di erence for the
value oft. The energy of the di erence eld has minima fort = T andt =3T.
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3. Edge states and exact solutions in short domains

Wide domains - Spanwise localized states

The edge states in narrow computational domains are quite similar to those found in the ASBL.
Since for ASBL in wide domains the edge states become localized in spanwise direction while
retaining the bursting and shifting features (Khapko et al., 2013, 2014), the question rises if
this phenomenon can also be found in PPF. Because the bursting behavior in PPF can be
observed for a domain width that is smaller by a factor of5 than for the spatially extended
states in ASBL, localization should also occur for narrower domains than in the ASBL. Khapko
et al. (2013) use a domain with a width of50 where the states they obtain are already strongly
localized in spanwise direction. Thus, one can expect localized states in PPF for a width of
10. Nevertheless, it turns out that already a width of 2 is su cient to obtain states showing
spanwise localization.

We investigate the edge state in a computational domain with a spanwise width o2 for
various streamwise wavelengths. For a streamwise wavelength b6 with resolution Ny Ny
N, =32 65 96 a periodic edge state was identi ed. For this orbit the initial ow structure
is obtained after one period in energy, but it is advected in streamwise and shifted in spanwise
direction. In gure 3.13 a space-time plot of the orbit using the same visualizations as for the
states in the narrow domains is shown. The gure reveals that the state continuously shifts to
the right during the bursting phase and that it is weakly localized in the spanwise direction. We
will refer to this orbit as P Og.r in the following. If the state is re ected in spanwise direction,
an orbit continuously shifting to the left ( P Og.. ) is obtained. The two orbits are reminiscent
of the L- and R-states found by Khapko et al. (2013) in the ASBL. Since, the periods of the
orbits, as in the narrow domains, are quite long, it is not possible to converge the orbits with
a Newton-method. Furthermore, we are not able to analyze their stability by calculating the
eigenvalues. A way to determine the stability ofP Og.r inside the,laminar-turbulent boundary
is to use rst return maps (Khapko et al., 2014). The maxima of E(t) on an edge trajectory
converging towardsP Og.r are collected. Then, the(i + 1) -th maximum is plotted versus the
i-th maximum. By calculating the slope of the points close to the diagonal it is possible to
receive information about the stability of the orbit. If j j < 1 the orbit is stable inside the edge
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Figure 3.13: Time evolution of the periodic edge statd® Og.g . Panel a) shows the streamwise
velocity at the position y = 0:223and x = 0 vs. time and reveals the spanwise dislocation of
the state. Panel b) shows the total (thick red line) and cross- ow energy density (thin blue
line) for the same time interval and the massive increase during the burst events.
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3.3. Periodically bursting edge states
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Figure 3.14: Periodic orbit POg.r in a domain with L, =5 at the time of minimal energy
E. In a) the mean ow in the spanwise wall-normal plane is shown. Panel b) shows the total
Ek(z) (red line) and cross ow energy densityE . (z) (blue line) vs. spanwise coordinatez
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Figure 3.15: Space-time representation of the periodic orbiP Og. gr . Shown is the streamwise
velocity at y = 0:858and x = 0 versus time. The Reynolds number is 3000 and the length
and width of the domain are 1:15 and 2 , respectively.

and forj j> 1litis unstable. For POg.r at Reg = 3000 we obtain = 0:63 what indicates
that the orbit is indeed a stable attractor inside the laminar-turbulent boundary.

To study the localization of POg.x which is already present forL, = 2 , the orbit is
transferred to a computational domain with L, =5 . Edge tracking is used to converge to the
orbit. For the time of minimal energy the streamwise averaged ow in the spanwise wall-normal
plane is shown in gure 3.14a. The strong part of the ow structure is restricted to a small
part of the domain with a width of approximately 1.5 .

As in section 3.2 the spanwise variation of the full energy densitf,(z) and the cross- ow
energy density E.«(z) of the deviation from the laminar ow are used as measures for the
localization. In gure 3.14b both densities are plotted for the time of minimal energy. The plot
reveals a high asymmetry of the state, especially for the streamwise velocity component. To
the right of the dynamically active structure in the middle of the domain the decrease oE, is
rather slow while on the other side the quantity quickly drops almost four powers of ten. In
contrast to the full energy density, the cross- ow component is almost symmetric and shows a
nice exponential decay over several orders of magnitude on each side. Despite of the L- and
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3. Edge states and exact solutions in short domains
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Figure 3.16: Bifurcation diagram showing the edge states in a domain with spanwise wavelength
2 at Reg = 3000. For states POg.r and POg. r large circles are used while for bifurcated
states and aperiodic ones small dots are shown. Red lines are drawn for the traveling wavgVg

with a wavelength equal to the domain length. Light red is used forT Wg with a wavelength
that is half the domain length. TWEgy 2 is shown by a green line. If the traveling waves have
only one unstable eigenvalue, a solid line is used. If there are more unstable eigenvalues, a
dashed line is drawn.

R-states in the ASBL, edge states were identi ed that alter the shifting direction between left
and right. In the domain with a streamwise extend of1:5 where theP Og.r and POg.. were
identi ed we fail to nd an orbit with an alternating shifting behavior using edge tracking. But
for a slightly shorter computational domain with Ly = 1:15 , a periodic orbit that alternates
between a shift to the left and a shift to the right can be identied. A space-time plot of
the orbit is shown in gure 3.15. The plot reveals the jumping behavior of the state. In the
following the orbit that is reminiscent of the LR-state of Khapko et al. (2013) is referred to as
POg:r .

The fact that POg..r seems to be no edge state in the domain with a streamwise extend
of 1.5 raises the question how the edge state of the system changes in dependence.grwith
a xed spanwise width of L,. To answer this question independent edge trackings for various
values ofLy are performed. For0:9 <L 4 < 1:7 itis possible to nd edge states that are
dynamically similar to the localized jumping states POg. , POg.r and POg. g . For larger
values of Ly edge tracking converges to the traveling wavel Wg after eventually showing a
transient phase with bursting behavior. For smaller values ol « the traveling wave TWgy, 2 is
found. In gure 3.16 a bifurcation diagram showing the maxima in energy of the edge states
on the y-axis is shown. In case of a simple periodic state a large circle is drawn. For bifurcated
states, e.g. period doubled orbits, or chaotic edge states small black dots are drawn for each
maximum on the edge trajectory after a transient phase of aboutl0* time units. Despite of
the three already mentioned orbits there are other bursting edge states that exist for slightly
di erent values of Ly. For example forLyx = 1:65 a period-four state is an attracting edge
state. Because the orbits have long periods and can not be tracked by a standard continuation
method, a detailed analysis of the present bifurcations is di cult and computationally very
expensive. In addition to the bursting orbits, the bifurcation diagram contains the traveling
wave TWE (see section 3.2) that for a small range inLyx below 1.7 is an edge state that
coexists with the bursting edge states. For larger values ok, e.g. Lx = 2:75 , we also
observe a coexistence of edge states, becadsé&/g with a wavelength of 2.75 and TWg with
wavelength1:375 , which ts two times in the domain, have one unstable eigenvalue (for details
on the calculation of the eigenvalues of ECS see appendix A.2).
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3.3. Periodically bursting edge states

The fact that the PPF edge states presented in this section share much of their features
with the edge states found in the ASBL impressively demonstrates that the near-wall coherent
structures in PPF and boundary layers are quite similar. Therefore, it is expectable that also
other results on exact coherent structures found in PPF can be transferred to boundary layers.
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3. EDGE STATES AND EXACT SOLUTIONS IN SHORT DOMAINS

3.4 Three-dimensional traveling wave bifurcating from
Tollmien-Schlichting-waves

Apart from edge tracking there is a second strategy for the search for exact coherent structures
in PPF. The two-dimensional Tollmien-Schlichting traveling wave, henceforth referred to as
TWrg, that bifurcates from the laminar flow has a large number of three-dimensional instabil-
ities. An analysis of these instabilities provides a systematic method to identify exact coherent
structures. As a first step a stability analysis of TWpg for a streamwise and spanwise wave-
length of 27 is performed. For details on the method used to calculate the stability of this ECS
we refer to appendix A.2. Figure 3.17 shows the number of unstable eigenvalues for Rep > 5600
in a bar diagram. With increasing distance to the point where it connects to the laminar state,
the TS-waves becomes more unstable which results in 73 unstable eigenvalues for Rep = 5320
and 352 for Rep = 4690 in a computational domain with streamwise and spanwise wavelength
of 27. If between two Reynolds numbers the number of unstable eigenvalues changes, at least
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Figure 3.17: a) Unstable eigenvalues of the traveling wave TWpg with a streamwise length
of 2m in dependence on the Reynolds number. In spanwise and streamwise direction only
disturbances with wave numbers of integer value are considered. In panel b) the bifurcation
curves of the identified traveling waves TW 4, TWp and TW¢ are shown. The Reynolds number
where the waves bifurcate from TWrg with streamwise wavelength 27 is shown in dependence
on the spanwise wavenumber v = 27 /\,.

one bifurcation lies between these Reynolds numbers. A fine resolution in Reynolds number
allows to identify the eigenvalues whose stability changes. By perturbing TWrg in the direc-
tion of an eigenvector corresponding to an eigenvalue that changes its stability it is possible
to obtain initial guesses for ECS. Using this guesses we are able to identify different types of
traveling wave solutions with a Newton-method. The traveling waves are found using a numer-
ical resolution of N, x N, x N, = 32 x 81 x 64 for L, x L, x L, = 21 x 2 x 2. To check
convergence a higher resolution is used. One class of solutions (T'W4) that can be identified is
invariant under the symmetries

Sy u, v, wl(z,y, 2) = [u, v, —w|(z,y, —2) (3.6)

and
SyTe(Ae/2) : [u,v,w](x,y, 2) = [u, —v,w|(x + A\z/2, —y, 2). (3.7)
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3.4. Three-dimensional traveling wave bifurcating from Tollmien-Schlichting-waves

The second class of solutionsl{Wg ) also obeys the symmetrys, and additionally it is invariant
under
Sy x( x72) 2( z72) 1 [u;v;W(X;y;2) = [u; ViwWlx+ x=2 y;z+ ,=2]: (3.8)

In both cases x and , are the streamwise and the spanwise wavelengths, respectively.

A third type of traveling waves (TWc) obeys the symmetry sy x( x=2) and travels in
streamwise and spanwise direction.

In gure 3.17b the Reynolds number of the bifurcation point is shown vs. the spanwise
wavenumber for the dierent traveling waves. Interestingly, traveling waves with very low
spanwise wavelengths can be found at quite lolRReg while such with moderate spanwise wave-
lengths do only exist at high Reynolds numbers. This is in contrast to the traveling waves in
section 3.2 which have the property that for small spanwise or streamwise wavelengths they are
shifted to higher values ofReg .

Visualizations of some selected traveling waves are shown in gure 3.18. The pictures reveal
that all of the traveling waves are characterized by strong streaks and vortices close to the walls.
TWa and TWpg are quite similar up to the di erence in the symmetry. TW¢ di ers strongly
from the other waves. The streak and vortex structures are more prolate than fol Wa and
TWpg.

The traveling waves of type A, B and C bifurcate from the TS-waveT Wtg and incorporate
one pair of rolls of the TS-waves. If we allow for bifurcations the incorporate two pairs of rolls
the number of unstable eigenvalues of the TS-wave and also the number of bifurcating solutions
increases dramatically.

Especially, a fourth class of traveling waves (type D) can be identi ed. The waves obeg,
symmetry and additionally

Sy x( x=4) 2( =) [u;v;wl(x;y;z) =[u; v;w][x+ x=4; v,z 2=4] (3.9)

and
x( x=2) z( z=2) (U viwl(X y;z) = [us v, WX+ x=2)y,2+  ,=2] (3.10)

For this traveling wave the wavelength y is twice the wavelength o of the original TS-wave
TWrs.

In gure 3.19 the bifurcation diagram containing the traveling waves A-D for selected span-
wise wavelengths is shown. It can be seen that in all cases the bifurcating branch extends
to higher Reynolds numbers. It was not possible to identify traveling waves that extend to
Reynolds numbers as low as those found by Ehrenstein and Koch (1991).

The identi ed traveling waves even exist for very small spanwise length-scales, e.g solutions
of type A can be found for spanwise wavelengths down to abou@:5.

The visualizations of ECS using the wall-normal ow close to the plate, as shown in gure
3.20, reveal a huge similarity to the patterns of aligned and staggered Lambda-vortices which are
characteristic for K- and H-type instabilities of TS-waves (Herbert, 1988; Saiki et al., 1993),
respectively However, the structures that are visible in the gure can not be interpreted as
Lambda-vortices because the direction of the ow is from bottom to top.

Anyhow, if trajectories undergoing K- or H-type TS-transition in supercritical PPF come
at some point close to one of the unstable traveling wavesT(Wa or TWg for K-type and TWp
for H-type) can possibly investigated using projections of state space as used by Gibson et al.
(2008). If the traveling waves are visited during K- and H-type transition, this would allow for
a dynamical system interpretation of these transitions.

31






3.4. Three-dimensional traveling wave bifurcating from Tollmien-Schlichting-waves

0:00020

0:00015

—~

Z 0:00010
w

0:00005

0:00000

TWrs
TWa: 2
TWa: 1
TWa 2=3
TWg; 2= 3
TWg.
TWc;2=3
TWp: 1
TWg

5000 5500 6000

Reg

Figure 3.19: Bifurcation diagram for three-dimensional traveling waves bifurcating from the
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Chapter 4

The origin of subcritical turbulence

Parts of the results presented in this section have been published in

"Crisis bifurcations in plane Poiseuille ow" , Stefan Zammert and Bruno Eckhardt, Physical
Review E 91 041003(R) 2015

"Bypass transition and subcritical turbulence in plane Poiseuille ow" , Stefan Zammert and
Bruno Eckhardt, Proceedings of TSFP-9, arXiv:1506.04370

4.1 Introduction

As explained in the beginning of chapter 2 the linear instability of the laminar state and
solutions branching from the laminar pro le cannot explain the subcritical turbulence that can
be observed for Reynolds numbers as low as 1000 (e.g Carlson et al., 1982; Tuckerman et al.,
2014).

The results of the previous section show that the pure existence of exact coherent struc-
tures is not su cient to explain the onset of transient turbulence. Nevertheless, they play an
important role for its existence. For the case of plane Couette ow Kreilos and Eckhardt (2012)
found an equilibrium solution whose upper branch is the starting point for a bifurcation cas-
cade that leads to a chaotic attractor. This chaotic attractor is destroyed in a boundary crisis
bifurcation. Following the boundary crisis bifurcation the system shows turbulence lifetimes
that are exponentially distributed. A similar scenario has been shown to exist in pipe ow
(Avila et al., 2013).

In the following it will be shown that for the case of plane Poiseuille ow the onset of
subcritical turbulence can be linked to a traveling wave that is not connected to the linear
instability of the laminar state. Thus, we will demonstrate that despite of the linear instability
of PPF the mechanism leading to subcritical turbulence is the same as for pipe and plane
Couette ow that lack a linear instability.

For plane Poiseuille ow without symmetry restriction it was not possible to identify an
edge state whose upper branch is stable right after its bifurcation point, which is necessary to

35



4. The origin of subcritical turbulence

study a possible subsequent bifurcation to a chaotic state. In order to reduce the size of the
state space and to stabilize ECS, the system is restricted to a subspace with the following two
discrete symmetries:

Sy ([usviwl(xy;z) =[u; viwl(x; Y;2); (4.2)
S [u v, Wy z) = [us v wl(xy;  2): (4.2)

The edge state in this subspace is the traveling wav@ Wgy,, which we already encountered
in section 3.2. Using a continuation method (Dijkstra et al., 2014) it is possible to track this
edge state down in Reynolds number and around its bifurcation point. (If in this chapter,
except for section 4.6, the term Reynolds number is used, the Reynolds numb&eg basing
on the bulk velocity is meant.) A stability analysis in the symmetric subspace shows that the
lower branch has one unstable eigenvalue for a large range in Reynolds number starting at the
bifurcation point at Reg = 641. In the symmetric subspace the upper branch is stable right
after its appearance, but it has 25 unstable eigenvalues (forReg = 652) in the full system.
Visualizations of the ow eld of the upper and the lower branch are shown in gure 4.1. At
Reg 707 the upper branch undergoes a Hopf bifurcation which creates a stable relative
periodic orbit that is referred to as P Oy, in the following. P Oy, undergoes a Neimark-Sacker
bifurcation at Reg 7615 that creates a stable torus. With increasing Reynolds number
this torus undergoes further bifurcations and a chaotic attractor is created. The bifurcation
diagram in gure 4.2a showsT Wgy, and the attractor that is created in the bifurcation cascade
starting at its upper branch and henceforth referred to asA;. To draw the bifurcation diagram
of the attractor the minima of the amplitude

S

a(t) L *(4)=

-
Z

w2dV (4.3)

LxLyL,

of ow elds on trajectories on the attractor are plotted. In gure 4.2b a magni cation of
the attractor is shown and two major changes of the attractor are marked using a blue and a
red line, respectively. At Rec 7851, marked by the blue line, an interior crisis bifurcation
causes a sudden expansion of the attractor and e@Rexc 7865, marked by the red line, an
exterior or boundary crisis bifurcation destroys the attractor.

In the following two subsections these two phenomena will be discussed in detail. In section
4.4 it will be shown that beside the attractor formed by the bifurcations of TWEegy,, other
attractors exist for some values ofReg . Especially, we will show that inside of the basin ofA;
another attractor exists. Furthermore, the in uence of the streamwise wavelength and of the
operating condition on the attractor will be explored in section 4.5 and 4.6.

4.2 Enlargement of the attractor in an interior crisis
bifurcation

In the magni cation of the attractor in gure 4.2b one can see that below Reg = 785:1 the
attractor is restricted to an interval in a(t) between 0:18 and 0:205. Above this Reynolds
number the attractor extends over a much wider interval in a(t). In the bifurcation diagram
the newly occupied area is much brighter than the rest of the attractor. This is because the
points in this region are less dense since it is only visited occasionally. A bifurcation that leads
to a spreading of an attractor into a region which slightly after the bifurcation is only seldom
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4.2. Enlargement of the attractor in an interior crisis bifurcation

visited was rst described by Grebogi et al. (1982) and is callednterior crisis bifurcation . In an
interior crisis bifurcation the attractor collides with an unstable orbit in its basin of attraction.
For trajectories on the attractor two phases with di erent dynamics can be distinguished. The
rst phase is “quiet' and the trajectories stay in the region of the old attractor. Below the
Reynolds number of the crisis bifurcation only the quiet phase can be observed. Abowrec ,
the quiet phases are interrupted by “bursting' phases. In a bursting phase the trajectories visit
the new parts of the attractor. Quiet phases with very di erent durations can be observed.
However, if Reg is further increases aboveRec , bursting phases appear more often and the
typical length of the quiet phases decreases. To illustrate the phenomenon, trajectories on the
attractor for Reynolds numbers slightly above and below the interior crisis are shown in gure
4.3. According to Grebogi et al. (1987) for an interior crisis the lengths of the quiet phases are
exponentially distributed and the characteristic times q follow a power law 4/ (Re Rec)
To analyze this, the lengths of the quiet phases are calculated using a threshold in energy. We
assume that during a quiet phase the amplitudea(t) never drops belowa; = 0:176. If the
amplitude of the trajectory drops below a;, it enters a bursting phase. A requirement for a
bursting phase is the repeated occurrence of excursions to values belaw Accordingly, if no
excursions are noted for more thar250 time units, we conclude that the system has returned
to a quiet phase.

Thus, we obtain distributions of the durations of quiet phases. These distributions are
shown for di erent values of Reg in gure 4.4a where it becomes evident that the distribution
is exponential. By tting the distribution for t>t yans = 10* to an exponential decay,

p(t) = A e (t trans )= a (44)
we obtain the characteristic times q trajectories spend in the quiet phases. These characteristic

times are shown versuReg in gure 4.4b. The double logarithmic plot in the inset reveals
that the lifetimes follow a power-law. Therefore, we t a power law,

q(ReB) = A(Reg Rec) ; (4.5)

a) b)

Figure 4.1: Visualizations of the lower (a) and upper branch (b) of the travelling waveT Wgy,
at Reg = 850. The red and blue surfaces show iso-surfaces of= 0:15 for the lower and
u= 0:30for the upper branch. The yellow surfaces show iso-surfaces of the Q-vortex criterion.
The iso-values are0:008 and 0:08, respectively. On the back side of the box the streamwise
velocity (deviation from laminar) is color coded.
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4. The origin of subcritical turbulence

to the data. We use Reic = 785:1 because this is the lowest values for which we observe
excursions to the bursting phase. The best t is obtained for = 0:8 which is shown in the
gure by a solid red line.

Typical turbulent trajectories show an enormous complexity that is di cult to create in a
sequence of simple Neimarck-Sacker or period-doubling bifurcations. Interior crisis bifurcations
possibly play an important role for the emergence of complexity. The trajectory in gure 4.3a s,
albeit not periodic, rather regular. The interior crisis dramatically increases the complexity of
the trajectories on the attractor (see gure 4.3a-d). Moreover, since interior crisis bifurcations
contribute to a more dense coverage of the state space with parts of the attractor, they can
pave the way for boundary crisis bifurcations in which the attractor collides with its boundary.

4.3 Destruction of the chaotic attractor in a boundary crisis
bifurcation

To visualize the basin of attraction of the attractor, two-dimensional slices of the state space
are considered. It is appropriate to choose a slice that contains the upper and lower branch of
TWEy,. Since the upper branch lies inside the basin of attraction and the lower branch lies on
the boundary of the basin, this choice ensures that the slice cuts the basin of attraction. Using
two parameters, and A, and the ow elds of the lower and upper branch of TWgy,, a slice
of the state space can be de ned by:

(1 D+ d2

d( ;A )= A —
GA) i@ )+ Hojj,

(4.6)

The parameter allows for interpolation between the upper and the lower branch and is the
amplitude of the ow eld.

Examples of slices following this de nition that use the lower branch and the upper branch
of the traveling wave ast; and t, respectively, are shown in gure 4.5. In these gures the
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Figure 4.2: In a) the solution branch of TWgy, and the bifurcation cascade that starts at
the upper branch of T Wgy, are shown. The solution branch ofT Wgy, is shown by black solid
(stable) and dashed (unstable) lines, respectively. Time-dependent states are shown by plotting
minima and maxima of a(d). In panel b) a magni cation of the chaotic attractor is shown.
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4.3.

Destruction of the chaotic attractor in a boundary crisis bifurcation
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Figure 4.3: Amplitudes a(t) of trajectories below and above the Reynolds number of the interior
crisis. The Reynolds number in a) is 785.0 which is slightly below the crisis. In b), ¢) and d)
trajectories after the crisis at Reg =785.46, 785.75 and 785.9 showing typical intermittent burst

are plotted.
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Figure 4.4: Probability to stay in the phase with the small amplitude oscillations fort time units.
The lengths of the quiet phases are clearly exponentially distributed and the characteristic

timescale 4 increases with decreasing distance t&ec .

The double logarithmic plot in the

inset of b) reveals the algebraic decrease of the times
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4. The origin of subcritical turbulence

initial conditions are colored according to the time they need to fall below a certain threshold
a in amplitude. The value of this threshold is chosen such that a trajectory falling below it
directly relaminarizes. The slice atReg = 780 shows a red region corresponding to initial
conditions in the basin of the attractor. As it is visible in gure 4.2, the attractor disappears
at Rexc 78595. For Re > Rexc in the state space region that was formerly occupied
by the basin of the attractor, the lifetime (the time an initial condition needs to fall below a
in amplitude) uctuates randomly, which is also found in other subcritical ows (Schmiegel
and Eckhardt, 1997; Faisst and Eckhardt, 2003a) and low-dimensional models (Eckhardt and
Mersmann, 1999; Moehlis et al., 2004a,b). For these Reynolds numbers no stable attractors
exist beside the laminar one. Any initial condition returns to the laminar state for a su ciently
large observation time. The phenomenon that destroys the stable attractor and generates the
randomly distributed lifetimes is a so-called boundary or exterior crisis bifurcation (Grebogi
et al., 1982). The object that is created in this bifurcation is referred to as chaotic saddle.

A typical feature of a chaotic saddle is that the survival times are exponentially distributed,

pity/ C e ¥ :

In gure 4.6a the lifetime distributions for Reynolds numbers slightly above the boundary crisis
are shown. Indeed, they show an exponential decay fdr> t yans = 102. The characteristic
lifetimes which are estimated using the method described by Avila et al. (2010) are shown in
gure 4.6b.

Similar to the case of the interior crisis, the characteristic lifetimes follow a power-law with
distance of the Reynolds number to that of the exterior crisisRexc . We useRexc = 785:95
what is the lowest Reynolds number for which we observe relaminarization and t the function

(Re) = B(Re Rexc) 4.7)

to the data. The best ts to the data is obtained for = 1:5 and shown in gure 4.6b.

The boundary crisis happens in a symmetric subspace of the full system. Since this subspace
is of measure zero if the full state space is considered, it is justi ed to ask if it is possible to see
an e ect of the boundary crisis on the lifetimes of the full system. To answer this question, the
characteristic lifetimes for the same computational domain without symmetry restriction are
calculated. In gure 4.7a the distributions of the survival probabilities for Reynolds numbers
close toRegc are shown. The characteristic lifetimes are shown in gure 4.7b. The simula-
tions show that lifetimes in the full system are exponentially distributed but typically with a
characteristic lifetime much shorter than in the symmetric subspace. The boundary crisis in
the symmetric subspace, whose position is marked in the gure by the red line, has no visible
in uence on the lifetimes of the full system.

4.4 Embedded attractors and increasing lifetimes

In addition to the attractor A; discussed in detail in the previous two sections, it is possible to
identify further attractors in the same mirror-symmetric subspace.

Inside of A1 another stable attractor Ay exists betweenReg 7783 and Reg  7806. A
visualization of A4y is shown in gure 4.8a. At Reg 7806 this attractor is destroyed. Above
this Reynolds number trajectories exist that show features of trajectories o\ 1y, for a transient
time. This behavior is illustrated in gure 4.8c which shows a trajectory with transient Aqy-like
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4.4. Embedded attractors and increasing lifetimes
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Figure 4.5: State space slices for di erent Reynolds numbers. The initial conditions are color
coded according to their lifetime, that is the time they need to fall below0:005 in amplitude
a. Initial conditions that do not fall below this value within the observation time of 10* time
units are shown with this value as lifetime. In panels a) and b) the Reynolds numbers are 780
and 790, respectively. The positions of the upper and lower branch afWgy, are marked with

white and orange circles, respectively.
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Figure 4.6: In panel a) the survival probabilities for Reg =787 (red), 790 (blue) and 800 (green)
in the symmetric subspace are shown. Panel b) shows the characteristic lifetimesin depen-
dence on the Reynolds number.
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4. The origin of subcritical turbulence
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Figure 4.7: In panel a) the survival probabilities for Reg = 780 (red) and 810 (green) in the
unrestricted system are shown. For the plot a transient phase ofi00 time units is removed
(trans = 400). The threshold for laminarization is an amplitude a(t) of 0:008 The complete
distribution is shown in the inset. In b) the characteristic lifetimes in dependence on the
Reynolds number are shown. The red line marks the position of the boundary crisis in the
symmetric subspace.
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Figure 4.8: In a) the attractor A1y, (red) is shown together with A; (black). For the visualization
the minima of a(t) for trajectories on the attractors are used. In b) the amplitudesa(t) of
a trajectory on the attractor Ajp for Reg = 780:4 is shown. Panel c) shows a trajectory for
Reg = 780:7. The trajectory stays on the chaotic saddle left byA 1y, for about 18000time units
before it suddenly switches to the stable attractorA;.

behavior and a trajectory on A; for Reg = 780:7. It was not possible to nd trajectories that
relaminarize after showing transientA,-like behavior. This is a strong evidence thatAq, is
indeed inside of the basin of attraction ofA;. Therefore, the destruction ofA 4, leaves a chaotic
saddle inside of the basin ofA;. In principle, the saddle left by the crisis of Ay can be the
unstable object which A; within the interior crisis collides with, but it is dicult to give a
proof for this claim.

At Re 828a relative periodic orbit with a period of T  390appears. The periodic orbit
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4.5. Attractors and saddles with di erent spatial wavelength
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Figure 4.9: Characteristic lifetime in dependence on the Reynolds number. Regions where
stable attractors exist are shaded gray.

is the starting point for a bifurcation cascade that creates another chaotic attractor A2). This
attractor is destroyed at Re  837.5. A third attractor ( As) that appears at Re = 841:8 and
disappears atRe = 841:8 is coexisting with A, for an interval in Re. After A3 disappeared
we did not nd another stable attractor for a large interval in Re. However, there might exist
other ones which are di cult to nd because of tiny basins of attraction. Finally, at Re 1087

a fourth attractor ( A;) appears. The attractors A»-A4 appear in regions of the state space
occupied by the large saddle created in the boundary crisis oi; which was checked using
slices of the state space. Thus, it was shown that analogous to the case of Couette ow (Kreilos
et al.,, 2014a) (and in all likelihood also pipe ow (Altmeyer et al., 2014)) smaller chaotic
saddles can exist embedded in a larger outer saddle. This can contribute to an increase of the
characteristic lifetimes.

In gure 4.9 the characteristic lifetimes are shown for a range in Reynolds number that
contains four stable attractors. For Reynolds numbers, where a stable attractor exists, the
characteristic lifetimes are plotted as in nite. Of course, forReg > Rexc there is a large set
of initial conditions that show exponentially distributed lifetimes even if the other attractors
are stable. However, if a stable attractor exists, initial conditions in its basin have an in nite
lifetime which sets the largest time scale for relaminarization.

4.5 Attractors and saddles with di erent spatial wavelength

The attractors shown in the previous section show a complicated temporal dynamics, but their
spatial dynamics remains rather simple. In particular, they all have a streamwise wavelength
of 2 . A third kind of crisis bifurcations, so-called merging crisis bifurcations (Grebogi et al.,
1987), could provide a way to increase the spatial complexity of the attractor and also of
trajectories on the subsequently created chaotic saddle. Necessary for a merging crisis that
increases the spatial complexity is the existence of attractors or saddles with di erent spatial
wavelengths. Such attractors with di erent wavelengths can be found by tracking the traveling
wave TWEy, in Ly and L, and following the bifurcations of its upper branch. In gure 4.10a
attractors with streamwise wavelengths1:5 (blue) and 3 (red) are shown in addition to the
one with Ly = 2 (black). Although possibly unstable, in a computational domain with a
streamwise extend of6 all three attractors co-exist. Thus, a merging of the attractors (or the
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4. The origin of subcritical turbulence
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Figure 4.10: In a) the bifurcation diagrams for attractors with di erent streamwise wavelengths
Ly are shown. The values oL« are 2.0 (black), 1.5 (blue) and 3:0 (red). For the solution
branches of T Wgy, solid lines ares used. Time-dependent states are shown by plotting minima
and maxima ofa(t). Panel b) shows a bifurcation diagram for the system operating at constant
pressure gradient. The solutions branch off Wgy, is shown by a black solid line. The red dot
marks a Hopf bifurcation that destabilizes the upper branch. The inset shows a zoom of the
attractor.

saddles) can in principle generate an attractor or saddle that has a higher spatial complexity
in streamwise direction.

4.6 Dependence on the operating condition

Up to this point, the discussion of the bifurcation was for systems operating at constant mass
ux with Reg as the bifurcation parameter. For systems operating at constant pressure gradient
it is also possible to nd a bifurcation cascade leading to a chaotic attractor that is destroyed in
a boundary crisis atRep 1710 However, the details of the bifurcation cascade di er strongly
from the case of constant bulk velocity. In gure 4.10b the bifurcation diagram of the system
operating at constant pressure gradientLx =2 andL, =1 ) is shown. The upper branch of
TWEy, is stable forRep < 1368where a time periodic state is created. The time periodic state
can also be found forRep < 1368and if the upper branch of TWey, is perturbed slightly for
Rep > 1368 it jumps to a periodic state in nite distance. This suggest that, in contrast to the
case of constant bulk velocity, the bifurcation of the upper branch is subcritical. The periodic
state is stable for a large range irRep. Slightly below Rep = 1700 it becomes unstable and a
bifurcation cascade starts (see inset in gure 4.10b). Eventually, aRep  171Q the attractor
that has been created by this cascade is destroyed.

It was shown that the origin of transient subcritical turbulence in plane Poiseuille ow
is related to a bifurcation cascade that starts with a simple traveling wave. Ultimately, the
transient turbulence is created by a boundary crisis bifurcation as it has been found for pipe and
plane Couette ow before. As in these cases, our study is in a symmetry restricted subspace.
Nevertheless, as all solutions of the symmetry restricted system do also exist in the full system,
the results are also valid for the full system. The fact that the exact coherent structures are
not connected to the laminar state or its bifurcations does nally prove that the instability of
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4.6. Dependence on the operating condition

the laminar state is completely irrelevant for the subcritical turbulence in PPF.

Finally, | want to pick up the quote by Heisenberg at the beginning of chapter 2. While
the Reynolds number for the breakdown of the laminar motion is known to high precision since
the 1970s, the results of this section are a step towards the other critical Reynolds number
mentioned by Heisenberg, the Reynolds number of the onset of turbulence.
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Chapter 5

Exact solutions for Bypass and
Tollmien-Schlichting transition

5.1 Introduction

In PPF as well as in boundary layers di erent routes to turbulence are known (Kachanov, 1994;
Schmid and Henningson, 2001). For Reynolds numbers for which the laminar state is unstable,
any small perturbation will lead to the formation of two-dimensional Tollmien-Schlichting waves
(TS-waves). These waves grow (slowly) in amplitude and because they are unstable to three-
dimensional disturbances §econdary instability) (Saiki et al., 1993), they nally break down and

a three-dimensional turbulent state is reached. Apart from this Tollmien-Schlichting transition

to turbulence, there is another route to turbulence in which no two-dimensional TS-waves
appear. Because the TS-mechanism described above is somehow bypassed on this route to
turbulence, this second kind of transition to turbulence was namedypass transition (Morkovin,
1969; Henningson et al., 1993). This transition mechanism is most important in the subcritical
range but it does also exist above the linear instability.

In this section it will be shown how the two transition scenarios are connected to ECS.
Furthermore, we will explore the state space structure close to the linear instability, where the
ECS related to both transition scenarios are coexisting edge states. It will also be shown that
TS-transition is of minor importance in the subcritical range and that both transition scenarios
coexist close to each other in the state space.

For the investigations in this section a computational domain with a streamwise length of
and a spanwise width of2 is used. For this computational domain the Reynolds number of the
linear instability is 5815 The simulations use a resolution oNy Ny N, =32 65 32and
constant bulk velocity. As already mentioned in section 3.2 (see also Zammert, 2011; Zammert
and Eckhardt, 2014c) the edge state for this domain-size is the traveling wavé Wg. This
traveling wave has one unstable eigenvalue fd510< Reg < 585Q At Reynolds number 5815
a two-dimensional traveling waveT W+ bifurcates subcritically from the laminar pro le. For
5727< Repg < 5815this traveling wave also has only one unstable direction. Its stable manifold
therefore is also of co-dimension one and separates the state space into two parfsWrs is a
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5. Exact solutions for Bypass and Tollmien-Schlichting transition

second edge state for this range iReg . For lower Reg, there are lots of secondary bifurcations
(see section 3.4) that add more and more unstable directions to the state. Speci cally, near
the turning point at Reg = 4690, the lower branch has about352 unstable directions (in a
computational domain with Ly = L, =2 ). A bifurcation diagram containing both traveling
waves is shown in gure 5.1.

5.2 Two-dimensional slices of the state space

The coexistence of two di erent edge states and di erent transition paths rises the question
how they are connected to each other and how the state space looks like. To investigate the
state space structure, we want to use the two-dimensional slices of the state space that we
already encountered in section 4.3. The slice of the state space should contain two given ow
elds u1 and u, which can be achieved by parameterizing the velocity elds of the slice with a
mixing parameter and an amplitude A, i.e.,

1 Jur+ up

u(:A )= A= =
GA) i@ Juz+ ugjj,

(5.1)

As a rst step the slices are used to explore the appearance afWg at low Reynolds numbers.
Therefore, we construct slices of the state space using the lower and upper branch DWg
for u; and uy, respectively. The resulting slices are visualized using the lifetime of the initial
conditions (the time they need to fall below0:002 in amplitude a(t)).

In gure 5.2 slices for di erent values of Reg close to the bifurcation point of TWg are
shown. When TWg appears at low values ofReg it has more than one unstable direction.
Thus, no stable attractor forms, but even whereT Wg has more than one unstable direction
(e.g. Reg = 500 in gure 5.2a), the stable manifold of TWg is visible in the slices. With
increasing Reg the lower branch stabilizes and the stable manifold separates a bubble lled
with transient chaos from a region where initial conditions immediately relaminarize ( gure
5.2b). The phenomenon is quite similar to plane Couette ow (Kreilos and Eckhardt, 2012)
and the symmetry restricted subspace of PPF studied in section 4. As can be seen in gure
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Figure 5.1: Bifurcation diagrams of TWg (red) and TW+gs (blue). A solid line is used if the
traveling wave has just one unstable eigenvalue, while a dashed line is used if the wave has
further unstable eigenvalues. In the inset a zoom of the region is shown where both waves have
only one unstable eigenvalue. The bifurcation points of the waves are marked with black dots.
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5.3. TS transition and Bypass transition

5.2c, the chaotic region in the state space grows with increasing Reynolds number and the
lifetimes increase. Inside the region of transient chaos there exist holes which contain initial
conditions that relaminarize quickly.

To investigate the relation between the two traveling wavesT Weg and T Wrs in the region
where they coexist, slices of the state space are regarded that use the lower brancheg§ W¥g
and TWrs for u; and u», respectively. For the visualization of the slices we use the transition
time, because for highReg the lifetimes are very long. Because the chaotic state space part
grows with the Reynolds number, atReg = 4685 where the traveling wave TWts appears,
a huge part of the state space is occupied by chaotic transients. Therefore, since the energy
of TWrs is very high at the bifurcation point, the state, most likely, appears in some of the
tiny holes of the chaotic region. Right after its appearanceT Wrs is less relevant for the
dynamics of the system due to its high number of unstable eigenvalues. In the state space slice
for Reg = 5720 shown in gure 5.3a, it is possible to see the large turbulent basin and that
the lower branch of TWrg lies below the laminar turbulent border. As the Reynolds number
increases, more and more of the unstable directions become stable, until nally, betwee&sv27
and 5815 the lower branch of TWts has a stable manifold of co-dimension one that allows
to divide the state space. Thus, forReg > 5727 the traveling wave TWrs is much more
important for the dynamics than below. In state space slices foReg > 5727it is possible to
see a laminar-turbulent boundary connected toT Wrts. This boundary can be distinguished
from the one connected toT Wg, since close to the boundary connected td Wrs the transition
times are signi cantly higher and even exceedd 10* time units. The question how the two
boundaries are actually connected is di cult to answer. For Reynolds number5780 (inset in
gure 5.3d) it seems that the borders do not cross but rather form a spiral down to very small
scales.

Even for Reg = 5855 > Re it (gure 5.3f) where TW+yg already collided with the laminar
state, a sharp border between regions with short and long transition times is visible.

However, another key feature that becomes apparent in this visualization is that no sepa-
rated turbulent bubble related to TWrs exists at these Reynolds numbers. There is also no
di erence in statistical properties of the turbulence reached by trajectories starting close to the
TWrs boundary and such starting close to theT Wg boundary. Therefore, there is only one
kind of turbulence, but there are two di erent ways and in particular di erent time scales on
which the transition takes place.

5.3 TS transition and Bypass transition

The huge di erences in the timescales for transition, that become obvious in the slices of the
state space, suggest the existence of di erent mechanisms for the transition to turbulence. A
close inspection of trajectories becoming turbulent on the slower path shows that they undergo
what is usually called a Tollmien-Schichting (TS) transition. Starting with a three-dimensional
ow eld, the ow structure becomes more and more two-dimensional and the two-dimensional
roll structure of TWrg is reached. After approachingT Wrg along its stable directions, the
trajectory is repelled in the unstable direction of T Wt s leading to an increase in amplitude. Fi-
nally, a three-dimensional instability destroys the two-dimensional roll-solution and a turbulent
state is reached.

Trajectories becoming turbulent on the fast path do not approach a two-dimensional roll
structure at any time. Therefore, they undergo what is classically called a bypass transition

49



5. Exact solutions for Bypass and Tollmien-Schlichting transition
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Figure 5.2: State space slices for di erent Reynolds numbers. The initial conditions are color
coded according to their lifetime, the time they need to fall below0:002 in amplitude a(t).
Initial conditions that do not fall below this value within the observation time of 2000 time
units are shown with this value as lifetime. For a), b) and c) the Reynolds numbers are 500,
560 and 600, respectively. The positions of the upper and lower branch dfWg are marked
with white dots.

(Schmid and Henningson, 2001).

In gure 5.4 some trajectories starting at an initial condition taken from the slice in gure
5.3 are shown. The green and blue lines are typical representatives of TS transition and the
solid yellow trajectory is a typical bypass transition trajectory. The trajectory shown with a
dashed yellow line is of an intermediate type. It takes several thousand time units until the
trajectory becomes turbulent and it comes a little bit closer to the roll structure of TWrg, but
it always stays three-dimensional.

The comparison of the trajectories suggests the following interpretation of subcritical TS
transition. Actually, trajectories that undergo TS transition are on the way to decay but this
is prevented by the stable manifold of TWys. They then depart from this manifold in the
unstable direction of TWygs, which is a slow process because the growth rate corresponding
to this direction (the real part of the unstable eigenvalues) is very small. The scenario is
comparable to the one described by Kreilos et al. (2014a), but the other way around. In their
study on plane Couette ow they found new chaotic saddles emerging inside of an existing one.
In the present case an existing chaotic saddle is enclosed (at least in part) by an new one.

50



5.3. TS transition and Bypass transition
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Figure 5.3: 2D-slices of the state space for various Reynolds numbers. FReg < Re ¢ritnum the

parameter

interpolates between the ow elds of both traveling waves. ForReg > Re ¢it:num

the interpolation on the x-axis is between the ow eld of TWg and the unstable mode of
the laminar state. The transition time of the initial condition is color coded. The maximum
integration time is 70000 time units, therefore forReg < Rec initial conditions becoming
laminar are plotted with the max. integration time. Even for Reg = 5855 > Re ;i (f) a sharp

change from the rather slow TS transition to the rather quick bypass transition is visible.
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Figure 5.4: Amplitude a of the ow eld vs. time for selected initial conditions at Reg = 5780.
The initial conditions for the trajectories drawn with solid and dashed lines are marked in gure
5.3d with triangles and circles, respectively. The black line corresponds to the amplitude of the
lower branch of TWys at Reg = 5780. The green and blue lines are typical representatives
of TS transition and the solid yellow trajectory is a typical bypass transition trajectory. The
trajectory shown with a dashed yellow line is of an intermediate type.

Major di erences in the mechanism of the transition can be identi ed by a closer inspection
of the ow structures in the late stages of the transition. In the gures 5.5 and 5.6 the vortex
structures that appear in typical bypass and TS transitions are visualized by the Q-vortex
criterion (Jeong and Hussain, 1995). The initial conditions are the slightly disturbed traveling
wavesTWe and TWrs. In both simulations the Reynolds number is578Q the domain length
is 2 , the width is 2 , and the resolution isNy Ny N, =192 177 192 For the TS
transition the visualizations show the secondary instability of the TS-waves which starts after
a long phase during that the TS-wave grows in magnitude. The spanwise rolls of the TS-wave
have a very low positive value ofQ that is below the values used for the iso-surfaces. The
iso-surfaces of the Q-criterion show that streamwise vortices appear close to the wall. These
vortices develop a Lambda-like shape ( gure 5.5¢) and then form a hairpin vortex ( gure 5.5d).
The heads of the hairpin vortices move towards the center-plane until the upper and the lower
vortex structures touch and the large hairpin structures are destroyed leaving a turbulent band.
The turbulent band quickly spreads in spanwise direction resulting in an uniformly turbulent
state att 1885

For the case of bypass transition apparently the strongest vortex structures are close to the
center. The strength of the vortices grows as time elapses and a strong streamwise modulation
(right panel in gure 5.6d) of the vortex structures develops that is not present in the TS
transition. The vortex structures spread towards the wall (compare gure 5.6 d and e) and also
in spanwise direction. Finally, the domain is uniformly turbulent.

Additional simulations at Reg = 6000 show that the course of both transitions is qualita-
tively the same in the supercritical range.

The main di erence of the transition types is the region where the vortex structures appear
and develop. While TS transition starts with vortices close to the wall that develop into hairpin
vortices, bypass transition is dominated by streamwise vortices close to the mid-plane. However,
the two cases visualized in gure 5.5 and 5.6 are somehow limit cases and especially not all
cases of bypass transition show that pronounced vortex structure close to the center-plane.
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Figure 5.5: Tollmien-Schlichting transition visualized by iso-surfaces of the Q-vortex criterion.
The initial condition is the laminar pro le with a small random perturbation. The Reynolds
number of the simulation is578Q The energy versus time is shown in a). The circles in a) mark
the positions of the visualizations b)-e). The values of the iso-contours are 0.0005 for b), 0.05
for ¢) and d) and 0.5 in e). The iso-surfaces are colored according to their wall-normal position
ranging form -1 (blue) to 1 (red). The streamwise velocity, color coded from blue (minimum
value) to red (maximum value), is shown in the back side and in a plane parallel to the plates

in a distance of 0.1 to the lower plate. £3
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Figure 5.6. Bypass transition visualized by iso-surfaces of the Q-vortex criterion. The initial
condition is the laminar pro le with a small random perturbation. The Reynolds number of
the simulation is 578Q The energy versus time is shown in a). The circles in a) mark the
positions of the visualizations b)-e). The values of the iso-contours are 0.0005 for b), 0.05 for
¢) and d) and 0.5 in e). The iso-surfaces are colored according to their wall-normal position
ranging form -1 (blue) to 1 (red). The streamwise velocity, color coded from blue (minimum
value) to red (maximum value), is shown in the back side and in a plane parallel to the plates
i5n4a distance of 0.1 to the lower plate.



5.3. TS transition and Bypass transition
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Figure 5.7: Double logarithmic plot of the amplitude a of TWg vs. Reg. For high Reynolds
numbers a(t) (red) scales asRez ">’ (black).

The fact that bypass transition is related to the exact coherent structure TWg o ers an
opportunity to calculate an upper bound for the scaling of the minimal threshold for bypass
transition. TWg can easily be tracked to high values oReg . With increasing Reg its variation
with streamwise coordinate becomes weaker. This allows to reduce streamwise resolution with
increasing Reg while increasing the wall-normal resolution to proper resolve the developing
critical layer (Maslowe, 1986). It was possible to trackTWEg up to Reg = 3 10° where a
wall-normal resolution of Ny = 225 was used. In gure 5.7 the amplitude a of the traveling
wave is shown vs.Reg in a double logarithmic plot. The plot shows that TWg asymptotically
approaches the laminar state. Previous studies by Itano et al. (2013) and Wang et al. (2007)
for plane Couette ow showed that ECS can scale di erently with increasing Reynolds number.
Some of them approach the laminar state, while others keep a nite distance to it. FoiT Wg,
the decrease of the amplitudea(4) is in agreement with aReg 0517 scaling. The actual threshold
for bypass transition can decrease faster thaReg !’ but not slower. For boundary layers
Fransson et al. (2005) found that the threshold for inducing bypass transition by free-stream
turbulence scales aRe %5 what is quite close to the scaling obtained fromT Wg .

In this section the existence of di erent routes to turbulence was investigated by methods
of dynamical systems theory. The existence of two di erent edge states in the subcritical range
allows for two di erent paths to turbulence. Since the edge stateT W which is responsible
for bypass transition exists for subcritical and supercritical values ofReg, bypass transition
is always possible. TS transition is relatively unimportant for Reg < Rej . Especially, for
Reynolds numbers wherel Wt s does not exist or has multiple unstable eigenvalues the amount
of initial conditions undergoing TS-transition is of measure zero. Since also the Blasius and
the asymptotic suction boundary layer show two paths to turbulence and have a base ow that
is linearly unstable above a critical Reynolds number (see section 10.2 for a stability analysis
of the asymptotic suction boundary layer), the phenomenon investigated in this section is also
present in these ows. As for PPF, a state for bypass transition can be found in these ows
(see Kreilos et al., 2013; Khapko et al., 2013 for ASBL and Duguet et al., 2012 for the Blasius
boundary layer) which most likely also exists in the supercritical regime. Therefore, coexisting
transition paths are present in the supercritical regime, while for subcritical Reynolds numbers
bypass transition dominates and TS transition is possible but unlikely.
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Chapter 6

Streamwise and doubly-localized states

Parts of the results presented in section 6.2, 6.3 and 6.7 have been published in
"Streamwise and doubly-localized periodic orbits in plane Poiseuille ow" , S. Zammert and B.
Eckhardt, Journal of Fluid Mechanics , vol. 761, pp. 348-359, 2014

"A spotlike edge state in plane Poiseuille ow", S. Zammert and B. Eckhardt, Proceedings in
Applied Mathematics and Mechanics , vol. 14, pp. 591-592, 2014

6.1 Introduction

Within the last decade the study of coherent structures in small periodic domains contributed
enormously to our understanding of the origin of turbulence, the state space structure, and the
understanding of the transition in subcritical ows. For the case of PPF the previous sections
explained the origin subcritical turbulence and the existence of two transition paths using
exact coherent states. For plane Couette and pipe ow similar progress has been achieved (e.g.
Gibson et al., 2008; Mellibovsky and Eckhardt, 2012; Kreilos and Eckhardt, 2012) for small
computational domains. But because of the complex spatio-temporal dynamics of subcritical
ow close to the onset of turbulence (Moxey and Barkley, 2010; Duguet et al., 2010a; Tuckerman
et al., 2014) and the existence of turbulent spots (e.g. Carlson et al., 1982; Henningson et al.,
1987; Lemoult et al., 2013), the study of small periodic computational domains is not able
to provide a complete picture of the physical processes and phenomena related to subcritical
turbulence. Therefore, the investigation of large system sizes is necessary.

With the intent to understand the dynamics in these spatially extended systems and ren-
dered possible by the increase of computational power, in recent times some exact coherent
structures in such large computational domains were identi ed for the case of plane Couette
and pipe ow (Schneider et al., 2010a; Brand and Gibson, 2014; Avila et al., 2013). For PPF
we already encountered spanwise localized ECS in the previous sections.

In this section di erent spatially localized, in particular streamwise and doubly-localized,
structures of plane Poiseuille ow are studied in detail. To identify localized ECS, the technique

57



6. Streamwise and doubly-localized states

of edge tracking, bifurcation analysis of known spatially extended ECS, and continuation in the
geometric parameters are used. In addition to the investigation of ECS, localized turbulence
in PPF is studied and compared to the dynamics that exists in pipe ow.

6.2 Streamwise localized periodic orbits and edge states

In a small computational domain with Ly = L, =2 edge tracking converges to the traveling
wave TWEe (see section 3.2). We x the streamwise wavelength of the wave thy = 2
and analyze its stability with respect to disturbances with wavelengths that are multiples of its
wavelength. The results show thatT Wg is unstable to disturbances with long wavelengths. For
Reg = 1400 the basic wave shows an instability to disturbances withLyx =4 . In particular,
the wave has an additional pair of complex conjugated eigenvalues fédreg < 1785indicating
a Hopf bifurcation. It is possible to identify the bifurcating periodic state (referred to as
P Og:short IN What follows) using edge tracking in a domain withLy = 4 . For this domain
length and at Reg = 1400, edge tracking quickly converges to a time-periodic state with a
period of about 580. If the periodic orbit is tracked to higher Reynolds numbers, it turns out
that it indeed connects to TWg at Reg 1785 The spanwise ow in the mid-plane of the
orbit and the traveling wave is shown forReg = 1400 in gure 6.1. The plot reveals that the
bifurcating orbit is quite similar to the spatially extended traveling wave, but it is overlain
by a modulation with a wavelength of 4 . The modulation becomes stronger with decreasing
Reynolds number, and therefore with increasing distance to the bifurcation point.

a) b)

T T T 0:01 T T T [ 0:015
NO | «{H 0:00 = N O «{H 0:000 =
- ] ] ] 0:01 N ] | | 0:015
2

2 -1 0 1 2 2 -1 0 1
X X

Figure 6.1. In panel a) and b) visualizations of the spanwise velocity in the center-plane for the
traveling wave TWg and the periodic orbit P Og.short that bifurcates from TWg are shown.
For both plots the Reynolds numberReg is 1400

Despite of this instability with a wavelength of 4 , TWg has further instabilities corre-
sponding to larger wavelengths. Therefore, the traveling wave cannot be the edge state in a
spatially extended computational domain. To identify the real edge state, an edge tracking in
a longer domain of length32 but for the same width 2 and Reynolds numberReg = 1400 is
performed. For this calculation a resolution ofNy Ny N, =512 49 32is used. The edge
tracking converges quite quickly to a state that at rst glance looks like a state of constant
energy density, . Z,.2,7,,

E(d) =
() AxLz o 10

wdxdydz: (6.1)

However, as the closer inspection of the edge trajectory in gure 6.2 reveals, the energy density
is not constant but shows a regular oscillation with an amplitude of order10 8.

Although the initial velocity eld lls the entire domain in streamwise direction, the ow
structure of the state obtained by edge tracking is localized in streamwise direction. Using
this state as an initial condition in a Newton search, we quickly converged to a streamwise
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6.2. Streamwise localized periodic orbits and edge states
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Figure 6.2: Edge tracking in a computational domain of lengthLy = 32 and width L, =2

at Reg = 1400. Shown are the energy densitie€ (¢) of the trajectories on both sides of the
laminar-turbulent boundary. For the trajectories on the turbulent and laminar side red and
blue color is used, respectively. The edge trajectory bracketed by these trajectories oscillates
periodically in energy.
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Figure 6.3: Velocities in the mid-plane for the edge statd® Og at Reg = 1400. Panels a) and

b) show the streamwise and spanwise velocities, respectively. The black lines in a) mark the
positions of the spanwise wall-normal cross-sections in 6.4 a)-d). The solid and dashed lines in
b) are iso-contours of the Q-vortex criterion (Jeong and Hussain (1995)) at levels @001 and
0:0001, respectively. The direction of the ow is from left to right.

localized relative periodic orbit, henceforth refered to a® Og. The localization at Reg = 1400

is already quite strong what allows to transfer the state to a computational domain of length
64 for further study. In the computational domain with Ly =64 ,L, =2 andLy, =2 a
resolution of 768 65 48is used. The results are checked with a higher spanwise resolution of
N, = 80. The streamwise and the spanwise velocity components in the mid-plane are shown in
gure 6.3. Cross-sections forReg = 1400 for di erent streamwise positions are shown in gure
6.4a - d and the streamwise averaged velocity is shown in gure 6.4e. These visualizations show
that the orbit has a mirror symmetry,

Sy ([usviwl(xy;z) =[u; viwl(x; Y;2); (6.2)

and is dominated by a strong narrow low speed streak and a weak and extended high speed
streak. It is therefore very similar to the traveling wave TWg. A comparison of the streamwise
averaged ow for TWg shown in gure 3.1 in section 3.2 and of the average ow folP Og shown

in gure 6.4e also reveals this similarity.
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Figure 6.4: a) - d) Cross-sections of the edge state Og at Reg = 1400 at the streamwise
positions indicated in gure 6.3a). The in-plane components of the velocity are visualized
by arrows and the streamwise velocity component is color coded. Panels e) and f) show the
streamwise-average ow ofP Og at Reg = 1400 and of the orbit that bifurcates from it, P Ogsy,

at Reg = 1625, respectively.
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Figure 6.5: Visualization of the dynamics of POg by a space-time-display of the spanwise
velocity in the mid-plane y = 0 at at z = 0 for Reg = 1400. The solid black lines indicate
the group velocity vg and the phase velocityvy, for one of the maxima. The wavelength of
the internal modulations varies along the state. The dashed black lines marks one period in
energy, which is only half a period of the state.
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6.2. Streamwise localized periodic orbits and edge states

The complex spatial propagation pattern of the wave can be seen in plots of the spanwise
velocity in the mid-plane at z =0 vs. time in gure 6.5. After two periods in energy, the state
returns except for a downstream shift. After one period in energy it returns up to a symmetry
operation,

sz iU viw](xy;z) =[upv; wix;y;  2); (6.3)

and a shift that is half the one after two periods. The gure clearly shows a group velocityg
for the envelope of the state and a phase velocity,, for the underlying structure. The group
velocity vg can be read o from the period in energy, as distance traveled over two periods
divided by the two periods. The corresponding line in the gure shows that this follows the
envelope rather well. The structures underneath the envelope move with a di erent velocity
that can be read o from the slope of the maxima. However, the wavelength of the spanwise
modulations varies slightly with position and is slightly larger at the front than in the center
and towards the end of the state. Therefore, also the velocity of each maximum varies slightly,
so that the phase velocity depends on the position within the state.

We use a continuation method (see e.g. Dijkstra et al., 2014) to track the state in Reynolds
number. It turns out that the periodic orbit exists down to Reg 1038 where it is created in
a saddle node bifurcation. Furthermore, it is also possible to identify the upper branch of the
periodic orbit. Bifurcation diagrams using the minimum of the energy and the period of the
orbit on the ordinate are shown in gure 6.6.

A stability analysis of the state shows that for Reg > 1100 the lower branch has one
unstable direction. Therefore, for these Reynolds numbers the state is an edge state whose
stable manifold can separate the state space into two parts. For other values &eg the periodic
orbit has more than one unstable direction. The bifurcation atReg = 1100 is a Sacker-Neimark
bifurcation that breaks the sy-symmetry. This bifurcation is followed by further bifurcations,
resulting in eight unstable directions for the lower branch. One of the bifurcations of the
lower branch is a pitchfork bifurcation that breaks the sy-symmetry and creates an asymmetric
periodic orbit (P Ogsy). The image of the state in gure 6.4f shows that its ow structure is
more complex than those ofP Og . The solution branch of P Oasy is also shown in gure 6.6.

Length of the orbit and decay in the tails

Since P Og is streamwise localized, an interesting quantity to study is its streamwise length.
For an investigation of the length, we study the total energy density of the deviation from the
laminar ow as a function of the streamwise position,

Z LZ Z l
Eo(X)= — u? dydz; 6.4
2007 g utdy (6.4)
and the density of the cross- ow energy,
Z,Z2,
_ 1 ’ 2, 2 .

Eo.c(x) = ve+ we dydz (6.5)

4LZ 0 1

The energy densities for the periodic orbit atReg = 2010 (at the time of minimum energy)
are shown in gure 6.7a. One can identify a small area with relatively high cross- ow energy
at the front of the state. In this region the cross- ow motion draws energy from the laminar
pro le and transfers it into streamwise velocity which then drives streaks and causes a steep
increase of the total energy density at the front of the state. The energy in the streamwise
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Figure 6.6: Bifurcation diagrams for the coherent structures. In panel a) the minimum energy
of the localized periodic orbit (red) and the asymmetric orbit (blue) are shown in dependence
on Reg. In both cases the minimum in energy over the period is shown. The stability of the
orbit is indicated by the line type, solid for a single unstable direction, and dashed for more
than one. Panel b) shows the variation of the periods in energy vskeg.

velocity has its maximum at a streamwise position where the cross- ow energy is already very
low again. In the absence of cross- ow motion the streaks decay viscously, which results in the
long upstream tail of the state.

Based on the energy density one can introduce two characteristic length scales fBrOg,
de ned as the distances from the maximum of the energy density to the points upstreaml{)
and downstream () where the energy has dropped to half the maximum value. These length
scales vs. Reynolds number are shown in gure 6.7b. On the downstream side, the energy drops
0 quickly, on a length scale that varies very little with the Reynolds number. On the upstream
side, the energy drops o more slowly, on a length scale that increases linearly witReg. The
reason for this scaling is the viscous decay of the streaks on a time scale proportional Reg .
This translates into a spatial scale proportional to Reg due to the almost constant advection
velocity. Although the structure becomes longer with increasing Reynolds number, the total
energy density of the lower branch and also the maximum of the energy density decrease with
increasingReg as can be seen in gure 6.6.

To study the decay of the ow structure in its front and tail, we regard the in nity-norms

LY (u)(x) = maxzyju(x;y; z)j; (6.6)

here given for the streamwise component of the velocity components along the streamwise
position x. For Reg = 1100 the course of the in nity-norms in dependence on the streamwise
coordinatesx is shown in gure 6.8. Especially in the tail, the decay of all three components is
in good agreement with an exponential decay. By using exponential texp(x Xg)= x to the
data, we obtain length scales 4 for the decays in the tail. For the streamwise and spanwise
velocity components these length scales ar20:37 (1) and 21:84 (2), respectively. The wall-
normal velocity component which is necessary for streak generation decays on a length scale of
only 7:92 (3) and thus it decays much faster than the other components.

In the head of the structures, deviations from an exponential decay appear especially for
the spanwise velocity componentw. A more general discussion of the decay in the head and
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Figure 6.7: Energy pro les of the localized statePOg. In panel a) the total (red) and the

cross- ow (blue) energy densities atReg = 2010 are shown along the ow direction, which is
from left to right. The cross- ow energy density is multiplied by a factor of 10. Panel b) shows
the upstream I, (orange) and downstreaml; (green) distances from the maximum to half the
maximal values in energyvs. Reynolds number.
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Figure 6.8: L1 -norm (maximum over y and z) of the streamwiseu (red), the spanwisew (green)

and wall-normal v (blue) velocity component versus streamwise coordinat&. The Reynolds

number is 1100and the length of the computational domain is120 . The black lines marked

by the labels1 5 show exponential decays with slopes obtained by tting the decay of the
velocity components.

tail of localized states can be found in section 7. Exponential ts tov and u, which decay
approximately exponential, yield length scales 0fL9.05 (4) and 4:49 (5), respectively.

In principal, the length scales obtained by the exponential ts to the tails of the state could
be used as a measure for the length of the state. But since exponential scaling might be visible
only where the amplitudes of the velocities are already quite small, this de nition can be less
meaningful than the one used above. A further problem is that in some case there is a complete
lack of an exponential scaling (compare section 7.3).

Long-wavelength instability

In nite domains with periodic boundary conditions the increasing length of the structures
will at some point cause interferences between head and tail and a loss of localization. If
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Figure 6.9: Proles of POg for increasing Reynolds numbers. The solid lines show the total
and the dashed lines the cross- ow energy densities. Consistent with the increase Ig, the
states become more and more delocalized with increasing Reynolds number, until they merge
into a spatially extended state nearReg = 5385. The streamwise length of the computational
domain is 32 .
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Figure 6.10: Streamwise velocity in the center-plane for the periodic orbiP Og. The panels
a)-d) correspond to the Reynolds numberfkeg = 1080; 1410 2300and 490Q respectively.

the streamwise lengthL, of the computational domains is xed at 32 and the orbit P Og is
continued to high Reynolds numbers, the orbit connects to the streamwise extended traveling
wave TWg with a wavelength of 2.66 at Reg 5385. This is documented in gure 6.9
in a plot of the energy densities vs.Reg. For low Reg there is a pronounced maximum in
the densities, but for increasingReg the di erences decrease and nally atReg  5385the
uniform energy density corresponding to the traveling wave is obtained. The approach of the
traveling wave is also visible in the ow structures which are visualized in gure 6.10 using the
streamwise velocity in the mid-plane.

Turned the other way round, the localized state arises out of a streamwise long-wavelength
instability of a traveling wave. These long-wavelength instabilities apparently are a widespread
mechanism for the generation of localized states. They were also discussed for the generation
of localized states in plane Couette ow (Melnikov et al., 2014) or in pipe ow (Chantry et al.,
2014). As we will see later in this section, the Tollmien-Schlichting waves of PPF also show
long-wavelength instabilities leading to localized states.
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Figure 6.11: Streamwise velocity in the center-plane for relative periodic orbits of di erent
length. The orbit shown in panel a) isP Og at Reg = 1700. In b) - d) other relative periodic
orbits at the same Reynolds number are visualized.

Periodic orbits of di erent spatial length

Since in spatially intermittent ows laminar regions and turbulent patches could have di erent
length and spread in streamwise direction (see Avila and Hof 2013 and section 6.7), the existence
of ECS of di erent length for the same values ofReg is essential. Indeed, it is possible to nd
further relative periodic orbits related to P Og that show a streamwise localization but di er
from P Og in their length.

The orbits, that were found in a computational domain with a streamwise length of32
using a resolution ofNy Ny N, =256 33 48, have ow structures quite similar to P Og.
They are also symmetric to re ections at the center-plane and have a dominant low-speed
streak. The point in which they dier from P Og at the same value ofReg is the streamwise
length of the low-speed streak. In these structures the low-speed streak is longer and has
additional wiggles. Visualizations of those states aReg = 1700 using the streamwise velocity
in the center plane are shown in gure 6.11.

As for P Ok it is possible to continue these orbits to lower Reynolds numbers. In contrast to
the case ofP Og, the localization does not become stronger with decreasing Reynolds number
and transfers of the states into larger domains failed. Thus, the orbits are unfortunately strongly
modulated rather than localized in streamwise direction.

6.3 A doubly-localized periodic orbit

The periodic orbit P Og discussed in the previous section is spatially extended in the spanwise
direction albeit the modulation with the spanwise coordinatez is quite strong which is an early
sign for localization. For the traveling wave T Wg, from which P Og bifurcates, it is known from
section 3.2 that it localizes when the spanwise width of the computational domain is increased.
Therefore, it is reasonable to assume thaP Og should behave similar if it is continued inL .
We start with P Og in a domain with Ly =64 andL, =2 . For the continuation a Reynolds
number of Reg = 2180 is xed. As in section 3.2 we use the energy densitf,(z) (equation
3.2) as a measure of the localization. In gure 6.12 the quantity is shown for various widths
L,. For each value ofL, the maximum located at z = 0 corresponds to the position of the low-
speed streak. ForL, =2 the second smaller maximum is the position of the weak high-speed
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6. Streamwise and doubly-localized states

streak. Somewhere betwee? and 2:5 the lower maximum splits into two and for L, > 5
the energy density has a very low value over most of the domain indicating a spanwise localized
ow structure.

Thus, the orbit P Og and also the streamwise extended traveling wavé Wg (see section 3.2)
that are not spanwise localized in narrow domains can be smoothly morphed into a spanwise
localized solution. This mechanism for spanwise localization, which does not involve a long-
wavelength modulation, was also recently described by Chantry and Kerswell (2015) for a
9-PDE model of plane Couette ow.

The largest value ofL, which is studied is 72 . For this domain a resolution of Ny
Ny N; =384 49 1728is used. The doubly-localized solution in this domain keeps the
sy-symmetry of POg. The period of the orbit changes slightly with increasing width. While
the spanwise extended orbit forL, =2 has a period 0f5247, the doubly-localized orbit for
L, = 72 has a periodT of 53575 After this time the state returns in shape apart from
a shift in streamwise direction and the symmetry operations,. The group speedvg for the
spanwise extended orbit atReg = 2180 is 0:9033and for the doubly-localized orbit one nds
vg =0:8803

Discussion of the localization properties

An interesting question is how the localized solution decays in its peripheral region. In (Gib-
son and Brand, 2014) and (Brand and Gibson, 2014) the decay of spanwise localized and
doubly-localized equilibrium solutions in plane Couette ow is analyzed. For solutions with
pure spanwise localization an exponential decay) / exp( z ), is found that depends on the
streamwise wavenumber of the structure. In streamwise direction they assume a similar scal-
ing,u/ exp( ( )x=Re), that depends on the Reynolds number and the spanwise wavelength

. They showed that for appropriately chosen , the streamwise decay of their doubly-localized
equilibrium solution is in concordance with the assumed exponential scaling. For a transfer of
this approach to PPF see section 7.2.

However, for the doubly-localized periodic orbit presented and discussed in this section the
decay in the spanwise direction deviates from an exponential scaling as the plots of the energy
density Ey(z) in gure 6.12 reveal. Since the integrated densityE(z) increases with the length
of the turbulent region, a much better measure is the in nity-norm,

L (u)(2) = maxcyju(x;y; 2)j; (6.7)

of the velocity components along the spanwise coordinate which is here given for the stream-
wise componentu. The use of this quantity has the additional advantage that it was also used
by Brand and Gibson (2014) which simpli es comparison. The values of.1 (u) and L1 (w)
are shown in gure 6.13 forL, = 72 . The decay ofL' (u) is slower than exponential while
L1 (w) drops o faster. The faster drop of the spanwise velocity component is hidden it (z)
because of the large contribution of the streamwise velocity component.

The boundary conditions clearly in uence the the behavior nearz = L,. The streamwise
velocity component is symmetric under re ection at the boundary whereas the spanwise com-
ponent is antisymmetric and vanishes at the boundary. Taking this into account, we apply ts
to the numerical data that respect these symmetries. The streamwise component is tted to

u@z) = Az *+(L, 2) ? (6.8)
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Figure 6.12: Spanwise pro les of the total energy density fo® Og at Reg = 2180 for various
spanwise widthsL ;.

101§ T T

Figure 6.13: TheL! -norms (maximum overy and x) of the streamwiseu (solid red) and the
spanwisew (solid black) velocity component are shown versus the spanwise coordinage The
yellow lines show ts A(z 2+ (L, 2z) 2) (solid)andB(z 2 (L, 2z) ?) (dashed).

while for the spanwise velocity component the t function
w(@z)=B(z? (L. 2)?) (6.9)

is used. For both components we optimized the values oA and B using a least-squares
method. The obtained ts are in amazing agreement with the numerical data as can be seen
in gure 6.13. Therefore, the velocity eld of the doubly-localized periodic orbits falls o like
1=7% over the width of the domain. In the streamwise direction the decay is in concordance
with an exponential decay. Since the structure is much longer than wide (see gure 6.14), the
streamwise extend of the domain might by too small to reveal a possibly underlying algebraic
decay.

The observed1=7? scaling in spanwise direction allows for an di erent view on the doubly-
localized orbit. Analytically, it is possible to show that for the ow around a cylindrical obstacle,
the velocities decay asl=7? in the direction perpendicular to the direction of the ow (Landau
and Lifschitz, 1991). Therefore, in the far eld the localized orbit can be interpreted as an
obstacle for the laminar ow.
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Figure 6.14: Panel a) and b) show the streamwise and spanwise velocity in the center-plane for
the doubly-localized periodic orbit at Reg = 2180, respectively. The dashed lines in b) mark
the downstream positions of the maxima in the energy density. Panel c) shows the pressure
uctuations in the center-plane.
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Figure .6.15: Vector plot of the y-averaged ow in the xz-plane. The arrows show
(t; w)= w2+ w2, where & and w are the y-averaged streamwise and spanwise velocity, re-
spectively.

Visualizations of the ow eld and the large-scale ow

In gure 6.14 three visualizations of the periodic orbit are given. In gure 6.14a and b the
streamwise and spanwise velocities in the center-plane are shown. The visualization of the
spanwise velocity reveals a large-scale, quadrupolar-like ow eld, where the centers of the left
and the right pairs of lobes coincide with intensity maxima ofE- .c(x). The quadrupolar shape
of the spanwise velocity also exists in some distance to the mid-plane, but becomes less distinct
close to the walls. Figure 6.14c shows the uctuating pressure in the center-plane. For this
guantity the visualization reveals a dipolar-structure with the positive pole in the tail and the
negative pole in the head of the structure. The positive pressure in the tail together with the
negative pressure in the front lead to a locally increased pressure gradient at the position of
the localized ow structure.

A plot of the direction of the y-averaged ow is shown in gure 6.15. For their equilibrium
solution of plane Couette ow, Brand and Gibson (2014) found a perfect quadrupole ow eld
in direction of the y-averaged ow. The present solution is traveling in streamwise direction
and does not have a symmetry with respect tox. This leads to a strong deformed quadrupole
in the direction of the y-averaged ow. In particular, the inward and outward directions are not
perpendicular. Large-scale quadrupole ows as they appear in the spanwise velocity component
and the y-averaged ow have also been observed in turbulent spots in plane Couette (e.g.
Schumacher and Eckhardt, 2001; Lagha and Manneville, 2007; Duguet and Schlatter, 2013;
Gibson and Brand, 2014) and plane Poiseuille ow (Lemoult et al., 2013, 2014).
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6. Streamwise and doubly-localized states

6.4 Doubly-localized chaotic edge states

At Reg = 2180 a stability analysis in dependence orL, of the localized state discussed in the
last section is performed. It is found that the state has two unstable directions if the domain
width is increased to values aboveb:75 (for smaller values ofL, there is only one unstable
eigenvalue). Thus, in a wide domain the doubly-localized state is not an attracting state in the
laminar-turbulent boundary.

In the case of a supercritical bifurcation with increasing width, the bifurcating state should
extend to larger values ofL, and at least for a small range inL, it must have one unstable
direction. Thus, within this range in L, the state should be accessible by edge tracking. But
an edge tracking starting at the slightly disturbed orbit P Og in a computational domain with
L, =6 andLy =64 withresolution Ny Ny N;=1024 65 144does not converge
towards an exact coherent structure. This is a strong evidence that the bifurcation oP Og
with increasing L, is subcritical. A plot showing the edge trajectory approximated by the
trajectories on the turbulent and the laminar side is shown in gure 6.16. The trajectory
begins with a transient phase of about1500 time units during which it departs slowly from
P Og. Afterwards, the trajectory shows aperiodic chaotic behavior. Although the trajectory
leavesP Og, the uid structure stays localized. Visualizations of the ow eld of the trajectory
at t = 2500 and t = 3500 are shown in gure 6.17. They reveal that in addition to the
localization the quadrupole-like structures of the spanwise velocity oP Og is retained.

Further edge trackings in a large domain withL, =32 andL, =8 at Reg = 1400 and
Reg = 2000 did also result in an aperiodic spanwise and streamwise localized structure.

The results of the simulations suggest that while in computational domains that are either
short and wide or long and narrow the edge states is an exact coherent state, in large domains
it is a localized chaotic state that is quite similar to a turbulent spot. This observation of a
chaotic localized edge state in spatially extended domains is quite similar to the case of plane
Couette ow (Schneider et al., 2008; Duguet et al., 2009) and pipe Poiseuille ow (Mellibovsky
et al., 2009).
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Figure 6.16: Edge tracking in a computational domain withL, =64 andL, =6 at Reg =

2180 For each re nement step the energies of the nal turbulent and laminar trajectories
are shown. Initial condition is the slightly disturbed periodic orbit P Og for this domain size.
Visualizations of the ow elds for the times marked by the green dots are shown in gure 6.17.
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¢) and d) show the same visualizations fot = 3500. The direction of the ow is from left to

right.
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6. Streamwise and doubly-localized states

6.5 Localized Tollmien-Schlichting waves

The streamwise localized solutions discussed in section 6.2 bifurcate from spatially extended
exact coherent states within a long-wavelength instability. The Tollmien-Schlichting waves
also show these kind of long-wavelength instability to modulated and localized states (Drissi
et al., 1999). Localized TS-waves were rst identi ed and studied by Jiménez (1990) and Price
et al. (1993). They are relatively easy to identify in two-dimensional Poiseuille ow because for
some parameter values they are stable and can be found by time integration. An example of a
simulation of two-dimensional Poiseuille ow is shown in gure 6.18. The gure shows a spatio-
temporal plot of the energy density E, (x) for a simulation at Reg = 2530 with Ly = 128
starting with a noisy initial condition. After some hundred time units a stationary pattern of
four localized stable TS-waves forms. For xed domain length the number of localized TS-waves
in the nal pattern depends on the initial condition. Other simulations for the same values of
Reg and Ly result in patterns that contain two or ve localized TS-waves. Wang et al. (2015)
calculated detailed statistics of the laminar gaps for these kind of simulation.
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Figure 6.18: Spatio-temporal plot of the energy densityE, (x) for a simulation of two-
dimensional Poiseuille ow at Reg = 2530. The simulation starts with random noise. After
some time a stationary stable pattern of four localized TS-waves forms.

Price et al. (1993) were able to track the localized TS-wave to Reynolds numbers around
233Q which is much lower than the lowest Reynolds number where extended TS-waves exist.

In this section the long-wavelength instabilities of the spatially extended TS-waves are
investigated. It will further be shown that in addition to the localized TS-waves that directly
bifurcate from the spatially extended traveling wave, further localized TS-waves exist. In
particular, for a xed Reynolds number, localized TS-waves with di erent streamwise length
can be found. Finally, examples of three-dimensional exact solutions that bifurcate from the
localized TS-waves are presented.

Long-wavelength instabilities of TS-waves

We investigate the stability of the TS-wave T Wt s with a wavelength o =2 to two-dimensional
disturbances with streamwise wavelengths that are multiples of this basic wavelength. The
longest disturbance wavelength that is regarded i82 . If the Reynolds number is decreased
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6.5. Localized Tollmien-Schlichting waves

from the point where the TS-wave bifurcates from the laminar pro le, the rst instabilities of
the traveling wave are related to the longest wavelengths. AReg  5760the traveling wave
undergoes a Hopf bifurcation that creates a relative periodic orbit with an streamwise wave-
length of =32 . At alower Reg of 5630a Hopf bifurcation creating a orbit with wavelength
16 occurs. With further decreasing Reynolds number relative periodic orbits with decreasing
streamwise wavelength are created in Hopf bifurcations. A bifurcation diagram that shows the
spatially extended TS-waves and the bifurcating periodic orbit is given in gure 6.19. The
solution branches of the obits with the longest extend down to the lowest values oReg . For

= 32 the turning point is at Reg = 2334 that is quite close to the value found by Price
et al. (1993).

If the modulated TS-waves are continued to lower Reynolds numbers, the modulation be-
comes stronger. To illustrated the increasing modulation, the energy densities of the streamwise
velocity component of the relative periodic orbits with =4 ,8 and 32 are shown in gure
6.20 for di erent Reynolds numbers. For the orbit with Ly =32 is is justi ed to say that it
becomes localized with decreasinReg since minima and maxima of the energy density di er
by more than two orders of magnitude. For the orbits with smaller wavelengths the modulation
of the densities does also become stronger with decreasiRgg , but especially for the relatively
small wavelengths =4 (gure 6.20a and b) and 6 they do not become localized.

However, the relative periodic orbit with =32 shows a good streamwise localization if
the Reynolds number is low. Two visualization of a ow eld on the orbit at Reg = 4065 are
shown in gure 6.21. The orbit is easily transferable to larger domains to study the localization
properties. In gure 6.22 a plot of the L' -norm of the streamwise velocity is shown for
the localized TS-wave atReg = 4065 in a domain with Ly = 112 . The L! -norm decays
exponentially in the head as well as in the tail of the structure, but the slopes are di erent.
Just as for the streamwise localized three-dimensional orbiP Og discussed in section 6.2,
the decay in the head is steeper than in the tail. For a quanti cation an exponential decay,
A exp (x=lyx), is tted to the di erent decays in the head and the tail. The obtained values of
Ix are characteristic length scales for the decay. AReg = 4065 the decay in the tail (1) is 10:8
for both velocity components. For the steep decay in the head (2) we ndy = 2:8 and for
the at decays we obtain 482 and 46:4 for the wall-normal (4) and streamwise (3) velocity
component, respectively. For the localized TS-wave, in contrast to the streamwise localized
orbit P Og, the decays for the streamwise and wall-normal velocity coincide almost perfecitly.
This is a consequence of the two-dimensional roll-structures forming the sca old of the orbit
which correlates the streamwise and wall-normal velocity.

A stability analysis with respect to two-dimensional disturbances of the localized relative
periodic orbit in a domain with a streamwise length of32 shows that the upper branch is
stable to two-dimensional disturbances. Right after the turning point the lower branch has one
unstable direction.

Packages of TS-waves

Apart from the localized TS-waves that bifurcated directly from the spatially extended traveling
wave, it is possible to identify another kind of localized TS-waves. As a starting point the
localized TS-wave atReg = 4065 was used. We double a roll-pair in the core region of this
structure and thus we obtain a ow eld with an additional pair of rolls. This ow eld is
used as an initial guess for a search for a relative periodic orbit. Indeed, using this approach
it is possible to identify a streamwise localized periodic orbit with an additional roll-pair. By
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Figure 6.19: Bifurcation diagram showing modulated and localized TS-waves branching from
the spatially extended TS-wave (blue). The turning points are marked by red circles and the
points where the modulated states bifurcate from the spatially extended traveling wave are
marked by red squares.
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Figure 6.20: In a) and b) the energy densitie€, (x) for the modulated TS-wave with wave-
length x =4 are shown forReg = 3595 and Reg = 4684, respectively. For a modulated
TS-wave with y =8 , the energy densities are shown foReg = 2852 and Reg = 5300 in ¢)
and d), respectively. For the modulated TS-wave with x = 32 , which becomes localized at
low Reynolds numbers, the densities are shown fdReg = 4065 and Reg = 5802 in €) and f),
respectively.
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Figure 6.21: Visualizations of the localized TS-wave aRReg = 4065. In a) the ow in the

streamwise wall-normal plane is shown for the localized TS-wave ®eg = 4065. For the same
state, the streamwise vorticity ! y = @w @(U + u) of the full velocity eld in the streamwise
wall-normal plane is shown in b).
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Figure 6.22: Course of thed_! -norm of the streamwise (red) and the wall-normal (blue) velocity
components for the lower branch of a localized TS-wave d@&eg = 4065. The black lines labeled
1 4 show slopes obtained from exponential ts to numerical data. The corresponding decay
constantsly are 10:8, 2:8, 482 and 464.

repeating this procedure several times, periodic orbits with an arbitrary number of roll-pairs can
be identi ed. In gure 6.23 the L' -norm of the streamwise and wall-normal velocity component
is shown for orbits with one, two and three additional roll-pairs (all for Reg = 4065). The
gure reveals that the inner region of the orbit is not homogeneous but shows a modulation.
Furthermore, as for the ordinary localized TS-wave, the decays of the velocity components in
the head and the tail di er, but they do not depend on the length of the structure. If the states
are tracked to lower values ofReg the structures split and form 2, 3, and 4 localized TS-waves,
respectively.

Three-dimensional streamwise localized solutions

As discussed in section 3.4 the two-dimensional, spatially extended TS-waves are highly un-
stable to three-dimensional disturbances. Their streamwise localized counter-parts share this
property. With increasing distance to the bifurcation point the localized TS-wave develop many
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Figure 6.23: Course of the_! -norm of the streamwise (red) and the wall-normal (blue) velocity
components for localized TS-waves of di erent length. For each wave the Reynolds number is
4065 The black lines show exponential ts to the decays.

instabilities. We identify the bifurcating states using the same procedure as in section 3.4. The
bifurcating ECS are relative periodic orbits and can, analogous to the spatially extended solu-
tions, be classi ed according to their symmetries. However, since the localized TS-wave is in
contrast to the traveling wave TWrs not periodic in streamwise direction, the symmetries of
the classes of states are di erent.

In the bifurcation diagram in gure 6.24a the streamwise extended TS-waves with wave-
length 2 and the localized orbit POrs.32 bifurcating in an subharmonic instability with
wavelength 32 (red) are shown. Additionally, the solution curves for two classes of bifurcat-
ing three-dimensional solutions are shown. The di erence of the two solutions classes can be
explained using the visualizations of the ow close to the wall shown in gure 6.24b and c. For
both classes the wall-normal velocity is modulated in spanwise direction. But while for type A
orbits the maxima of this modulation are at the same spanwise position for the upper and the
lower plate, they are shifted by0:5 , for type B orbits.

As gure 6.24 b and c show the spanwise modulation of the orbits becomes stronger with
increasing Reynolds number. The streamwise localization of the state keeps quite strong even
if the Reynolds number is increased to values abové00Q
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Figure 6.24: Bifurcation diagram showing spatially extended TS-waves (x =2 ), localized TS-
waves and three-dimensional streamwise localized periodic orbits bifurcating from the localized
TS-waves. Panels b) and c) show visualizations of the wall-normal velocity component in a
distance of0:1 from the lower-wall orbit of class A with spanwise wavelengthO:5 (P Oa.0:5 )
for Reg = 6140 and Reg = 6520. The direction of the ow is from bottom to top.
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6.6 Extracting di erent velocity scales using the method of
comoving frames

For the periodic orbits described in the sections 6.2 - 6.5 the inner structures (spanwise rolls
for the TS-wave and modulation of the streaks forP Og) move with a speed that is di erent
from the speed of the envelope. If both velocities would coincide, the exact solution would have
no time dependence and be a relative equilibrium. As also remarked by Chantry et al. (2014),
there is nothing that forbids steamwise localized solutions to be relative equilibria. However,
up to now all steamwise localized solutions in plane Poiseuille and pipe ow (Avila et al., 2013;
Chantry et al., 2014) are relative periodic orbits. Therefore, there are obviously two important
velocities in the ow structure. The method of comoving framesdescribed by Kreilos et al.
(2014b) provides a way to study the dynamics of ows in a frame of reference that moves with
a (in general time-dependent) velocity extracted from the ow. In this section an adaption of
the method of comoving frameswill be presented that allows to choose one of the velocities of
the orbit and thus to choose the comoving frame of the modulation envelope or of the inner
structure.

The idea underlying the method of comoving frames is that any change of a velocity eld has
a component that points along the direction of pure advection while the remaining part is the
actual change of the velocity eld in the advected frame. Thus, the instantaneous streamwise
advection velocity is de ned by

_ h@u(xy;z;t) @u(x;y;z;t)i
i@u(x;y; z;1)jj2 '
The velocity of the comoving frame depends on the choice of the scalar product and associated

norm. An obvious choice, also used by Kreilos et al. (2014b), is the usual Euclidean scalar
product Z

ha(x;y;z) B(x;y;z)i = (alx;y;z) B(x;y;z))dx dy dz: (6.11)

Because this de nition incorporates all scales of uid motion, if more than one velocity scale is
present the resulting advection velocity is a mixture of these velocities. To reduce this problem
instead of using the full ow eld in equation 6.11, it is possible to use just one particular
streamwise mode,

(6.10)

Cx

Me Img 1 .
tim, (X;Y;2) = btmy my sm; Ty (y) €21 (Zbxtke=la) 4 crco; (6.12)
my=0 mz=0

of the velocity eld. The result is not a scalar product on the vector space of all velocity elds
anymore, since it is not positive de nite. However, this de nition is still usable in equation 6.10

to calculate an advection speed. The idea of using a single mode is to get the advection velocity
of a ow structure with a certain wavelength. In any computational domain the envelope of
localized structures has a large contribution from the streamwise mode number 1. Thus, using
only the my = 1 to calculate the advection velocity should yield the speed of the envelope. If
one is interested in the comoving frame of the inner structure of a localized state, a mode that
has a large contribution to the structure should be used. Similar to the investigation here, Del
Alamo and Jiménez (2009) calculated the phase velocity of individual modes in dependence on
the wall-normal coordinate. But they did no wall-normal averages ofcx and they only regarded
fully turbulent ows.

78



6.6. Extracting di erent velocity scales using the method of comoving frames

2 b) +2:9315 10 !

. LI S B B D Y B D Y B I B B | 0:00003 : | :
ol ) 0:00002 - )
05 fOOOODOOOn - 0:00001 |- i
04 |- O . 0:00000 | | , L

So3f g ¢ +4:85 10 1
0:3 DDDDDDD ) 00003 N T T T .
0:2 | _ :
o1} 0:0002 |- ]
ool v vy 0:0001 | | |
4 8 12 16 0 10 0 2 m
My .

Figure 6.25: Advection velocities obtained by applying the method of comoving frames to the
localized TS-wave atReg = 4065. In a) the average velocities are plotted vs. the mode number
used to calculated the advection speed. The red line is to guide the eye only. As a reference the
mean advection speed obtained by using the full Eulcidean scalar product is shown by a yellow
line. In b) and c) the advection speed vs. times is shown for the casey = 1 and my = 16,
respectively.
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Figure 6.26: Spatio-temporal plot of the streamwise energy density of the localized TS-wave
at Reg = 4065. Panel a) shows the situation in the lab-frame. In b) and c) comoving frames
obtained by using modemy =1 and my = 16 are shown. In b) the envelope of the structure is
stationary and the inner roll-structure is moving. In c) the rolls are stationary but the envelope
keeps moving.

For the localized TS-waves discussed in section 6.5 the advection velocities calculated using
only the contribution of one single mode are shown in gure 6.25 in dependence on the mode
number. The gure reveals a drop of the advection speed aimy = 12. This implies that the
small-scale structures of the inner structure move with lower speed than the envelope.

To remove the motion of the envelope and the inner structure, appropriate choices are the
modes 1 and 16, respectively. The mod&6 is the right choice to obtain the speed of the inner
structure because in a computational domain withLy = 32 this mode number corresponds to
a spatial wavelength of2 which is almost the wavelength of the inner structure.

A zoom of the velocities obtained by usingmy =1 and my = 16 is shown in gures 6.25b
and c and reveals a small amplitude oscillation. However, the mean values of the advection
velocities are quite di erent. The result for my = 16 is close to the advection speed obtained
using the Euclidean scalar product calculation and yields an advection speed of abo(t325.
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Figure 6.27: Spatio-temporal plot of the magnitude of the spanwise velocitywj for POg at
Reg = 1410. Panel a) shows the situation in the lab-frame. In b) and c¢) comoving frames
obtained by using modemy =1 and my = 22 are shown.

The advection speed formy = 1 is about 0:49 and therefore much larger. We want to check if
the speeds obtained using the mode 1 and 16 do really yield a frame of reference that is comoving
with the envelope and the inner structure, respectively. Therefore, spatio-temporal plots of the
energy densityE» (X) (see equation 6.4) are regarded. Figure 6.26a shows the situation in the
lab frame. In this frame of reference the orbit is obviously travelling in streamwise direction.
In gure 6.26b the frame of reference is moving with an advection velocity obtained by the
streamwise modemy = 1. In this comoving frame the localized structure is obviously not
advected. The inner structure is dynamically active and travelling through the envelope. The
frame of reference in gure 6.26¢ is comoving with the advection velocity obtained by using
mode my = 16. In this frame of reference the localized structure is still moving in streamwise
direction albeit slower the in the lab-frame. However, the inner structure is almost stationary.

For the streamwise localized edge stat® Og discussed in section 6.2 it is also possible to
nd comoving frames for the envelope and the inner structure. In gure 6.27 spatio-temporal
plots of the absolute value of the spanwise velocity are shown for the lab-frame and frames
moving with the speed of the envelope and the inner structure, respectively. For this orbit
we use mode number22 to calculate the speed of the inner structure. This mode number
corresponds to a wavelength of abou®:1 what is close to the wavelength of the inner structure
(compare gure 6.5 in section 6.2). The gure reveals that also forP Og the method captures
the two di erent velocities of the orbit quite well.

In this subsection it was shown how the method of comoving frames can be adapted to obtain
comoving frames that correspond to structures of di erent spatial extension. For localized exact
coherent structures the method does well separate the dynamics of the inner structure and of
the envelope. The method can easily be enhanced. For example, for a structure having more
than one length scale in the inner structure more modes can be used to give a more accurate
value for the advection speed. Possibly, the described approach can also be used to analyze
localized spreading turbulence and the interaction between small and large scales within this
process.
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6.7. Streamwise localized turbulence

6.7 Streamwise localized turbulence

In this section streamwise localized turbulence in PPF is investigated. To trigger a localized
turbulent structure the streamwise localized periodic orbit POg in a computational domain
with Ly =64 ,L, =2 andaresolutionNy Ny, N, =768 65 80is used. The width
of the domain is chosen to be2 to ensure that the turbulence is space lling in spanwise
direction.

When the initial condition is integrated forward in time, a localized turbulent structure
develops. Depending on the Reynolds number three dierent kinds of streamwise localized
turbulence can be found. At Reynolds numbers aroundl250 a localized turbulent structure
develops that is short and does not grow in length. The energy densities, shown in gure 6.28a,
have a maximum in the tail of the structure. Furthermore, the decrease rather steep in the tail
and at in the head of the structure. According to these properties, the localized turbulent
structures are comparable to pu s in pipe ow (Wygnanski et al., 1975).

For higher Reynolds numbers it is only possible to nd localized turbulent structures that
increase in length and none that keep their size. For this manifestation of localized turbulence,
the energy density does also show a maximum close to the tail together with an steep decrease
in the tail and a slow decrease in the head. A snhapshot of the energy densities for these kind
of structure at Reg = 1410 is shown in gure 6.28b.

At even higher values ofReg, e.g atReg = 1890, the turbulent region grows faster in length
and the energy densities now also have a maximum in the head of the structure. In gure 6.28c
the instantaneous energy densities for these kind of structure aReg = 1890 are shown.

The two growing structures are comparable to the turbulent slugs in pipe ow. The obser-
vation of two di erent kinds of slugs is in concordance with the case of pipe ow where this
has also been reported (e.g. Duguet et al., 2010b). Henceforth, the nomenclature used by Song
(2014) is taken over and the two slug like structures are calledlug | and slug Il. For the three
manifestations of localized turbulence in gure 6.29, spatio-temporal plots of the streamwise
energy densities of the velocity components,

1 zZ,,Z

Eorw(x) = a,
VA

1
u? dydz; (6.13)
1

(here given for the streamwise component) are shown in a frame co-moving with the mean
velocity Ug of the ow.

The pu (gure 6.29a) moves slightly slower than the mean ow. The tail of the pu
shows a steep increase dE, (x) for all times. In contrast, in the head the decrease of the
energy densities is rather at for all times. The speed of the tail shows only weak uctuations
compared to the head.

For the slug | at Reg = 1410 (gure 6.29b) in the tail the decay of E- .,(X) is similar to the
decay of the pu. The leading edge is less well de ned than the trailing edge due to the atter
decay ofE- .,(x). The mean speeds of the leading and trailing edge are di erent. For the slug
shown in the gure the speed of the leading edge is almost the mean uid velocity which is not
a generic feature of a slug I. For other values dReg, it is possible to nd slugs of type | whose
leading edge moves with a mean speed di erent from the bulk velocity.

For the slug Il at Reg = 1810 ( gure 6.29c) the speeds of both edges show a strong deviation
from the mean uid velocity and therefore in the moving frame the structures spread in both
the up- and the downstream direction. Furthermore, for this type of slugs the uctuations of
the leading edge velocity are smaller than for the type | slug.
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6. Streamwise and doubly-localized states

In some rare cases a phenomenon comparable to the splitting of pu s in pipe ow can be
observed. As in pipe ow (Nishi et al., 2008) the splitting appears in the front of the structure.
A spatio-temporal visualization of a splitting event at Reg = 1270 is shown in gure 6.30. The
gure reveals that a small amount of cross- ow motion originating from the front edge triggers
a new pu in some distance to the original one. The new generated pu has the same speed as
the old one.
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Figure 6.28: Energy densitiesE, ., (red), E, ., (blue) and E, . (green) of localized turbulent
structures. The densities of the spanwise and wall-normal velocity component are multiplied
by a factor of ten. In dependence on the Reynolds number three di erent kinds of localized
turbulence can be found. The Reynolds number for a) i425Q for b) it is 141Q and for c) it
is 189Q The structure in a) is pu -like. The structures in b) and c) are comparable to slugs
and di er in the form of the leading edge.
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Figure 6.29: Spatio-temporal plot of the streamwise energy density for localized spreading
turbulence for di erent values of Reg.

Inspection of the ow structure of spreading turbulence reveals that at the interface between
laminar and turbulent motion pronounced hairpin vortices are present. In gure 6.31 this
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Figure 6.30: Spatio-temporal plot of the energy densities showing the splitting of a pu at
Reg = 1270.
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Figure 6.31: In panel a) a localized turbulent patch atReg = 2519 is visualized by iso-surfaces
of the Q-vortex criterion. The value of Q used for the iso-surfaces i9:9. The surfaces are
color coded according to their wall-normal position form 1 (blue) to +1 (red). Panels b) -
d) show side-views of a spreading turbulent slug in distances df00 advective time units. The
plots show iso-surfaces of the Q-criterion @ = 0:9) which are color coded according to their
wall-normal position.

phenomenon is illustrated for a spreading turbulent slug in a domain withL, =2 at Reg =
2519 In the left panel the visualizations of iso-contours of the Q-vortex criterion reveal a line
of hairpin vortices at the trailing edge of the slug. The side views of the slug for di erent times
shown in gure 6.31b-d demonstrate that the appearance of the hairpins at the tail is not a
once-only but a recurring phenomenon. Evidences for this kind of continuous generation of
hairpin vortices have also been observed in experiments on localized pipe ow turbulence (van
Doorne and Westerweel, 2009).

A critical Reynolds number for spreading turbulence

With the goal to determine the Reynolds humber where streamwise localized turbulence starts
to spread, which marks the transition from pu s to slug I, the dependence of the front speeds is
investigated quantitatively. For Reynolds number between1200and 220Q localized turbulence
is triggered by the disturbed periodic orbit POg. Using a threshold Ey in E, (x) of 0:006
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Figure 6.32: Speeds of laminar turbulent front vs. Reynolds number. The red and blue circles
show the speed in the front and the tail of a localized structure, respectively. The dashed green
line shows the value of the bulk velocity for comparison.

the positions of the leading and trailing edge are determined. By tting these positions to a
function linear in time the average speeds of both fronts are obtained.

If at some point the head and the tail of the structure connect due to the periodic boundary
conditions, only fronts up to a distance of200time units to the connection are used for the t.
Furthermore, the rst 100 time units after the transition (time where Ey is exceeded for the
rst time) are ignored for the t.

For each performed simulation the speeds of the front and the tail are plotted in gure
6.32. The exact value of the transition from pu s to slugs is di cult to determine. With the
obtained data it is possible to limit the Reynolds number for this transition to an interval in
Reg between1250and 135Q

In an extensive study Song (2014) was able to determine the front speeds for pipe ow to
high accuracy. Using the pipe ow model developed by Barkley (2011) they were able to model
the occurrence of the two kinds of slugs and the transition from pu to slug motion.

Are there di erences depending on the route to turbulence?

A question that arises is, if the properties of localized turbulent structures are the same re-
gardless if the initial seed triggered a TS-like transition or a bypass transition. To answer this
question, a localized turbulent state that developed out of the streamwise localized periodic
orbit P Og is compared to one developed out of a streamwise localized TS-wave. For both cases
the spanwise energy density is shown in a spatio-temporal plot in gure 6.33. At this Reynolds
number both transition scenarios result in a type Il slug with a leading edge characterized by
a high maximum of the spanwise energy density and a trailing edge with another but less high
maximum of the spanwise energy density. Furthermore, for both cases abote= 500 a mini-
mum of E exists in short distance to the leading edge. The energy densities of the remaining

84



6.7. Streamwise localized turbulence

two velocity components do not reveal any di erences between the localized structures.
Although the exact process of the transition is di erent, the simulations suggest that the
localized turbulent structures obtained by TS and bypass transition are the same.

a) Bypass transition b) TS transition
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Figure 6.33: Spatio-temporal plot of the energy density of localized spreading turbulence ini-
tiated by a localized TS-waves (a) and the localized edge state Og (b). In both cases the
Reynolds number is252Q
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Chapter 7

Talls of localized structures

7.1 Introduction

In the last chapter various localized structures were discussed. The ndings on the decay in the
streamwise and spanwise tails of the states were ambiguous. For states with pure streamwise
localization (see section 6.2 foP Og and 6.5 for the localized TS-waves) the results clearly
indicate that the decays in the front and the tail are exponential over a large distance. Similarly,
for ECS with pure spanwise localization (see section 3.2 fof Wg and 3.3 for the bursting
periodic orbits) an exponential decay in the tails could be identi ed. However, the study of the
doubly-localized solution in section 6.3 revealed that the decay in spanwise direction is better
described by a power law. A detailed form of the tails of localized ow structures is crucial
for the understanding of spatio-temporal intermittent ows since algebraic tails can allow ow
structures to interact over larger distances than exponentially decaying tails.

There exist ideas to describe the spatially and temporally intermittent turbulence by a
stochastic process namedlirected percolation (e.g. Pomeau, 1986; Moxey and Barkley, 2010;
Allho and Eckhardt, 2012; Shi et al., 2015). in this context, a detailed knowledge of the tails
could be important because a necessary condition for directed percolation to occur is the sole
presence of short range interactions (Hinrichsen, 2000).

It is shown that in the tails of localized structures both kinds of decays can be found.
Exponential decay can be observed for short distances, while a power law becomes visible for
large distances.

In their recent paper Brand and Gibson (2014) reported a doubly-localized equilibrium
solution for PCF that appears to be exponentially localized in the spanwise and streamwise
direction. They proposed a model equation for the tails which allows to predict the decay rate
and the pro les in the tails. An adaptation of this model for PPF is discussed in section 7.2.
This model describes the tails of streak dominated localized states in PPF and shows that, at
least for some range, the tails of streamwise localized states are well described by an exponential
decay.

Using simulations of a turbulent spot in PPF, the localization of doubly-localized turbulent
states in large domains is explored. The simulations show that in the far tails of localized states
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the decay follows a power law.

7.2 The Brand & Gibson-model for plane Poiseuille ow

For plane Couette ow Brand and Gibson (2014) proposed an equation that models the stream-
wise velocity componentu in the streamwise tails of their doubly-localized equilibrium solution.
They analyzed the terms of the Navier-Stokes equation and found that only a few contribute
in the tails of their localized equilibrium. For plane Couette ow these dominant terms are:

y@u = Re Y(@yu+ @,u): (7.1)

For the case plane Poiseuille ow the term on the left side must be changed ttl  y?)@u due
to the di erent base ow. Additionally, a term @u has to be added on the left side because in
contrast to PCF streamwise localized states in PPF are always advected. Thus, for PPF the
equation modi es to:

@u+(1 y>)@u=Re }@u+ @u): (7.2)
As ansatz for the ow eld we use
u(x;y;z;t) = u(y)expliz (x ct)=Re]: (7.3)

This ansatz is periodic in spanwise direction with wavenumber , moves in streamwise direction
with the constant wavespeedc, and decays exponentially in streamwise direction with a decay
constant =Re . Substituting the ansatz in equation 7.2 we obtain:

u® (2 @ y?> co)u=o0: (7.4)
A general solution of this ODE that can be found usingMathematica is

U=aD 2., s RY)+EDD ayey oG V) (7.5)
— —

where D (z) are parabolic cylinder functions. The boundary conditionsu( 1) = 0 determine
and the relative values ofa and b as a function of and c. To nd non-trivial solutions for
this equation, we need to nd roots of the function

©
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Application to P Og

As a rst example we investigate the periodic orbit P Og in a domains with a streamwise length
of 116 and a spanwise width of2 ( =1:0). At Reg = 1100 the wavespeed of the structure
isc=0:8499 The function f ( ) for this value ofcand =1 is shown in gure 7.1. The pro le
for the rootat = 54:93is asymmetric and therefore it does not tto POg. The pro le for

= 4900is a good approximation to the tail of POg and the prole for =57:20 ts to
the head of the orbit. Plots of the pro les obtained by the theory for dierent  and from the
DNS data (at the z position of the low-speed streak) are shown in gure 7.2a and b for the
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Figure 7.12:f( ) vs. for =1:0andc=0:8499
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Figure 7.2: Normalized pro les in the tail of the orbit for various values of . The lines are the
data for POg at Reg = 1100 obtained by DNS for di erent streamwise positions. The pro les
for =1:0and =1:5are good approximations of the DNS data.

tail and the front of the structure, respectively. The best agreement between the theoretical
and the DNS pro les is obtained for wavenumbers betweeri:5 and 1:7 which is a consequence
of the fact that the low-speed streak has a width that is smaller than .

In gure 7.3 the L}, -norm of the streamwise velocityu (maximum of overy of juj) is shown
versus the streamwise coordinate at the spanwise position of the low-speed streak. The red
lines in the plots are the exponential decay with the decay constants obtained by the model.
Exponential ts ( exp x=Re ) to L}, (u) yield = 5393in the tailand =58:03in the head
of the structure. Thus, the real course of the decay and the predicted decay out of the model
agree quite well, which shows that the adapted Brand&Gibson-model is able to describe the
streak decay in the tails of localized structures in PPF.

Application to localized TS-waves

As a second example the implications for the case of a streamwise localized TS-wave (see section
6.5) are discussed. The wavespeed of a localized TS-waveReg = 3000 is 0:54788 The slow
decay in the head is well approximated by an exponential decay with=Re = 0:0355what
yields pns = 10650. In the tail of the structure L}, (u) is modulated due to the underlying
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Figure 7.3: Maximum of the streamwise velocity componenu at the spanwise position of the
strong low-speed streak versus streamwise positian for the orbit POg at Reg = 1100. The
red solid lines show the exponential decay predicted by the theory.
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Figure 7.4:f( ) vs. for =0:0andc=0:54788

roll structures. A good exponential t to L)l, in the tail is obtained for =Re = 0:124yielding

bns = 372:40. The function f( ) for c = 0:54788and = 0 is shown in gure 7.4. The
negative root that is closestto pns is = 235:40. But even this value deviates strongly from
the actual decay. For the front of the orbit the root at = 123:18is close to the real decay.
The pro le corresponding to this root is compared to the actual prole in gure 7.5. They
match only qualitatively and deviate strongly in the positions of the minima.

The example of the localized TS-wave demonstrates that the model only describes the tails
of localized states that are dominated by streaks. Because in the TS-wave no streaks are present
the model has to fail. More precisely, for the localized TS-waves the terms@u and v@u, that
contribute to the streamwise velocity, are of comparable strength. Thus, the neglect of@u is
not justi ed which causes strong deviations between the DNS data and the model.

Dependence of the decay rate on the wavespeed

The examples of the localized TS-wave that has a quite low wavespeed 054 showed that

the root of f () at negative values of moves to lower values with decreasing. This raises
the question on the dependence of the decay rate on the streamwise wavespeed of a state. For
a xed spanwise wavenumber = 1:0 the dependence of the relevant roots of ( ) on c is
studied. The roots corresponding to the slowest decays in the tail and at the front are shown
in dependence on the wavespeedin gure 7.6.
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Figure 7.5: In a) normalized pro les of the streamwise velocity for two di erent positions in
the head of the localized TS-wave are shown using solid and dashed black lines. The pro le
resulting from the model for = 0 is shown using red circles. In panel b) for the localized
TS-wave at Reg = 3000 the maximum of the streamwise velocity is shown dependent on the
streamwise coordinatedx. The positions of the pro les shown in a) are indicated by solid red

lines.
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Figure 7.6: Positions of the roots off ( ) in dependence on the wavespeed Solid and dashed
lines are used when the corresponding pro les are symmetric and asymmetric, respectively.
The roots which yield the best ts to TWg at Re = 1100 are marked using red circles.

For low values of c the model predicts that streak dominated structures should show a
steep exponential decay in their tails. The corresponding pro les are strongly localized near
the walls can be expected for structures with low wavespeeds. For high values ofstreak
dominated states will show a steep decay in the front and a long tail.

Dependence of the decay rate on the wavenumber

The roots of f ( ) and thus the decay rates depend also on the spanwise wavenumber. For
three di erent wavespeedsc the dependence of a root of ( ) on the wavenumber is shown
in gure 7.7. The root is the one at negative value of with a symmetric prole and the
smallest absolute value of . For the investigated wavespeeds the absolute values of grow
with increasing spanwise wavenumber or decreasing spanwise wavelength. Thus, for states
with high spanwise wavenumbers, becomes large allowing for large decay constantsRe
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Figure 7.7: Dependence of the root of ( ) at negative values of with a symmetric pro le
and smallest absolute value on the wavenumber.

and strong localization even at high values oRe. The three-dimensional streamwise localized
orbits presented in section 6.5 are ECS where this e ect is present.

7.3 Algebraic decay in the tails of turbulent spots

While there is no doubt that in the tails of exact solutions which are only localized in streamwise
direction an exponential decay over a large range is visible (see sections 6.2 and 6.5), the
situation is di erent in the spanwise tails of doubly-localized states. The results in section
6.3 show a good agreement with an algebraic decay in spanwise direction, but in streamwise
direction the decay is still rather exponential.

The fact that for the doubly-localized state an algebraic decay is only visible in the spanwise
direction might be due to a too small value of the streamwise domain length. Since further
increasing the domain size for the doubly-localized orbit is di cult because of the computational
cost and the poor convergence of the Newton-method, a di erent approach is used to investigate
the localization in large domains. At Reg = 2000 a small turbulent spot in a domain with
Lx = L; = 112 and with a coarse resolution ofNy Ny N; = 1120 33 1456is
simulated. We generate a random perturbation and overlay a window-function to obtain a
localized perturbation. The resulting ow eld is integrated forward in time. For dierent
times the decay of the streamwise energy densities in the tails of the spot are shown in gure
7.8. The turbulent spot shows an algebraic decay in the tails in streamwise as well as in
spanwise direction. As done in section 6.3 algebraic decays,

E(z)= A(z *+(L; 2z) HandE(X)= B(x 2+(Lx Xx) 2); (7.7)

are tted to the data. The results are shown in the gure using black lines and agree well with
the actual decay. The exponents obtained by the t procedure vary betweerl:6 and 2:1.

If the used computational domain is too small, the algebraic decay is masked by the expo-
nential. The reason for the algebraic decay is that in the far tails the decay of the large-scale
ow (Schumacher and Eckhardt, 2001; Lemoult et al., 2013; Duguet and Schlatter, 2013) around
the turbulent spot is the dominant process. As already state in section 6.3 these large-scale
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7.3. Algebraic decay in the tails of turbulent spots
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Figure 7.8: Decay of the streamwise energy density in the streamwise (solid) and spanwise
(dashed) tails of a turbulent spot at Reg = 2000 at t = 20 (green) andt = 50 (blue). The
black lines show ts of A(z *+(L, 2z) 1) andB(x 2+(Ly Xx) 2)tothe decays.

ows typically have a quadrupolar shape and as for their analogues in electrodynamics they
decay algebraically.

The conjecture that the large-scale ow is responsible for the algebraic decay is supported
by the fact that the localized TS-wave which due to its two-dimensionality does not allow for
a large-scale ow, shows an exponential decay of the velocity components over ve orders of
magnitude (see gure 6.22). In the presence of shear, a three-dimensional state always includes
a large-scale ow because it acts as an obstacle for the ow. Thus, the streamwise localized
orbit P Og shows deviations form pure exponential decay in the tail and the front (see gure
6.8).

As the magnitude of the ow in the algebraic tails is quite low, the interaction of localized
ow structures over large distances is very weak. The algebraic decay becomes only visible
where the energy density is three orders of magnitude lower than in the turbulent region.
Therefore, the requirement of short range interactions necessary for the existence of directed
percolation is ful lled despite of algebraic tails.

93






Chapter 8

Summary of the results for plane
Poiseuille ow

8.1 Critical Reynolds numbers for plane Poiseuille ow

As explained in chapter 2 there are di erent ways to de ne Reynolds numbers for PPF. The
de nition based on the bulk velocity (Reg) is most suitable when simulations or experiments
operate with a constant ow rate while the pressure gradient based formulation is advantageous
if the pressure gradient Rep) is xed while the ow rate might vary over time. For the laminar
ow, Reg and Rep are identical, but for other exact solutions they di er in general. This is
of particular importance for the transition process. If two systems operating at xed ow rate
and at xed pressure gradient and whose Reynolds numbers coincide for the laminar state
become turbulent due to nite amplitude disturbances, the behave subtly di erent since the
state space structures are dierent. The dierences of the state space are due to disparate
sets of ECS (see section 3.2). In particular, the existence or non-existence of a particular ECS
contributes to the di erent state space structures. For the ECS that were identi ed in this
thesis, the critical Reynolds number for their appearance are arranged. In addition, we collect
the relevant Reynolds numbers for states and e ects that were not studied in dependence on
the geometrical parameters but only for xed values ofLy and L.

As already mentioned, for the laminar state the Reynolds numbers based on the pressure
gradient and on the bulk ow are the same. Furthermore, the instability occurs in both case at
a Reynolds number of57722. The Tollmien-Schlichting waves that bifurcate subcritically from
the base ow can be tracked down toReg = 2610 and Rep = 2941. The study of the spatially
extended, three-dimensional ECS in section 3.2 showed that they appear at a quite low values
of Reg and Rep. The lowest critical Reynolds numbers for the appearance is achieved farwWg
where the values ofReg and Rep are 317 and 339, respectively.

For which Reynolds number the localized orbitP Oz appears depends on the spanwise
width of the computational domain. The lowest value of Reg is 10185 which is achieved for
L, = 1:75 . Localized TS-waves appear at higher values dReg and Rep. The Reynolds
numbers for their appearance are independent ok, due to the two-dimensionality of the
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8. Summary of the results for plane Poiseuille flow

localized TS-waves. The turning points of these orbits lie alReg = 2334 and Rep = 2373.

An overview of all relevant Reynolds numbers for ECS is given in table 8.1. In addition
the table contains the stability of the laminar ow, the critical Reynolds number (based on the
bulk ow) for the streamwise spreading of localized turbulence that was found in section 6.7,
the Reynolds numbers for the rst boundary crisis in the symmetric subspace, and the lowest
Reynolds number where the periodically bursting states discussed in section 3.3 were found.

H Res:min ‘ L x ‘ L, H Rep:min ‘ Lx ‘ L,
TWrs 2610 1.48 - 2941 1.53 -
Loc. TS-waves 2334 - - 2373 - -
TWEg 316.8 2.8 2:95 339.1 | 29 3:.05
PO 1018.5 - 1.75 1023.18 - 1.75
Instability of Lam. State 5772.22 | 1.96 - 5722.22| 1:96
Bursting edge states 2100 0:4 - - -
Spreading Turb. 1300 50 - 2 - - -
1st Crisis Bif. 785.95 2 1 1710 2 1

Table 8.1: Critical Reg and Rep for exact coherent structures and the laminar pro le. In ad-
dition, the relevant Reynolds numbers for the rst crisis bifurcation in the symmetric subspace,
the onset of spreading turbulence, and the occurrence of periodically bursting edge states are
given.

8.2 Summary and outlook

In the rst part of this thesis subcritical turbulence in plane Poiseuille ow and occurring
localized states were discussed. This chapter presents a brief synopsis of the main ndings and
an outlook including recommendations for future research.

Exact coherent states and minimal Reynolds number for their existence

Various exact coherent states of PPF were identi ed. Especially, it was shown that the edge
state of this ow strongly depends on the geometrical parameters of the computational domain.
In periodic domains with quite small streamwise and spanwise wavelengths the edge states are
periodic orbits with complex temporal dynamics and long periods which are localized in wall-
normal direction and which are quite reminiscent of those found in parallel boundary layers.
Due to their long periods, it was not possible to track these orbits by standard continuation
techniques. Thus, it was not possible to obtain the upper branch states which possibly are more
relevant for the turbulent dynamics. Potentially, the upper branches of the bursting orbits can
be identi ed in future work using multi-shooting methods (Sanchez and Net, 2010).

In addition to these periodic states, several relative equilibrium solutions were found using
edge tracking and bifurcation analysis. The Reynolds numbers at which the ECS appear were
studied in dependence on the geometrical parameters. It turned out that they can be found for
Reynolds numbers as low aRkeg = 317 which is far below the onset of subcritical turbulence.
However, it remains unknown if this is really the "maximal Reynolds number below which
no coherent states can exist" (Eckhardt, 2008). It is not possible to determine this Reynolds
number for a real physical system. Only for low-dimensional models, as the one introduced by
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Moehlis et al. (2004b), it is possible to nd all existing ECS and thus to determine the lowest
Reynolds number for which ECS can exist (Pausch et al., 2014).

Unfortunately, up to now there are no simple physical arguments for the appearance of
ECS in plane Poiseuille, plane Couette or pipe ow. It would be nice to nd such a simple
and elegant argument as for Rayleigh-Bénard convection where the mechanism behind the
instability of the laminar state and the appearance of a secondary convection solution have a
physical foundation in the fact that viscous forces are outbalanced by buoyancy forces if the
Rayleigh number exceeds a certain value (e.g Bergé and Dubois, 2006).

Origin of subcritical turbulence

It was shown that a bifurcation cascade starting at an exact coherent structure not related to the
instability of the laminar state creates a chaotic attractor in PPF. Crisis bifurcations contribute
to the increase of the complexity of the attractor and transform the chaotic attractor into a
saddle that shows characteristic exponentially distributed lifetimes. Thus, the same mechanism
for the generation of subcritical turbulence formerly found for pipe and plane Couette ow could
be identi ed for PPF.

Although the attractor is chaotic, its dynamics are less complex than those of genuine
turbulence due to the symmetry constraint and the small size of the periodic domain. Possibly,
the spatio-temporal complexity could be increased by a merging of di erent attractors. As it
was shown this phenomenon is theoretically possible, because attractors with di erent spatial
wavelength exist. However, a merging of two attractors with di erent spatial wavelength has
not yet been observed. In large computational domains it might be possible to nd a bifurcation
cascade starting at a localized exact solution as it was found for the case of pipe ow (Avila
et al., 2013).

Bypass and TS transition

In PPF two scenarios for the transition to turbulence coexist. Above the linear instability,
the Tollmien-Schlichting transition (TS transition) dominates especially for small disturbances.
Because the instability of the base ow is subcritical, TS transition can also occur beloviReg; .
A second path to turbulence is provided by bypass transition which is predominant in the
subcritical range but also exists aboveRe; . In this transition process no TS-waves appear.
Using the relevant ECS for both transitions, the TS-waves and the edge stat& Wg for bypass
transition, it was possible to obtain an improved picture how both transition scenarios coexist in
the state space. The state space investigation revealed that, though possible in the subcritical
range, only a small amount of initial conditions becomes turbulent via TS transition. With
increasing Reynolds number the transition becomes more important. In the supercritical range
the TS transition is realized for all initial conditions with small amplitude. Bypass transition
does always coexist with TS transition and is generally a much faster way to turbulence. Both
scenarios can lie in close proximity in the state space. For Reynolds numbers aboRe; , the
stable manifold of the bypass edge stat@ Wg separates TS and bypass transition. This implies
that tiny changes of the amplitude of an initial condition can change the type of transition which
in turn changes the time required to reach the turbulent state drastically.

Furthermore, by using the bypass edge statd Wg it was possible to determine a scaling for
the threshold required for bypass transition. It was found that the threshold amplitude decays
at least asRe 93,
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8. Summary of the results for plane Poiseuille flow

The phenomenon of coexisting transition scenarios is no unique property of plane Poiseuille
ow. It can be observed in other ows as the Blasius and the asymptotic suction boundary
layer. In these ows the state space structure is presumably akin to plane Poiseuille. Analogous
investigations of the state space of these ows could be used to support this conjecture.

Localized states

Di erent spatially localized exact solutions for PPF were found. Among these states the rst
doubly-localized relative periodic orbit for a plane shear ow should be emphasized. The orbit
was identi ed by tracking a streamwise localized orbit that is an edge state in narrow domains
to wider domains. During the tracking in domain width the state localized spontaneously
without bifurcation. The doubly-localized state shows a quadrupolar structure of the large-
scale ow. In its spanwise tails the decay of the velocity eld is in agreement with a power law.
In additional simulations of turbulent spots it was also observed that the decay in the tails
follows a power law. The algebraic decay in the tail of doubly-localized states (turbulent states
and exact solutions) might be related to the decay of the large-scale ow. The decay in the
tails could be quanti ed by future investigations. An interesting question in this context is the
dependence of the decay on the size of the localized state and how the decay di ers between
Couette and Poiseuille ow.

Because of the very high computational costs, the upper branch of the doubly-localized
state has not yet been identi ed. In further computations the upper branch hopefully will be
found which possibly can help to understand how localized turbulence is created.

A widespread mechanism for the creation of streamwise localized exact solutions seems to
be the long-wavelength instability that was found to occur for the TS-wave and the traveling
wave edge statel We . Given the multitude of known exact solutions for plane Poiseuille, plane
Couette and pipe ow, this mechanism provides a systematic approach for nding further
localized states.

Studying localized Tollmien-Schlichting waves, it was possible to nd streamwise localized
solutions of di erent length. Similarly, relative periodic orbits with di erent streamwise extend
that resemble the localized edge stat® Og were found. Such states are relevant because they
might contribute to the understanding of the spreading of localized turbulence. One could
imagine that turbulence spreads along a sca old formed by such exact solutions of di erent
length. In particular, one question that arises in this context is, if a phenomenon similar to
homoclinic snaking that was shown to exist in spanwise direction (Schneider et al., 2010a) also
exists for solutions localized in the streamwise direction.

The study of streamwise localized turbulence in plane Poiseuille ow revealed that the
system behaves quite similar to pipe ow if the domain is narrow. Structures analogous to
turbulent pu s exist as well as two kinds of slugs. Furthermore, as in the case of pipe ow the
splitting of pu -like structures can be observed. The existence of decaying and splitting pu s
allows to de ne critical Reynolds numbers for the onset of turbulence based on the characteristic
time scales of both processes as was done for pipe ow by Avila et al. (2011). The similarity
to pipe ow diminishes in wide computational domains where stripe patterns can develop. An
investigation how the stripe patterns appear if the domain width increases should be part of
future research.
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Part |l

The asymptotic suction boundary layer
over a heated plate
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Chapter 9

Introduction to the system

Thermal boundary layers occur in case of a ow over a heated surface. They develop in simple
model systems such as Rayleigh-Bénard convection at higRa where they have been in the
focus of many studies. They also appear in nature where the atmospheric boundary layer or
the convection within the earth's mantle are examples.

The importance of thermal boundary layers arises from the fact that they have a large in u-
ence on the heat transfer (and thus the Nusselt number)(Ahlers et al., 2009). In particular, the
coherent structures that appear in form of plumes inside of the boundary layer contribute to the
heat ow (Grossmann and Lohse, 2004). For the geophysical application of thermal boundary
layers, coherent structures are also of accentuated importance. For example, instabilities of the
atmospheric boundary layer lead to the formation of convection rolls which can be observed in
form of cloud streets (Etling and Brown, 1993). Inside of the earth's mantle coherent structures
arise in the form of thermal plumes (Montelli et al., 2004) which are of special interest because
of their contribution to the heat transport.

For the case of velocity boundary layers the study of parallel boundary layers such as
the asymptotic suction boundary layer (ASBL) o ers a possibility to investigate the coherent
structures inside of a boundary layer, since, in contrast to the spatially developing Blasius
boundary layer, the ASBL allows for the existence of exact coherent structures (ECS). It
is easier to study and characterize these ECS than coherent structures that are not exact
solutions. So far, several of these ECS of the ASBL, travelling waves and periodic orbits, have
been identi ed and studied (Kreilos et al., 2013; Khapko et al., 2013, 2014; Deguchi and Hall,
2014; Jelli, 2014).

The studies of iso-thermal ASBL inspired the idea of using a parallel thermal boundary layer
to improve our understanding of ECS and the dynamics inside of thermal boundary layers. A
parallel thermal boundary layer is realized by the ASBL over a heated plate, henceforth referred
to as TASBL. This is the ow over a heated plate at constant temperature through which uid
is homogeneously sucked with a speedVs. In in nite distance to the plate the uid has the
velocity U; relative to the plate and the temperature di erence of the plate and the uid in
in nite distance is Tp. A schematic sketch of the system is shown in gure 9.1.
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Figure 9.1: Sketch of the ASBL with heated plate. The temperature di erence between the
plate and the ow in in nite distance is To = T1 T2. Inin nite distance to the plate the ow
moves with Ug in streamwise (k-) direction. In red an blue the shapes of the laminar pro les
of the temperature and of the streamwise velocity are indicated, respectively.

The ow is governed by the Overbeck-Boussinesq equations (Landau and Lifschitz, 1991):

@+(gr)e=r1 p+t B+ g ®e3; (9.1)
@ +(& r )" = T (9.2)
rg=0; (9.3)

In these equations is the kinematic viscosity, is the thermal di usivity, s the thermal ex-
pansion coe cient, g is gravitational acceleration, and& and ~are the velocity and temperature
elds, respectively. For the given boundary conditions of the system,

uy=0=0 uly=1)= U (9.4)
viy=0)= Vs (9.5)
(y=0)=To (y=1)=0; (9.6)

one easily derives the stationary laminar pro les for the velocity and temperature eld
O(x;y;z) = (U(y); Vs;0)with U(y)= Uy (1 e VY7 ); (9.7)

T(xy;z)=To e 57 : (9.8)

A characteristic length scale of the system is the displacement thickness (Schlichting and Ger-

sten, 1997) 7
- e YWy 9.9)
0 Uz Vs

The dimensionless numbers characterizing the system are the Reynolds, Prandtl and Rayleigh
number given by the following de nitions:

U U
= = 7

g 3To

Re Pr= - Ra=

: (9.10)
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Figure 9.2: lllustration of the role of the Prandtl number for TASBL. The red lines show
the streamwise component of the base owJ and the blue lines the temperature prole T,
respectively. For Pr = 1 the thermal and the viscous boundary layer have equal thickness.
For Pr < 1 the thickness of thermal boundary layer is larger than then the one of the velocity
boundary layer. For Pr > 1 (e.g. water and oils) it is the other way around.

We make the equations dimensionless by measuring lengths in units of time in units of
2= (what corresponds to measuring velocities in units of= ) and temperature in units of
To=Ra.

@thot + (ot I )thot = I P+ Pr tio + PrRa (o €s; (9.11)
@ tot +(thot ') tot = tot ; (9.12)
r o =0: (913)

With the above choices for the dimensionless units the laminar pro les become:
O(x;y;z)=(U(y); Pr;0)with U(y)= PrRe (1 e?) (9.14)

and T(x;y;z)= Ra e P'V: (9.15)

Regarding the dimensionless temperature pro le it becomes evident that the thicknessy,

of the thermal boundary layer is inverse proportional to the Prandtl number.
1

th = 5 (9.16)
Thus, the Prandtl number de nes the ratio between the thickness of the velocity boundary
layer and the thermal boundary layer. In gure 9.2 the e ect of Pr is illustrated. For values
of Pr smaller than one (e.g air and liquid metals) the thermal boundary layer is much thicker
than the velocity boundary layer. For Pr = 1 both have the same thickness, while foPr > 1
(e.g. water and oils) the thermal boundary layer is the thinner one.

Within this part of the thesis ASBL over a heated plate will be studied with a focus lying
on the ECS of the ow. For the numerical simulations of the system theChannel ow-code was
modi ed to handle suction through the walls and an additional temperature eld. A description
of the necessary modi cations is given in appendix A.1. In the numerical simulations the
wall-normal direction has to be truncated in some distancelLy. In this distance a plate at
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temperature T = 0 moving with speedU; is assumed and no-slip boundary conditions are
used. Thus, the base pro les are modi ed to

1 eV
U (y)= RePrm (9.17)
and R
_ a P Priy .

For Ly a value equal or larger than20 is used in the simulations making the di erences of the
prole real proles U(y) and T(y) and the proles U (y) and T (y) used in the simulations
negligible.

As for the case of PPF, the full velocity and temperature elds are decomposed in the base
ow and uctuation on top:

ot = T+ ; (9.19)
thot = U + H: (9.20)
If not explicitly stated di erently, only the uctuations and ¢ are visualized or used in

bifurcation diagrams.

The further outline of this second part of my thesis is as follows. First, in chapter 10 the
stability of the system is analyzed and the solutions bifurcating from the laminar state are
discussed. In chapter 11 the bifurcating tertiary solutions and their relation to the turbulent
ow are explored. By analyzing the superharmonic instabilities of the secondary solution the
origin of transient turbulence in the subcritical range is investigated in section 11.2. In section
11.3 equilibrium solutions of the system that are localized in one spatial direction are identi ed
and discussed. It will be shown that long-wavelength instabilities are of particular importance
for their generation. The relation of equilibrium solutions to plume-like dynamics in TASBL is
discussed in section 11.4.

In section 11.5 various doubly-localized equilibrium solutions are presented and for one
particular exact solution it is shown how it bifurcates from a spatially extended stationary
pattern.

Mean pro les of turbulent TASBL at Re = 0 are discussed in section 11.6. In section 11.7
it will be shown that the edge states of iso-thermal ASBL can be connected to the thermal
instability before | conclude in chapter 12 with a summary and an outlook.
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Chapter 10

Stability and secondary solutions

10.1 Introduction

Although for many ows such as pipe ow, plane Couette ow or plane Poiseuille ow linear
stability theory fails to predict or explain the occurrence of turbulent motion (e.g. Grossmann,
2000), an analysis of the stability of the base ow remains a reasonable starting point for
the investigations of TASBL. Thus, in this section the stability properties of the base ow
are calculated in dependence on the three dimensionless numbdRe, Pr and Ra and the
streamwise and spanwise wavenumbers. For each case the secondary solutions bifurcating at
the linear instability are analyzed.

10.2 Stability analysis for Ra=10

For the caseRa = 0 the system reduces to isothermal ASBL. Hocking (1975) showed that
the laminar pro le of ASBL has a linear instability at Re 54370for a critical wavenumber

= 0:1555 The fact that ASBL becomes unstable at such a high Reynolds number compared
to the Blasius boundary layer which becomes unstable aRe = 519:4 (Schmid and Henningson,
2001) impressively shows the stabilizing e ect of the suction. Milinazzo and Sa man (1985)
tracked the traveling wave solutions that bifurcate from the laminar prole and found that
they extend down to Reynolds numbers around300Q We recompute the stability curve using
Channel ow's Arnoldi-method, which is briey described in appendix A.2. To obtain the
stability curve the stability of the laminar state is calculated with a ne resolution in Re to
ensure that the relative error of the critical Re is of order 10 2. Squire's theorem (Schmid
and Henningson, 2001) ensures that a two-dimensional streamwise mode is the rst to become
unstable which allows to restrict on two-dimensional disturbances that are independent of the
spanwise coordinatez. The resulting critical Reynolds numbers that con rm the results of
Hocking (1975) and the more recent ones by Fransson and Alfredsson (2003) are shown in
dependence of the streamwise wavenumber in gure 10.1a.

The Tollmien-Schlichting-like traveling wave solution bifurcating subcritically from the lam-

inar ow at the point of the linear instability is tracked in Re for various values of the streamwise
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wavelength. The resulting solution curve is shown in 10.1b together with the bifurcation di-
agram for ky = 0:155 The minimal Reynolds number of the turning point is 3168 which is
achieved forky = 0:203 These results show that, as in the case of PPF, the two dimensional
waves connected to the instability of the base ow appear at Reynolds numbers much higher
than the observed onset of subcritical turbulence which was found to be @Re 270 (Khapko,
2014).

3) 56500 ! ! ! ! ! b) 3550
: : : : : 3500 .
56000 |- -
3450 i
_ 55500 |- i 3400 i
S & 3350 :
x @
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Figure 10.1: Panel a) shows the critical Reynolds numbeRegj; for Ra = 0. The minimal
critical Reynolds number that is achieved fork = 0:155 is marked by a red circle. In b) the
Reynolds numberRey;; of the bifurcation point of the bifurcating Tollmien-Schlichting-wave is
shown versus streamwise wavenumbdsy,. The inset in panel b) shows the bifurcation dia&ram
of the Tollmien-Schlichting-wave for ky = 0:157 using the amplitude a(t) multiplied by = Ly
on the abscissa.

Visualizations of the bifurcating two-dimensional solutions are given in gure 10.2 for dif-
ferent Reynolds numbers. Because in contrast to PPF the ow has no symmetry with respect
to the wall-normal direction y, the clockwise and counter-clockwise rolls behave dierent in
dependence orRe. Close to the bifurcation point at Re = 50000 ( gure 10.2a) the rolls are
almost symmetrical. When Re is decreased, the counter-clockwise roll disappears while the
clockwise roll survives but becomes narrower ( gure 10.2b).

10.3 Stability Analysis for Re=0

We now want to investigate the stability for the caseRe = 0. The obtained stability curves for
various Prandtl numbers, including the physical relevant onedPr =0.7 (air) and Pr=6 (water),
are shown in gure 10.3. In contrast to the case of Rayleigh-Bénard convection, the results show
a strong dependence on the Prandtl number and therefore on the relative size of the thermal
to the viscous boundary layer. For the casé’r =1 a critical Rayleigh number of 19:4705and

a critical wavenumber of 0:438 are obtained.

In gure 10.4 the critical Rayleigh and the critical wave number are shown depending on
the Prandtl number. The dependence of the critical wavenumber oPr is approximately linear
while the dependence of the critical Rayleigh number almost follows a power law with an
exponent of 3. At this point it is worth to remember the de nition of Ra. In the de nition
given in equation 9.10 the velocity boundary layer thickness is used. As illustrated in gure

106



10.3. Stability Analysis for Re= 0

a b

) 10 I I I I I I I i ) 10 I I I I I I I i
8l . 8l .
6| . 6| .

> >
41 . 41 .
2+ . 2+ .
0 1 1 1 1 1 1 1 Il 0 1 1 1 1 1 1 1 Il
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
X X

Figure 10.2: Visualizations of the TS-wave bifurcating from the base ow forRe = 50000 (a)
and Re = 8475 (b). In both cases the streamwise wavenumber i9:157. The direction of the
ow is from left to right.
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Pr=1.3
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Figure 10.3: Stability boundary for Re=0 and di erent values of the Prandtl number. For each
Prandtl number the lowest critical Rayleigh number is marked by a black circle.

9.2 for large values ofPr the thickness of the temperature boundary layer  is much smaller
than the one of the velocities. Therefore, the relevant length scale of the system ig,. We can
derive a Rayleigh number based ony by multiplication of Ra with 1=Pr® becauseRa / 3
and = y, = Pr. Furthermore, we can obtain a wavenumber based ony, by dividing the
wavenumber based on by Pr. The insets in gure 10.4 show the results of this change of
the length scale. For the wavenumber as well as foRa the change of the length scale leads
to critical values that reach a constant value for large values oPr. The critical wavenumber
kerivth  and Rayleigh number Ray, based on the thickness of the temperature boundary layer
that are asymptotically reached for large Prandtl numbers are0:363 and 14:3, respectively.

By using a Newton's-method (Viswanath, 2007) included in the channel ow package, it is
possible to identify ECS bifurcating at the linear instability and to continue them in Rayleigh
number. For a brief description of the used method see appendix A.3. It turns out that in
contrast to the case of Rayleigh-Bénard convection the bifurcation is subcritical. The bifur-
cating exact solution is an equilibrium solution which we refer to asR in the following. A
bifurcation diagram of R; for the critical wave number k¢t and Pr = 1 is given in gure
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Figure 10.4: In a) the dependence of the critical wavenumber on the Prandtl number is shown.
Panel b) shows the dependence of the critical Rayleigh number on the Prandtl number. The
insets show the same quantities but based on the thermal boundary layer thicknessg, instead
of the viscous one.

10.5a. The Rayleigh numbers of the turning points of the bifurcating solutions depend on the
wavenumber. In gure 10.5a this dependence of the turning point as well as the dependence
of the critical Rayleigh number on the wavenumber is shown. With decreasing wave number
the turning point moves to lower values ofRa and the subcriticality of the bifurcation becomes
more distinct. For small wavenumbers it becomes di cult to determine the Rayleigh num-
ber of the turning point because the necessary domain size increases in spanwise and also in
wall-normal direction. Furthermore, because of an increasing number of instabilities for low
wavenumbers it becomes di cult to follow the correct solution branch. However, due to the
decreasing slope of the turning point with increasingRa, the simulations suggest that for zero
wavenumber a nite Rayleigh number for the turning point is reached. Possibly, the Rayleigh
number obtained fork = 0 is the Rayleigh number of the turning point of a localized state. A
good candidate is the localized equilibrium we will discuss in section 11.3.

Visualizations of the ow and temperature elds of the lower and the upper branch of Ry
are shown in 10.6. The secondary solution consists of one pair of counter-rotating convection
rolls. With increasing distance from the bifurcation point the height of these rolls grows and
therefore they become stretched and their aspect ration (heighividth) increases. To quantify
the growth in height, a way to de ne a height of the structures is necessary. One possibility
is to use the energy density of the velocity eldEx; (y) (or of the temperature eld E ; (y))
depending on the wall distance
z Lx z L,

w2dxdz; (10.1)

Euxz (y) = 2Ly, o o
xLz

ZLxZLZ

- 2 :
E.x:(y)= s 0 o dxdz: (10.2)

In this equations ¢ and are the deviations from the laminar pro le. Examples for the resulting
energy pro les of the ow eld and the temperature eld are shown in gure 10.7a. As the
height of the structure we de ne the distance from the lower plate where the density falls below
1=50 of its maximum value. An illustration of the resulting height is shown in gure 10.7a by
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Figure 10.5: a) Bifurcation diagram of the roll-state bifurcating from the laminar ow. The

Prandtl number is 1.0 and the wavelength isk = k¢t = 0:4305 The states marked by the red
squares are shown in gure 10.6. b) Stability diagram forPr = 1. In the red area the laminar
pro le is unstable. In the blue area the laminar ow is stable. In the yellow area the laminar
ow is stable and the lower branch of the roll-solutions bifurcation from the laminar pro le

exists. The red line marks the critical wavelengthkei; . In both gures the black circles mark
the point where the roll-solution bifurcates from the laminar ow and where it appears in a
saddle node bifurcation for the critical wavenumber.

green arrows. Using this de nition we obtain two di erent heights. One, h,, resulting from
the velocity eld and another, hy, resulting from the temperature eld. In gure 10.7b both
heights are plotted for the lower and the upper branch of the roll solution for di erent Rayleigh
numbers and Prandtl numbers. The growth rate with Ra as well as the absolute values of
the height depend strongly on the Prandtl number. For small valuesPr the height and the
growth rate are larger than for bigger values ofPr. In particular, the height of the upper
branch solution grows linearly with Ra (for su cient distance from the turning point). The
slope increases with decreasing Prandtl number form abou@:4 for Pr = 3 to 8:1 for Pr = 0:7.

Altogether, the results show that for small Prandtl number the roll solutions become re-
markably high. The increase of the height withRa is larger for smaller values of the Prandtl
number. Furthermore, independent ofPr the growth seems to be unbounded.

For high Rayleigh numbers a second two-dimensional eigenmode becomes unstable. The
stability curve for this eigenmode is shown in gure 10.8a foiPr = 1. The critical wavenumber
for this mode at Pr = 1 is about 0:612 and the critical Rayleigh number is about173 For all
Prandtl numbers this eigenmode is the second to become unstable. Where this mode becomes
unstable an equilibrium solution, henceforth referred to asR,, is created in a subcritical bi-
furcation. This equilibrium solution, as the second unstable mode, looks like the roll solution
discussed above sitting on top of a pair of at rolls. A visualization of the bifurcating exact
solutions is shown in gure 10.8b. The second pairs of rolls of thér, solutions have their
centers in a distance of aboub from the plate where the temperature gradient is already quite
low. This is reminiscent of the free-stream coherent structures of isothermal ASBL described
by Deguchi and Hall (2014) which have vortex structures in distance to the plate where the
shear gradient is quite low.

For even higher Rayleigh numbers further modes become unstable. Each further unstable
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Figure 10.6: In panels a) and b) the ow- and temperature elds for the lower and upper branch
of the bifurcation solution R; at Ra=13 are shown. The Prandtl number is1:0 and the spanwise
wavelength isk = K¢t = 0:4305 The velocity is visualized by the arrows. The temperature
eld (divided by Ra) is represented by the colors. For both elds only the deviation from the
laminar pro le is shown.

mode has one more layer of at rolls. At the critical wavenumber the Rayleigh numbers where
the second and the third mode become unstable arE791 and 934.2, respectively.

10.4 Stability Analysis for Re6 0 and Raé 0

Since a relation comparable to Squire's theorem holds for the ow (Gage and Reid, 1968) it
is su cient to know the stability boundary for transversal and longitudinal modes to obtain a
complete stability diagram.

A stability analysis of modes that depend only on the spanwise wavenumber and are invari-
ant in the streamwise direction (longitudinal modes) yields the same critical Rayleigh number
as in the case of vanishing Reynolds number.

The stability curve for spanwise invariant modes (transversal modes) shown in gure 10.9
reveals a stabilizing e ect of the Reynolds number. The critical wavenumber moves to lower
values and remains close t®:2 for a wider range inRe.

This kind of stabilizing e ect of the Reynolds number with respect to transversal distur-
bances was also found in thermal plane Poiseuille ow (Gage and Reid, 1968; Nicolas et al.,
2000). Nevertheless, as follows from 10.2 fdRe > Rerit = 54370 the base ow becomes un-
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Figure 10.7: a) Energy density depending on wall-normal coordinatg for the upper (dashed)
and the lower (solid) branch of the roll solution R; for Ra=13, Pr=1.0 and k = Kk¢j;. The
density for the ow eld is drawn in blue and for the temperature eld red is used. b) Calculated
height of the upper branch roll solution depending on the distance to the tuning point forPr =
0:7; 1.0 and 3 (dotted, solid and dashed lines). For the heights resulting from the temperature
and the velocity eld, red and blue color is used, respectively. In each case the height is de ned
as the distance from the lower plate, where the energy density is onl{=50 of the maximum of
the energy density. The green arrows in a) illustrate the height following this de nition for the
pro le resulting from the velocity eld.

stable to a spanwise invariant Tollmien-Schlichting modes with wave numbekc; = 0:157 for
Ra =0.

The ECS bifurcating from the longitudinal instability are the equilibrium solutions found for
Re = 0 in the previous section with an additional streamwise velocity component. Therefore,
independent of Re the solutions curves have their turning points at the same values oRa as
these solutions (shown in gure 10.5b) and they grow in height in the same way.

The ECS that bifurcate from the transversal instability are transversal rolls or, more pre-
cisely transversal waves, because they are traveling wave solutions. Henceforth, these solutions
are referred to asW;. The solution branches of the waves depend strongly on the Reynolds
number what can be seen in in gure 10.9 where solution curves are shown for some values of
Re. Visualizations of the ow elds of the upper and lower branch of the W; solution at Re =5
are shown in gure 10.10. The gure shows that the shearing at nite Re tilts the convection
rolls in the direction of the the mean ow. Especially, the up- ow region of the roll is tilted
while the down- ow region stays almost straight. In contrast to the case of the TS-waves in
section 10.2 the roll turning counter-clockwise is the stronger one while the clockwise roll is
small and deformed.

For systems that are thermally strati ed and under the in uence of shear an often used
dimensionless number is the Richardson number,

i_gTo _ Ra

R ;
Uz Re2Pr

(10.3)

that relates the buoyancy to the ow gradient. The value of Ri is a measure for the importance
of natural convection compared to forced convection. IRi is small, e ects of natural convection
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Figure 10.8: In panel a) the stability curve for the second two-dimensional unstable mode of
the base ow is shown forPr = 0. Panel b) shows a visualization of the equilibrium solution
that bifurcates from the base ow where the second mode becomes unstable. The velocity is
visualized by the arrows and the temperature eld divided by Ra is represented by colors. For
both elds only the deviation from the laminar pro le is shown. The Rayleigh number and
wavenumber for the solution arel67 and 0:61, respectively.
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Figure 10.9: In panel a) stability boundaries for transversal rolls atPr =1 are shown for di erent
Reynolds numbers. In b) bifurcation diagrams for transversal roll solutions withky = 0:4305
are shown for various Reynolds numbers. For the positions marked by the red squares the ow
elds are shown in gure 10.10.
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Figure 10.10: Flow and temperature elds for the bifurcation transversal roll solutions atRe = 5

and Ra = 13 for the lower (a) and the upper branch (b). The Prandtl number is 1.0 and the
spanwise wave number ik = k¢t = 0:4305 The velocity is visualized by the arrows and
the temperature eld (divided by Ra) is represented by the colors. For both elds only the
deviation from the laminar pro le is shown.

are of minor important while if Ri is large, forced convection is negligible. As in the study
of Gage and Reid (1968) for Rayleigh-Bénard-Poiseuille ow it is possible to give a critical
value of the Richardson number which marks the transition from one kind of instability to the

other. For ASBL over a heated plate we obtain a critical Richardson number (equation 10.3)
of approximately Ri = 19:47=(5400G° 1:.0) 7 10 °. For smaller Richardson numbers the
system has an instability to transversal rolls or waves while for larger values dri the system

has am instability to longitudinal rolls.

10.5 Nusselt numbers for secondary solutions

A common dimensionless number describing the heat ux is the Nusselt number,

Nu = conv t cond ,

cond

(10.4)

which is usually de ned as the ratio of the total heat ux ¢onv + cong t0 the conductive heat
UX cong- In the dimensionless form introduced above the covective heat ux of the base ow

becomes

cow=h Ti= PrRae P"Y: (10.5)
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10. Stability and secondary solutions

For the conductive heat ux of the base ow of TASBL we obtain
cond = @HNTi=PrRae P'Y: (10.6)

Thus, in contrast to Rayleigh-Bénard convection, the conductive heat ow of the base ow
depends on the wall-normal coordinatey.
To obtain a dimensionless heat ux we will use the ratio of the total heat ux to the
conductive heat ux of the base ow at the wall:
W Pr+v)( +T)i @h +Ti
Nu = :
) PrRa

To get rid of the dependence on the WaII-nZormaI coordinate the quantity is integrated ovey.
1

Nu = Nu(y) dy (10.8)
0

(10.7)

Because for the laminar state the conductive heat ow is due to the suction compensated by
conductive heat ow in the opposite direction, evaluating equation 10.7 for the base ow yields
zero independent of the wall-normal position. However, for ECS as the secondary solutid®y
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Figure 10.11: In a) the Nusselt numbermNu is shown as a function of the Rayleigh number for
the secondary solutionR; with k = k¢t at Re = 0. In panel b) for the upper branch of Ry
at Ra = 15:5 the contributions of the conductive (green) and convective (red) heat ow are
as functions of on the wall-normal coordinatey. The resulting total heat ow is shown by the
thin blue line. The quantities are normalized with respect to the Rayleigh number.

the quantities Nu(y) and Nu are non-zero. In gure 10.11a the Nusselt numbeNu is shown
in dependence on the Rayleigh number for the roll solutiorR; with k = k¢t and Pr = 1.
Especially for the upper branch, the heat transport due to convection has large negative values,
leading to negative values ofNu with large modulus. The contributions of the convective and
the conductive heat transport for a state on the upper branch ofR; are shown as function of
y in gure 10.11b.

The gure shows that for the secondary solutionR; the conductive heat transport is only
relevant close to the wall and quickly drops to zero for larger values of. Furthermore, the
plot illustrates that indeed the convective heat transport causes the large negative values of
Nu (the integral over the blue curve). The reason for the negative convective heat transport is
that due to the suction the wall-normal velocity is negative almost through the entire domain,
while the total temperature is always positive.
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Chapter 11

Tertiary solutions and turbulence

11.1 Introduction

Within the last chapter ECS bifurcating directly from the base ow were identi ed. In this
chapter the stability of these secondary solutions is analyzed and bifurcating tertiary and
guaternary solutions are tracked. Furthermore, in section 11.6 turbulent temperature pro les
are computed and compared to those of the secondary solutions. In section 11.7 for non-zero
Reynolds number the edge state of the system is investigated and it is shown that this state is
connected to a tertiary solution of the system.

11.2 Superharmonic instabilities and transient chaos

The stability of R; at Pr = 1 and Re = 0 to two-dimensional, superharmonic disturbances
is analyzed. The term 'superharmonic disturbances' means that the disturbances have wave-
lengths = (=N where ¢ is the spatial wavelength of R; and N is an integer. On the
practical side this is done by usingChannel ow's Arnoldi algorithm to calculate the eigenval-
ues of Ry in a computational domain with Ly =0:1, L, = ¢ and Ly = 40. The resolution is
Ny Ny N;=4 65 32

The results show that the lower branch ofR; is quite stable to superharmonic disturbances.
For a wide range of spatial wavelengths it has only one unstable direction. This indicates that
R1 is an edge state (Skufca et al., 2006) for the two-dimensional system (at least for domain
sizes that allow only for one spatial wavelength oR1).

Slightly above the bifurcation point the upper branch of Ry is stable. With increasing Ra
the upper branch is destabilized by a supercritical Hopf bifurcation that creates a periodic orbit,
P O:1. The dependence of the Rayleigh number of this Hopf bifurcation on the spatial wave
number is shown in gure 11.1a. If the Rayleigh number is further increased the periodic orbit
undergoes a Neimark-Sacker bifurcation which creates a stable torus. Further bifurcatio?)s then
create a chaotic attractor. The bifurcation diagram, sampled by plotting maxima ofa(t) = Ly
for trajectories on the attractor, is shown in gure 11.1b. The chaotic attractor is eventually
converted into a chaotic saddle by a boundary crisis bifurcation (e.g. Lai and Tél, 2011). For
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11. Tertiary solutions and turbulence

k = k¢t this happens atRa  10:06. Following the boundary crisis, for Ra < Rag; initial
conditions can be found that transiently show chaotic dynamic before they nally return to the
base ow. The bifurcation cascade that eventually creates transient chaos is akin to the cases
of PPF (see chapter 4), plane Couette ow (Kreilos and Eckhardt, 2012), and pipe ow (Avila
et al., 2013). The main di erence is that in the present case the ECS which is the starting
point of the cascade originates from a bifurcation of the base ow.
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Figure 11.1: In panel a) the bifurcation curves for the periodic state$® O; and P O, are shown
together with a curve (blue) showing the turning point of Ry vs. wavenumber. In panel b)
the bifurcation diagram of Ry with wavenumber k = k¢t at Pr = 1 and Re = 0 is shown.
The solution curve of Ry is shown by a blue line. Cha?)tic and periodic states are indicated by
green points representing minima and maxima of(t) = Ly in thB course of time. In addition
the solid green lines show the minimum and maximum of(t) Ly for the orbit PO. The
bifurcation points of R; and P O are marked by black circles.
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Figure 11.2: Visualization of the periodic orbit PO; at Ra = 9:475 The left panel shows
the instantaneous temperature eld (deviation from laminar divided by Ra) in the yz-plane.
The right panel shows the wall-normal velocity in a distance of2:7 from the lower plate in a
spatio-temporal plot. The instantaneous temperature eld in a) corresponds to the timet =0
in b).

The orbit PO is visualized in gure 11.2 using a plot of the temperature eld in the yz-
plane and a spatio-temporal plot of the wall-normal velocity in a distance oR:7 from the lower
plate. The temperature eld reveals an asymmetry compared to the symmetric equilibrium
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R1. This asymmetry is caused by a tilt of the up- ow region compared toR; which varies
periodically in time as the spatio-temporal plot in gure 11.2b shows.

With increasing Ra the upper branch ofR; undergoes further Hopf-bifurcations that create
further unstable periodic orbits. The stability line of a further periodic orbit P O, is also shown
in gure 11.1a.

11.3 Subharmonic instabilities and localization

After the discussion of superharmonic instabilities of the roll solutionR; we now analyze the
stability to two-dimensional subharmonic disturbances. The term 'subharmonic disturbances'
means that the disturbances have wavelengths = N ¢ where ¢ is the spatial wavelength of
R1 and N is an integer.

Subharmonic bifurcations involving two roll-pairs

As a rst step subharmonic instabilities that incorporate two roll-pairs of R; are investigated.
Thus, their spatial wavelength is =2 o where g is the spatial wavelength ofRj.

For o= it two subharmonic instabilities exist quite close to the point whereR; connects
to the base ow. The tertiary solution bifurcating close to Ragi; , henceforth referred to asR1a,
continues to lower values ofRa. Compared to two copies ofR1, in the ow structure of Ria
one of the two up ow regions continuously becomes weaker with increasing distance to the
bifurcation point. The solution can be tracked in Rayleigh number and it shows out that the
turning point lies at much lower Rayleigh number than the one ofR1. A second tertiary solution
bifurcates at Ra  155. This equilibrium solution extends to higher Rayleigh numbers and
di ers from R1 by a weakening of one of the two down- ow regions. In gure 11.3a a bifurcation
diagram containing the two tertiary solutions R and Ry, and the secondary solutionsR; is
shown. The insets show visualizations of the temperature elds of the tertiary solutions.

At Ra = 8:63, close to the turning point of Ry, a third tertiary solution ( Rqc) bifurcates.
This equilibrium solution that continues to higher values of Ra is characterized by a tilting of
the two up- ow regions in opposite directions.

The upper branch ofR; also shows subharmonic instabilities. When increasing the Rayleigh
number, the rst subharmonic instability is located at Ra = 9:02. The tertiary solution ( R1q)
that is created in this bifurcation continues to higher values ofRa and is characterized by
two di erent shaped up- ow regions. A bifurcation diagram containing the two tertiary solu-
tions Ric and Riq and the secondary solutionsR; is shown in gure 11.3b. The insets show
visualizations of the temperature elds of the tertiary solutions.

To ensure that up to the point of bifurcation of R1q4 all subharmonic disturbances involving
two roll-pairs have been found, the eigenvalues d®1 in a domain with width 2 ¢ are calculated
for di erent values of Ra. The real parts of the leading eigenvalues are shown as a function of
Ra in gure 11.4a.

For the bifurcations creating the statesR15 and Ry, the dependence on the wavelength of
the roll-solution R; is studied. The bifurcation curves are shown in gure 11.4b.

Localized solutions

If we allow for longer wavelengths, many more subharmonic instabilities can be found. Espe-
cially, it is possible to identify various two-dimensional equilibrium solutions that are localized
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Figure 11.3: a) Bifurcation diagram for the tertiary solutions R, (red) and Ry, (green) bi-
furcating from the roll solutions R (blue) with o = it . The tertiary solutions have a
wavelength that is twice the wavelength o of the Ry solution. The insets show visualizations
of the temperature eld for the states marked by the red and green square. The bifurcation
diagram in b) contains the tertiary solutions R1, (red), Ric (yellow), R4 (magenta) and P Oy
(green). For the states marked by the squares the temperature elds are visualized in the
neighboring insets.

in one direction parallel to the plate. We will not study all of them but restrict ourselves to a
family of localized equilibrium solutions that di er in the number of roll-pairs. In this subsec-
tion a domain with a width of 16 4 and a height of 40 is used. Since we are only interested
in two-dimensional solutions, the length of the domain does not matter. The resolution is
Ny Ny N;=4 49 512

The simplest localized equilibrium that can be found consists of one single pair of convection
rolls. This solution bifurcates from the spatially extended roll solution R; in a long-wavelength
instability quite close to the point where R4 bifurcates from the laminar state. The bifurcation
that creates Rjo¢1 is comparable to the one that create$® Og in plane Poiseuille ow (see section
6.2). In gure 11.5 the genesis of this state, henceforth referred to aRqc1, is illustrated by
visualizations of the temperature eld for di erent Rayleigh numbers. Close to the point where
Rioc1 bifurcates from Ry it looks like R with an overlaid modulation. With increasing distance
to the bifurcation point the modulation becomes stronger and more and more convection rolls
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Figure 11.4: a) Eigenvalues of the lower branch of roll solutiorR; with wavelength .t in a
domain with a width of 2 «j; for Pr =1 and Re = 0. The thick black line marks the position

of the turning point. Bifurcation points are marked by black circles. Solid lines and dashed
lines are used for the eigenvalues of the lower and upper branch, respectively. Only eigenvalues
that are unstable for some values oRa are contained in the diagram. b) Bifurcation curve
for tertiary solutions R14 and Ry, bifurcating from the roll solutions R1. The solutions have a
spanwise wavelength that is twice the wavelength ¢ of the R; solution.

disappear, until only one is left. The state Rioc1 is tracked to lower Rayleigh numbers using
a continuation method. It is found that its turning point lies at Ra  3:5. The stability
properties of Rjoc1 are remarkable. Down to its turning point it has one unstable direction and
the upper branch is stable to two-dimensional disturbances at least foRa < 4:4.

In addition to Ryc1 further localized equilibrium solutions exist. Most easily they can be
found using the window-functions proposed by Gibson and Brand (2014). The roll solutiofR
with wavelength ¢ in a domain with a length that is an integer multiple of ¢ is overlaid by
the window-function

M+3 1 +tanh M.pg

. . (11.1)

1
Wi1(z) = 2 1 +tanh

The constructed ow elds are used in a Newton-search for an equilibrium solution as an
initial guess. For appropriate choices of the parameterg, b and of the Rayleigh number the
Newton-searches converge to localized exact solutions.

In gure 11.6 a family of equilibrium solutions obtained for Ra = 18:04 is visualized. The
solutions di er in the number of pairs of convection rolls. Similar localized ECS of di erent
size have been found for plane Couette ow by Schneider et al. (2010a), binary convection
by Batiste et al. (2006), rotating convection (Beaume et al., 2013), doubly-di usive convection
(Bergeon and Knobloch, 2008) and magnetohydrodynamics convection (Lo Jacono et al., 2011).

The solution branches are tracked in the Rayleigh humber and the resulting bifurcation
diagram is shown in gure 11.7. The solution branches on which the states with four, six,
and eight roll-pairs can be found do not connect as in the case of homoclinic snaking (for a
comprehensive review see Knobloch, 2015).

Nevertheless, comparable to the snaking or pinning region in systems showing snaking a
region in Rayleigh number can be identi ed where states with di erent numbers of rolls can
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Figure 11.5: Genesis of localized equilibrium solution consisting of a single roll-pair. The
Prandtl number is 1 and the Reynolds number isO. The Rayleigh numbers for a), b) and c)
are 19:35, 19:10 and 16:5, respectively. The plots show the color-coded temperature eld of the
exact solutions.

exist. For the studied set of parameters this region of coexistence is approximately between
Ra =16:9 and Ra = 19:5.

11.4 Plume-like motion along unstable directions

In the introduction in chapter 9 it was mentioned that the understanding of thermal plumes
is of enormous importance for the understanding of thermal boundary layers. None of the
time-dependent ECS that could be identi ed shows a dynamic that resembles a thermal plume.
In particular, they only show a modulation or tilting of the convection rolls and nothing like an
ejection of hot uid out of the boundary layer. But as will be shown in this section, plume-like
dynamic can be found on trajectories that depart from an exact solution along its unstable
direction.

The lower branch of the roll solution Rig¢1 is localized in one direction parallel to the wall
and only weakly unstable because it has only one unstable direction. A trajectory that starts
at the slightly disturbed equilibrium remains in its vicinity for some time before it leaves and
is attracted by the turbulent state. When the trajectory leaves the equilibrium a plume-like
structure develops in its temperature eld. Visualizations of the temperature eld for various
times are shown in gure 11.8. The time trace of the amplitudea(t), where the positions of
the temperature visualizations are marked, is shown in gure 11.9.

The mushroom-like plume grows quickly in height and width. The position of the top of
the plume is also identi able in the temperature pro les (base pro le plus deviations) that are
shown in gure 11.9b for di erent times. Using a threshold in the total temperature of 0:01 it
is possible to de ne the top of a plume. The obtained positions of the tops are marked in the
gure using red squares. Having a criterion to identify the top of the plume, it is feasible to
quantify the growth of the plume. The temporal development of the plume height in shown in
gure 11.9c for di erent values of Ra. The speed of the plume head depends on the Rayleigh
number. For lower values ofRa it is lower than for higher ones.
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Figure 11.6: Visualizations of localized, two-dimensional equilibrium solutions foRa = 18:04
and Pr = 1 with di erent numbers of roll-pairs. The plots show the color-coded temperature

eld of the exact solutions.
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Figure 11.7: Bifurcation diagram in a wide computational domain with L, = 16 . The
states visualized in gure 11.6 are marked by squares. For the solution branches obtained by
continuations starting at a state with eight, six and four rolls green, yellow and red lines are
used. The light blue line shows the solution branch of the spatially extended roll-solutiorR1
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Figure 11.8: Instability of the secondary solutionR|oc1. The Rayleigh number is19 and there-
fore below Ragrii . The panels a) - d) show the temperature eld at dierent times. The
positions of the visualization on a trajectory are marked in gure 11.9a).
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Figure 11.9: Panel a) shows the time evolution of(t) P Ly of the velocity eld for a tra-
jectory starting at the disturbed equilibrium Roc;. For the times marked by the red squares
visualizations of the temperature eld are given in gure 11.8. In panel b) the pro les of the
temperature eld for various positions on the trajectory are shown. The red squares mark the
height of the plumes. In c) the height of the plume is shown as a function of the time for
di erent Rayleigh numbers.
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11.5 Fully localized solutions

In section 11.3 roll solutions localized in one direction parallel to the plate were identi ed that
are bifurcations of the spatial extended roll solutionR;. Using this two-dimensional equilibrium
solutions it is easily possible to construct initial guesses for three-dimensional, doubly-localized
ECS.

In a computational domain with Ly = L, = 87:6 we take the localized roll solutionRgc1
consisting of one pair of rolls ( gure 11.5¢). We align one of the solutions along thg-axis and
the other one along thez-axis. We add both solutions and multiply the resulting eld with a
function of form

Wa(x;y;z) = Aexp B(x?+ z?) (11.2)

where we choose a coordinate system with its origin in the center of the computational domain.
The ow eld obtained by the procedure, that is similar to the windowing method of Brand
and Gibson (2014), is used as initial guess in a Newton-search for an equilibrium solution. For
appropriately chosen values ofA and B the Newton-method indeed converges to a doubly-
localized equilibrium solution. The equilibrium solution is visualized in gure 11.10a forRa =
17 using iso-surfaces of the wall-normal velocity. The gure shows that the state is rotationally
symmetric and has a strong up- ow region in its center. For such a simple localized convection
state (also if only localized in one spatial direction) the term convecton has become widely
spread (e.g. Blanch ower, 1999; Lo Jacono et al., 2011; Beaume et al., 2013). Adopting this
notation, we will call the doubly-localized equilibrium a convecton and use the abbreviation
Ci.

Tracking the equilibrium in Ra we can continue it to its bifurcation point and identify its
upper branch. The resulting bifurcation diagram is shown in gure 11.10b. A stability analysis
reveals that the lower branch has one unstable direction and the upper branch is, just as the
solutions R1 and Riqc1, stable right after the bifurcation point. But in contrast to these ECS,
C, is stable in the full three-dimensional system. Therefore, it could actually be found in an
experimental realization of TASBL. If the lower branch is tracked to higher values ofRa it
connects to a spatially extended three-dimensional equilibrium solution. The plots of the wall-
normal velocity in gure 11.10c illustrate how the convecton connects to the spatially extended
pattern. The localized state discussed in the previous section and also those discussed in sections
6.2 and 6.5 are created in long-wavelength instabilities involving one spatial direction. For the
spatially extended pattern at Re = 0 both directions parallel to the plate are equivalent, thus
two long-wavelength instabilities involving both spatial directions can occur simultaneously and
create the convecton. In gure 11.11 the energy densities of the three velocity components are
shown for C; at Ra = 17:4. The plot reveals that all components decay exponentially over
several orders of magnitude.

In addition to C; is is possible to nd other doubly-localized solutions using Newton's
method. Appropriate initial guesses for Newton-searches can be constructed using spatially
extended solutions and the window functionW; used by Gibson and Brand (2014) and given in
equation 11.1 or the above de ned functionWs,, which is more appropriate for searching states
with rotational symmetry. A third quite successful strategy is to use several convecton€; as
building blocks to construct initial guesses.

Various ow patterns of equilibriums solutions are shown in the gures 11.12 and 11.13.
All equilibrium solutions visualized in gure 11.12 are obtained with initial guesses that use
the window function W»,. The state in 11.13d is obtained from an initial condition constructed
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11. Tertiary solutions and turbulence

using the window function W;. For all remaining states shown in gure 11.13 the initial guesses
are constructed by combining multiple solutions of typeC;.

Although they might also exist in binary uid convection or other hydrodynamic systems
with subcritical instabilities, up to now there is only one investigation of doubly-localized
patterns in a uid system with two equivalent spatial directions®. The sole example of doubly-
localized patterns in a uid is described in a recent paper by Lloyd et al. (2015). For a
polarizable uid that undergoes the subcritical Rosenzweig instability, they study localized
states that show two-dimensional snaking. The visualization of their states look qualitatively
similar to the states found for TASBL. However, despite of the visual similarity the physical
mechanism leading to the formation of the patterns is completely di erent since the Rosenzweig
instability is related to the surface of the polarizable uid.
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Figure 11.10: In panel a) the iso-surfacg = 0:0005is shown for the doubly-localized equilibrium
at Ra = 17:0, Re = 0 and Pr = 1. The iso-surface is colored according to the distance to
the plate from blue to red. Panel b) shows the bifurcation diagram for the doubly-localized
equilibrium solution C; (red) and the spatially extended equilibrium (blue). The inset in b)
shows the bifurcation diagram close to the point whereC, connects to the spatially extended
pattern. The states marked with the red squares in the insets are visualized in c¢). The plots
show the wall-normal velocity v in a plane parallel to the plate in a distance ofl:5. The leftmost
picture corresponds to the red square at the lowest Rayleigh number. The rightmost panel in
¢) shows the wall-normal velocityv for the state marked in b) by the blue square.

1Of course, there are doubly-localized ECS for plane Couette and plane Poiseuille, but in these ows spanwise
and streamwise direction are not equivalent.
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Figure 11.11: Energy densities for the streamwise (red), spanwise (green) and wall-normal
velocity component for a convectonC, at Ra = 17:4. For all velocity components the decay is
exponential.
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Figure 11.12: Doubly-localized solutions atRa = 17:8. The Prandtl number is 1 and the
Reynolds number is 0. The pictures show the wall normal velocity in a plane parallel to the
lower plate aty 1.5.
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plane parallel to the lower plate aty  1:5.
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11.6 Mean turbulent pro les

In this section the mean pro les of turbulent TASBL are studied. The focus is on two-
dimensional TASBL. As su cient approximation to two-dimensional TASBL, we simulate the
three-dimensional ow with a small value of the spanwise extend., of the domain and only 4
modes in spanwise direction. In gure 11.14 the instantaneous streamwise vorticity is shown
for turbulent states at di erent Rayleigh number and di erent length of the computational
domain. For Ra = 20 and Ly = 14:6 (gure 11.14a) the dynamics is restricted to areas with
y < 20. At a higher Rayleigh number of40 ( gure 11.14b) the ow extends to larger values ofy
and the complexity of the vorticity pattern increases. If the Rayleigh number is kept constant
and the domain width is increased the ow does also extend to regions farer away from the
plate. As gure 11.14c shows, a doubling of the domain length doubles the height of the ow
structures. The observed increase of the height of the ow structures with increasing domains
size was also observed by Schlatter and Orlii (2011) in their simulations of iso-thermal ASBL.

To quantify the dependence of turbulence in TASBL on Rayleigh number and domain size,
mean pro les of the temperature are regarded. To obtain mean pro les, the turbulent pro les
are sampled and averaged over several hundred viscous time units. Parameter values for the
performed simulation are shown in table 11.1.

Examples of pro les of the total temperature are given in in gure 11.15a. In addition to
mean pro les of turbulent states, the gure contains temperature pro les of the upper branch
of Ry for comparison. The mean pro le for Ra = 10 in the subcritical range is generated by
the stable chaotic state identi ed and discussed in section 11.2.

For small values ofy all pro les show a steep decrease. Especially, for < 1 all pro les are
almost identical. They start to deviate for y > 1, where the steep decrease is replaced by a

a) 50 L L b) L C) I I I I I - Cmax
40 | . - . - .
30 |- . - . - .
> 40 *
20 |- . - . - .
10 |- . - . - .
0 S A I N | N I A I N | | | | | | Cmax
0 4 8 12 0 4 8 12 0 5 10 15 20 25
X X X

Figure 11.14: Instantaneous streamwise vorticity! x for the two-dimensional TASBL. The
Reynolds number isO and the Prandtl number is 1:0. The Rayleigh numbers are 20.0 a), 40.0
b) and 20 c). The streamwise lengths of the computational domains ar&4:6 for a) and b) and
29:2 for ¢) .
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Figure 11.15: In a) mean turbulent temperature pro les for two-dimensional TASBL are shown
for di erent values of Ra and L. In b) the dependence of (g9 for Ly = 14:6 on the Rayleigh
number is shown.

slower decrease that depends oRa and the domain size.

Ra | Domain Size | Resolution | o9
20| 146 100 01| 96 321 4 20.61
20 1 292 100 01| 192 321 4| 41.2102
251146 100 01| 96 321 4 23.89

30 | 146 100 01| 96 321 4 | 25.9984
40 | 146 100 01| 96 321 4 | 28.1795
50 | 146 100 01| 96 321 4 | 29.9626
60 | 146 100 01| 96 321 4 | 32.69
65| 146 100 01| 96 321 4 | 33.16

70 | 146 100 01| 96 321 4 | 34.09

Table 11.1: Parameters for the simulations of turbulent two-dimensional TASBL.

As a measure for the height of the pro le we use, as in section 11.4, the position where
the temperature pro le drops below 0:01 (one percent of the plate temperature). The obtained
heights which we want to abbreviate ;g9 are given given in table 11.1 for the di erent simulation
runs.

For Ra = 20 the calculated values of ;g9 double from 20:6 to 41:21 if the domain length is
doubled, what con rms the visual impression from the vorticity plots.

As shown in gure 11.15b, {99 grows with increasing Rayleigh number. For all investigated
values ofRa the value of g9 for the turbulent state lies below the value of g9 for the upper
branch of the state R; for the same domain size. Thus, the strongly unstable upper branch
solutions are of minor importance for turbulence in the thermal boundary layer.
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11.7 The edge-of-chaos for nite Re

For the case of isothermal ASBL the attractors embedded within the laminar-turbulent bound-
ary were extensively studied (Kreilos et al., 2013; Khapko et al., 2013, 2014). It was found
that the attractor in the edge-of-chaos, the edge state, is a periodic orbit with a very large
period. The edge state is characterized by long periods in that the shape of the state remains
unchanged and short bursts that intermit the long quiet periods. Thus, they are dynamically
very similar to the periodic orbits of PPF discussed in section 3.3.

For a computational domain with a streamwise wavelengthLx =4 and a spanwise wave-
length L, = 2 , which is the domain size used by Kreilos et al. (2013), we investigate the
behavior of the edge state with increasing Rayleigh number. The edge state is continued Ra
using edge tracking. For a xed Reynolds number of400 an increase of the Rayleigh number
causes an increase of the period of the edge state. Furthermore, the streamwise modulation
of the state becomes weaker. The period diverges &a 287 where a three-dimensional
traveling wave appears in a saddle-node like bifurcation. IfRa is further increased the up-
per branch of the traveling wave becomes more two-dimensional and nally it connects to the
two-dimensional roll solution R; originating form the thermal instability of the base ow.

In the bifurcation diagram in gure 11.16 the three states, the periodic state, the three-
dimensional traveling wave, and the equilibriumR, are shown. The bifurcation creating the
periodic state when the traveling wave disappears is a so-called SNIPER-bifurcation (Tucker-
man and Barkley, 1988; Abshagen et al., 2005; Kreilos et al., 2013).
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Figure 11.16: Bifurcation digram of edge state in dependence on the Rayleigh number. The
Reynolds number is400. FBr Ra < 287 the edge state is a relative periodic orbit. The minima
and maxima values ofa(t) = Ly are shown using blue triangles. The three-dimensional traveling
wave that bifurcates from the roll-solution is shown forRe = 400 (green) and Re = 1000 (light
green). The two-dimensional roll-solution is shown forRe = 400 using a solid red line.

When Re is increased the periodic state disappears at a lower value 8a and the traveling
wave extends down to lower values oRa. As an examples, for the cas®e = 1000 the solution
curve of the traveling wave (light green) is shown in gure 11.16.

The results show that the edge state of iso-thermal ASBL can be connected to a bifurcation
of the roll-solution originating from the thermal instability. For plane Couette ow the situation
is quite similar. The edge state of iso-thermal plane Couette ow is the so-called NBC-solution
(Schneider et al., 2008; Kreilos and Eckhardt, 2012) which was shown to connect to the thermal
instability by Clever and Busse (1992).
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Chapter 12

Summary of the results for the
asymptotic suction boundary layer

At the end of this second part of my thesis the main ndings are summarized and open questions
as well as possible tasks for future work are pointed out.

Stability of the base ow and secondary solutions

The stability analysis of the base ow of the system revealed a subcritical instability at nite
Rayleigh number. The critical Rayleigh number and wavelength depend on the Prandtl number.
For a Prandtl number of 1:0 we obtain a critical Rayleigh number of 19:47. Increasing the
Prandtl number increases this value, while decreasing it lowers the critical Rayleigh number.
The critical Rayleigh numbers for the second unstable mode of the base ow are more than a
factor of ten higher than for the rst mode.

The secondary solutions that bifurcate from the base ow were tracked to their turning
points and the upper branches were identi ed. While on the lower branch the wall-normal size
of the ow structures is nearly constant, on the upper branch the states grow in height with
increasing Rayleigh number.

In future studies the obtained critical wavelength and Rayleigh number could be compared
to typical spacings of plumes in the thermal boundary layers that develop in Rayleigh-Bénard
convection. Furthermore, the cloud-streets occurring in the atmospheric boundary layer are a
possible real-life phenomenon the results could be compared to.

Tertiary solutions and subcritical turbulence

A stability analysis of the secondary solutions in a two-dimensional subspace revealed di erent
superharmonic and subharmonic bifurcations. For the lower branch no superharmonic instabil-
ities could be detected, but the upper branch shows several of them that create time periodic
states. The further bifurcations of the periodic state bifurcating at lowest Rayleigh number
were tracked and it was found that they create a chaotic attractor (attracting in small two-
dimensional domains). Analogous to the case of PPF (see Zammert and Eckhardt, 2015b or
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section 4.3), plane Couette ow (Kreilos and Eckhardt, 2012) and pipe ow (Avila et al., 2013),
the attractor is transformed into a chaotic-saddle by a boundary crisis bifurcation which is a
further evidence that this is the universal way how subcritical turbulence is generated.

Localized exact coherent states

The study of subharmonic bifurcations of the secondary roll solutiorR; for Re=0 andPr =1
yielded several equilibrium solutions that are localized in one direction perpendicular to the
plate. One of the localized states Rioc1) that consists of a single roll-pair exists down to low
values ofRa and has an upper branch that right after its appearance is stable to two-dimensional
disturbances. Unfolding the further bifurcations of this upper branch and the possible creation
of a spatially localized chaotic-saddle is not yet done because of the high computational costs.

In addition to the equilibrium state Rjqc1, a class of localized two-dimensional states was
found which di er in the number of roll-pairs and exist for a relatively narrow range in Rayleigh
number. Comparable ECS in other uid system, e.g. binary uid convection (Batiste et al.,
2006) or plane Couette ow (Schneider et al., 2010a), are connected by snaking bifurcations.
At least for the set of parameters studied here, for ASBL over a heated plate the states are
not connected by a proper snaking bifurcation. Future studies could address this family of
localized states and study if snaking can be observed if the Prandtl or Reynolds number are
changed or maybe if an upper wall is added. Furthermore, it could be checked if snaking exists
if three-dimensional instead of two-dimensional states are regarded.

In addition to the two-dimensional localized solutions, some three-dimensional equilibrium
solutions that are localized in both direction parallel to the plates were found. The simplest is
rotational-symmetric and appears in a saddle node bifurcation aRa  4:15. For Pr =1 and
Re = 0 its upper branch is stable in the full three-dimensional space. As the stat®,,.; and
some ECS of PPF, this localized state bifurcates from a spatially extended equilibrium solution
in a long-wavelength instability.

Plume-like dynamic

A motivation for the study of the ASBL over a heated plate is to use it as a model system
for the dynamics inside of the boundary layers that occur e.g. in Rayleigh-Bénard convection.
It was found that dynamics comparable to plumes can exist along unstable directions of ECS.
Since the relevant ECS can be tracked easily to other values &a, these ndings provide a
systematic approach to study the dynamics of plumes in TASBL. The results show that the
speed of the ejected hot uid is approximately constant for some time and increases with the
Rayleigh number. The in uence of Prandtl and Reynolds number and of the domain size have
not been studied yet and are an issue for future research.

Turbulent pro les

The turbulent states found in TASBL have a large extend in wall-normal direction. It was found
that their height grows with the Rayleigh number and depends massively on the domain size.
For all studied parameter sets the mean turbulent pro le was less high than the upper branch
of the roll solution. In general, the di erence in height was enormous. Thus, the upper branch
of the secondary roll-solution is of minor importance for turbulence in TASBL. Nevertheless,
the bifurcating tertiary solutions are important for the generation of turbulence and thus for
the pro les.
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The in uence of the Reynolds number on the turbulent pro le has not bee studied yet and
is an issue for further studies. Furthermore, up to now the sampling in Rayleigh number is
rather coarse. A calculation of the height with a ner resolution in Ra could possibly reveal
discontinuities that are caused by the appearance of further chaotic saddles.
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Chapter 13

Comparison of the systems and
concluding remarks

The two parts of this thesis show that, although the ows are quite di erent, plane Poiseuille
ow and the asymptotic suction boundary layer over a heated plate have many features in
common. The laminar states of both systems become unstable if a critical Reynolds or Rayleigh
number is exceeded. In both systems, as in many others such as pipe or plane Couette ow, the
Reynolds or Rayleigh numbers for the instability of the base ow do not coincide with those of
the onset of turbulence which are considerably lower.

It was found that the occurrence of subcritical turbulence in both systems can be explained
by a bifurcation cascade that starts at an exact coherent structure and forms a chaotic attractor.
Eventually, the attractor is turned into a chaotic saddle by a boundary crisis bifurcation. In
consideration of the fact that this scenario has also been found in plane Couette and pipe ow,
it appears to be the generic mechanism to generate subcritical turbulence. However, up to
now it was not possible to nd evidences for this mechanism in experiments. The numerical
simulations of the system without symmetry constraint in section 4.3 suggest that for plane
Poiseuille ow it might be extremely di cult to identify the formation of the attractor and the
crisis bifurcation in experiments. But the simulations of ASBL over a heated plate in section
11.5, in particular the identi cation of a stable localized solution in the full system, show a
possible way to experimentally detect the formation of an attractor in an subcritical system.

For plane Poiseuille ow, the exact coherent structures forming the sca old of the subcritical
turbulence are dominated by streamwise vortices and are not connected to the laminar state.
On the other hand, the base ow becomes unstable to spanwise rolls, the Tollmien-Schlichting
waves. This discrepancy causes the presence of two di erent paths for the transition to tur-
bulence. For the asymptotic suction boundary layer over a heated plate aRe = 0 the exact
solutions related to subcritical turbulence are connected to the instability of the base ow.
Thus, the subcritical edge state and the unstable mode of the base ow have a similar ow
structure. With respect to varying Reynolds numbers, TASBL shows the same behavior as
PPF because the base ow becomes unstable to transversal waves for high Reynolds numbers
(see section 10.2 or e.g. Hocking 1975).
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For plane Poiseuille as well as for TASBL it was possible to identify spatially localized exact
solutions. Two di erent mechanisms for the emergence of localized states were observed. One
mechanism is the spontaneous localization that occurs in PPF for the states Wg and P Og
if they are continued in domain width. The mechanism was also reported by Chantry and
Kerswell (2015) for a shear- ow model.

Another mechanism to generate localized exact solutions is by long-wavelength instabilities
of spatially extended solutions (see also Melnikov et al., 2014). Examples for this mechanism
are the creation of localized TS-waves and of the streamwise localized orbROg in plane
Poiseuille ow and the emergence of the localized roll solutiorR1 in TASBL.

For both systems it was possible to nd exact solutions localized in two directions parallel
to the plates. The doubly-localized state in PPF (section 6.2 and 6.3) is generated by a com-
bination of a long-wavelength instability in streamwise direction and spontaneous localization
in spanwise direction. In TASBL the localized convection stateC; (section 11.5) is created in
two long-wavelength instabilities that occur simultaneously for both directions parallel to the
plate.

In the tails of localized states, an exponential decay can be seen over some range. In the far
tails of the doubly-localized state in PPF the decay follows a power-law due to the decay of the
large-scale ow. For the doubly-localized statesC; in TASBL the velocity components decay
exponentially in all directions. In this case, since the Reynolds number is zero, there is no ow
around the structure that leads to a formation of a large-scale ow. Because the large-scale
ow is absent, for this doubly-localized structure only the exponential decay is visible.

In this thesis the occurrence of subcritical turbulence in both systems could be explained by
the identi cation of a bifurcation cascade that leads to the formation of a chaotic saddle. It was
also possible to identify localized exact solutions for both systems as well as the mechanism
that creates such solutions. With the goal to understand the spatio-temporal character of
turbulence close to its onset, the main task for future work is to investigate the formation of
chaotic saddles starting from localized exact solutions and to study the interplay and possible
mergings of di erent coexisting saddles in the state space.
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Appendix A

Numerical methods

A.1 Channel ow and temperature

For the study of ASBL over a heated plate the Channel ow-code (Gibson, 2012) was adapted
to integrate the following coupled equations:

@thot + (ot I )ttot = ' Prot + thot + J€2; tot (A.1)
r gt =0; (A.2)
@ tot + (ot ') tot = tot: (A.3)

The velocity eld is calculated as in the iso-thermal case. The coupling of the temperature eld
on the velocity eld is incorporated in the nonlinear part that is treated explicitly in the code.

The time integration of the temperature eld is analogous to that of the velocity eld. The
total velocity eld ti; as well as the total temperature o can be written as a sum of the base
pro le and deviations:

(%) = (%) + T(y) (A.4)
thot (%) = (%) + U(y)e (A.5)
We plug this into equation A.3 and obtain:
@ + (Iﬂtot {ELO} =z |@${-|Z_(Y} (A.6)
A(d; ) D _C_

The time integration takes place in the Fourier-space. Therefore, it is necessary to Fourier
transform equation A.6 which is denoted with a tilde.

@ +A®)=D"+C (A.7)

Channel ow o ers di erent time-integration schemes which were all adapted to work with
the additional temperature eld. Analogous to the isothermal case described in theChan-
nel ow manual, | want to explain the time-stepping of the temperature eld for the Crank-
Nicolson/Adams-Bashforth scheme (CNAB2). We want to calculate ™*1 which is the ap-
proximation of ~at time n t. Therefore, we rst approximate the terms of equation A.7 as
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follows:
~N+1=2 _ ‘””7“‘ :
@ = 5+ 0( 1); (A.8)
D+1=2 = %D-nﬂ + %Dm + O( t); (A.9)
+1=2 _ 3 1 1 .
c+1=2 _ %Cn + %Cn L+ o( t): (A.11)

The approximations of D and A are called Crank-Nicolson and Adams-Bashforth, respectively.
Substituting these approximations in equation A.7, we obtain:

1 1 1 1

1
. 5D N+l - —+ 5D “”+§A” éA“ L (A.12)

The right hand side of this equation can be calculated since only previous time steps contribute
to it. Equation A.12 has the form of a Helmholtz-equation

@t M=gR (A.13)
where PR
1

= —+4 2 X+ L A.14
t 1z L2 (A14)

11 3 1 1 1
R= —+3D ™+ A" A" t+ CMt+ SCM A.15
t 2 2 2 2 2 (A.15)

Therefore, to obtain the temperature at time (n + 1) t, for each Fourier mode a Helmholtz-
equation A.13 must be solved. Routines to solve these equation are included in the Channel ow-
package because these equations have to be solved for the velocity elds, too.

In addition to CNAB2 the other time-steppers of Channel ow were adapted to handle an
additional temperature eld. In all cases, within one substep the temperature is rst integrated
forward. In the calculation of A(t; ) the velocity eld of the previous substep is used. After-
wards the velocity eld is integrated using a combination ( "*1 + ")=2 of the new and the old
temperature elds.

Validation of the code

To test the implementation several qualitative and quantitative tests are performed. The
critical Rayleigh number of Rayleigh-Bénard-convection is calculated and compared to the
known values from literature Ra = 1707:76 (Busse, 1978). The relative error in critical Rayleigh
number obtained with the code compared to the literature value is of orderl0 °. In gure
A.la the bifurcation diagram of the convection solution and a visualization of the temperature
eld of the convection solutions are shown.

The stability curve of isothermal ASBL at Re = 0 obtained by Fischer (2012) using an Orr-
Sommerfeld stability analysis is compared to the stability curve obtained with the enhanced
Channel ow-code. Both curves are shown for comparison in gure A.1b.
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A.1l. Channel ow and temperature
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Figure A.1: a) Bifurcation diagram of the instability in Rayleigh-Bénard convetion. The blue
line marks the position for the theoretical critical Rayleigh number. The inset shows the
temperature eld (deviation from conduction state) of the convection solutions at Ra = 1880.
In b) stability curves of ASBL with heated plate at Re = 0 are shown. The red line was
obtained using the modi ed Channe ow code, and the blue circles were obtained using an
Orr-Sommerfeld stability analysis.

As a further (qualitative) test we consider sheared convection. The NBC-solution Clever
and Busse (1992) of iso-thermal plane Couette ow is continued in Rayleigh number and shown
to connect to the thermal instability.

Finkensieper (2013) enhanced the code to simulate rotating Rayleigh-Bénard-convection.
The critical Rayleigh numbers he computed for di erent values of the Taylor number show a
relative deviation from theoretical values of order10 4.
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A.2 Stability analysis

In this section of the appendix it is briey explained how the stability characteristics of an
exact coherent structure can be calculated. We regard the time-integration map

FToowt)! wt+T) (A.16)

that integrates a ow eld a time T forward in time. Let us assume thatt is a xed point of
FT.ie,
FTl(a)= o: (A.17)

The laminar states and all ECS in section 11.3 ful Il this requirement. Then, for a (small)
deviation dd from + , an operator L (¢ )(dt) can be de ned by

L(t)(dt) Ldu:=FT(4 +du) (A.18)

The operator describes how small disturbances on top of the xed point develop and thus
its eigenvalues can be used as a measure of the stability of an equilibrium solution. Instead of
calculating the eigenvalues oL directly, which is computational very expensive because of the
high number of dimensions oflL, Krylov-subspace methods are applied. For a given matrixt.
and a starting vector g, the m-th Krylov-subspace Kn, (R; g) is de ned as

Km(L;q) := fq;Lq; Lq2; nLqMg: (A.19)

Using the so-called Arnoldi-iteration an orthogonal projection of L on the Krylov-subspace
is calculated. For any given starting vector g, Arnoldi-iteration (e.g. Hanke-Bourgeois, 2013)
starting with d := g and h1.o = kgk, works as follows:

uj = d:hj;j 1,
vi= Lul; hig o= v i =1 (A.20)

X
di=v u'hij; hjry = kdky:

i=1
The numbersh;; are the entries of a matrixHp,. After m steps one ends up with an orthogonal
projection Hy, of L on the m-th Krylov-subspace. The eigenvalues oH, approximate those
of L and coincide ifm is equal to the dimension of matrixL. To get an approximation of the
eigenvalues ofL, the eigenvalues oH,, are calculated (e.g. by QR-iteration). The big advan-
tage of the Arnoldi-iteration is that the eigenvalues ofH, converge rst to the eigenvalues ofL
with largest real part which are also the relevant eigenvalues for a stability analysis. Another
important point is that only matrix vector products are used. Therefore, it is not necessary to
calculate and save the matrixL.

The arnoldi function included in the channel ow-package uses the described method to
calculate eigenvalues of a xed points, travelling waves or (relative) periodic orbits. For travel-
ling waves and periodic orbits a symmetry transformations is needed, which is included in the
calculation of L. A ow eld of a xed point, travelling wave or periodic orbit is delivered to the
arnoldi function together with the necessary symmetry transformation. Thearnoldi function
of channel ow was originally designed for plane Couette ow and was adapted to work for PPF
and also TASBL. To obtain appropriate choices of the adjustable variables (e.g. the number
of iterations N and the strength of the disturbancedt), for each ow and Reynolds number
several calculations were performed.
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A.3 Finding exact solutions

For the numerical procedure of nding exact solutions of the Navier-Stokes equation, it is
appropriate to regard the operator

R(;T; )dt)= F T(+) o (A.21)

The arguments of this function are a velocity eld 4, an integration time T and a symmetry
operation . FT(4) denotes the map which integrates the ow eld 4 forward for a time T.

Using this residual function, the basic idea of a Newton method for the identi cation of exact
coherent structures is brie y described. For simplicity we will restrict ourselves to equilibrium
solutions, as they are studied e.g. in section 10.

Let us assume that we have a ow eld 4 for which the residual function R(+@;T) is
small. Such a ow eld can be used as initial guess to search for a xed poinu that diers
only slightly from +©, i.e 4 = #°+ d4. Then a Taylor expansion of the residual function
around +° gives:

0=R@U®)+ DRUO®)du + O(jduj?): (A.22)

Dropping higher order terms one obtains the Newton-equation:
0=RWU?)+ DR U®)d4u: (A.23)
We can identify DR (+(9) and the operatorL de ned in equation A.18 and obtain:
0=RUOY+ Lu®)du: (A.24)
Thus, in principle d4 can be calculated by
du=L@u®) IRUO): (A.25)

However, the calculation of the inverse matrix is inappropriate in most cases. Instead, the
equation
R(H?) = L(u@)du (A.26)

is solved. Afterwards, we obtain a close approximation to the xed point by
ud = u@ + du: (A.27)

Since we dropped higher order terms in A.22 we will in general not reach within one iteration
(one Newton step), but if the initial guess is su ciently close to a xed point within a few
iterations we will converge to it.

To solve equation A.26 the Newton method included in the channe ow package uses a
GMRES-method. This method minimizes the errorjjL(4©)da  R(#(©)jj on condition that
dti2 K m (L (u©®)). For details of the GMRES-method see for example (Hanke-Bourgeois, 2013).
To improve convergence of the Newton method the implementation in the channelfow package
is a so-called Newton-hookstep method. The idea of this method is not to solve A.23 directly,
but to minimize jjL(¢©@)du R(t©)jj subject to the condition jjdtjj < , where in this
constraint is called the trust radius. Additionally, the Newton step dd is constrained to lie in
the Krylov-subspaceK (L (u©®)). For a detailed description see e.g. (Viswanath, 2007).
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