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Abstract: Continuous wave (CW) terahertz spectroscopy systems are a proven and convenient
solution for industrial non-destructive testing and multi-layer thickness determination. For these
systems to find use in real-time inline monitoring applications, a high acquisition and data
evaluation rate is required. One approach that can increase and potentially enable kHz acquisition
rates is to scan through only a few selected frequencies instead of a full spectrum. However,
the data analysis can become a bottleneck when realizing measurement systems capable of
operating at these speeds. Here we show the feasibility of extracting multi-layer thicknesses from
a sparsely sampled spectrum by using a real-time evaluation scheme capable of runtimes below
a millisecond with a thickness uncertainty comparable to a full spectrum evaluation. This is
achieved by reducing the number of computations by three orders of magnitude. The proposed
measurement scheme requires complete knowledge of the sample composition and the refractive
index of each layer. Additionally, achieving these high evaluation rates assumes that individual
layer thicknesses deviate by no more than 200 um from their nominal values. However, both
conditions are often met in an industrial setting. The sparse evaluation is demonstrated on a three
layer sample, the achieved standard deviation of the layer thicknesses remains below 5 pm for each
layer. These measurements confirm the effectiveness of the sparse sampling approach for THz
spectroscopy and demonstrate the ability to address industrial applications with measurement
rates in the kilohertz range.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Given the relatively small photon energy of terahertz radiation (~ 0.4 meV - 40 meV), an enormous
number of materials of technological importance, including semiconductors, polymers, ceramics,
liquid crystals and many others, are reasonably transparent to this type of electromagnetic
waves, making terahertz an ideal tool for non-destructive inspection in many contexts [1-9].
Many components or constructions consist of several layers. In this context it is relevant to
determine the layer sequence or the internal structure of these layered systems using so-called
terahertz tomography. Terahertz tomography was first demonstrated at Bell Laboratories in the
second half of the 1990s [10,11]. This involved the use of photoconductive antennas which are
gated by femtosecond laser pulses [12,13]. The technique is known as terahertz time-domain
spectroscopy (THz TDS). Other groups quickly took this measurement technique to study
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materials in reflection. For example, Haring Bolivar and coworkers studied multi-layer ceramic
samples [14], Turchnovich et al. [15] characterized multi-layer structures of polymers and
Adam et al. studied hidden paint layers on canvas [16]. With the introduction of fibre-laser
based THz time-domain spectrometers [17—19] this measurement method became more flexible.
Fiber-coupled THz systems can now be used outside the protected environment of an optics
laboratory [20-24]. There are now even THz tomography systems that are connected to a robot
arm and which can examine surfaces of any shape [25,26]. The main drawback that terahertz
time-domain spectrometers have seen is their elevated cost, which falls in the several tens of
thousands of dollars per system.

An alternative technology is the use of tunable photomixer-based CW terahertz systems
[27-32]. These systems have also been widely used to characterize film thickness, the first time by
Wilk and co-workers [33]. In recent years the measurement speed of such systems has improved
from several minutes to seconds and down to a few milliseconds per scan [34—37], allowing this
technology to address industrial applications. These rates are achieved through highly developed
tunable laser sources and often a reduced terahertz bandwidth and frequency resolution that is
captured during a scan. Such sophisticated photomixing systems are marginally less expensive
than THz time-domain spectrometers, and they are still too costly for many applications due to
the fast tunable laser sources. Besides, those systems require relatively controlled conditions to
operate, and although transportable, they are not yet small and light enough to become hand-held
systems that can be operated and maintained by personnel without extensive training. However, by
further reducing the acquired frequencies, down to a very limited number of measurement points
within the THz range, such systems could exceed kilohertz measurement rates. In 2010, Scheller
et al. [38] showed that the 27 uncertainty in layer thickness measurements can be overcome by
using a few discrete THz frequencies. By limiting a measurement to a small number of THz
frequencies, the architecture of the photomixer system can be simplified. Several semiconductor
diode lasers can be used and superimposed in a sequence to generate the different terahertz
frequencies. This allows the frequencies to be switched and captured rapidly, without the need
for an expensive fast tunable laser source. Furthermore, the continuously advancing integration
for electronic and photonic components has now enabled the realization of photonic integrated
circuits that incorporate multiple lasers, waveguides and other electrical and optical elements.
By leveraging these advancements, this technology can deliver a system architecture capable of
multi-layer thickness determination at kilohertz measurement rates, all while maintaining a highly
scalable system size and cost-effectiveness. The number of THz frequencies that can be measured
in such an architecture depends on the number of unique laser combinations when 2 lasers are
selected. For example, from a set of four laser wavelengths, it is possible to switch between 6
different THz frequencies, from eight lasers we get 28 unique combinations. Yet, it needs to be
demonstrated that such a small set of frequencies is enough to obtain reliable measurements of
the thickness of material films on a sample. Here we want to present an algorithm that allows
using this type of system for the measurement of thin layers even just with this rather sparse set
of frequencies across the terahertz band.

Our algorithm is based on an error minimization routine in order to fit a transfer matrix
expression for a multi-layer system. In particular, here, we will discuss real application of this
method for the determination of a three-layer sample based on CW measurements. We also
present a method that initially allows reducing the fit problem from three thickness parameters to
two, and subsequently obtaining the third one, which considerably speeds up the data analysis,
opening the possibility of full data acquisition and thickness determination at rates over 1 kHz.

2. Method

The extraction of the layer thicknesses from a reflection coefficient spectrum of a multi-layer
sample commonly relies on solving a mathematical optimization problem. This involves
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optimizing an objective function based on a model of the reflection coefficient of the sample
and the measurement of the reflection coefficient. Generally this data evaluation procedure is
computationally demanding since for most problems the objective function is evaluated several
thousand times. Often this problem is circumvented by utilizing expensive high-end desktop or
server CPUs [39]. Another similar approach is to base the evaluation on optimization algorithms
which can be parallelized using GPUs [40]. Here, we present a different approach which aims
at reducing the overall cost and system size. Instead of solving the problem relying on high
computational performance, we simplify the fundamental optimization problem in two ways.
Firstly, instead of measuring the full spectrum which often results in datasets consisting of several
thousand data points, we only measure six frequencies. Secondly, we separate the underlying
mathematical optimization problem into two lower dimensional problems. This has the advantage
that, when solved separately, the combined number of objective function evaluations is lower in
total, compared to optimizing the single higher dimensional problem directly. In summary, here
we address the question if it is possible to extract the layer thicknesses of a multi-layer sample,
based on the reflection coefficient measured only at a reduced number of frequencies.

In order to obtain the individual layer thicknesses we model the multi-layer sample using the
well-known transfer matrix method (TMM). Essentially, in this formalism each interface as well
as the propagation through each layer is described by a complex 2x2 matrix, respectively. For
a sample consisting of n layers the product of these 2n + 1 matrices forms the transfer matrix
which describes the propagation of the electric field through the sample at each frequency. The
reflection coefficient can then simply be calculated through the ratio of the matrix elements
my; and mg; of the transfer matrix #7. This model takes absorption, dispersion and multiple
reflections inside the layers into account. Details about the transfer matrix method and the explicit
expressions can be found in [41], while a simplified summary of the procedure, for which a
detailed introduction will be given in the following paragraphs, is presented in Fig. 1.

cs,
o(vi) _ di
Calculate cs(v;), S C {1,...,n} | arg min Fi(d) = ds, arg minFy(dy, d) = dresun
and determine o(v;) ”| subject to d € [ax, bk]”—l dela, b]

Fig. 1. Overview of the proposed evaluation procedure. Initially the coefficients cg are
calculated based on the coefficients of the transfer matrix #/ while o is determined from a
series of calibration measurements. In the second step the function F is minimized with
respect to the n— 1 variablesd = dy, .. .,d,_ within the intervals given by [ay , by ] resulting
in the minimizer dj. At the end the n-dimensional function F, is minimized with respect to
the single variable d in a region around dy within an interval [, b] yielding the final result.

If the incidence angle of the electric field is known as well as the complex refractive indices n;
and the thicknesses d; of the layers distinguished by the index i = 1,.. ., n, then the reflection
coefficient of the entire sample can be calculated. Here we concentrate on measurements where
only the layer thicknesses are unknown, since this scenario is the more probable case for industrial
applications like in-line process monitoring. The equation that we solve in order to determine the
thicknesses is given by

mo1

v)—r(d,...,d,,v)=7Fv)— — =0, (D
mi
which is equivalent to
F(v)my —moy = 0, )

where 7 and r are the measured and modelled reflection coefficients at each frequency v,
respectively. Generally, it is not possible to solve this problem analytically for the thicknesses.
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However, we can reduce Eq. (2) to a different equation containing only n — 1 variables which is
easier to solve numerically. Based on the definition of the transfer matrix we can rewrite the left
hand side of Eq. (2) as follows

1 1
Z . Z c,-],,,l-”x’i' .. .xﬁf =0, 3)

i1=0  i,=0

where the polynomial coefficients ¢;,._;, only depend on the complex Fresnel coefficients of the
interfaces and the measured reflection coefficient. A justification of this equation is presented in
the appendix. The thickness dependency is therefore in the phase terms given by x; = ¢, with
¢; = wn;d;/c, where c is the speed of light, w is the angular frequency and j is the imaginary unit.
Since Eq. (3) is linear in each of the n variables it is straightforward to solve it with respect to one
of the x;. Furthermore, if we use the fact that |x;| = 1, then the resulting equation will contain
n — 1 variables. To verify and illustrate the practical advantage of this approach we analysed a
three layer sample. In this case we can eliminate x3 to obtain the condition

lcooo + c100x1 + cot0X2 + cr10X1%2] = |coor + c101X1 + co11X2 + cri1x1x2| = 0, 4)

where |z| denotes the absolute value of the complex number z. Alternatively, we can avoid the
square roots for the magnitude calculations with the equivalent expression

2 2
|cooo + c100X1 + Corox2 + crioX1X2|” — |coor + cro1X1 + cor1X2 + cri1x1x2|” = 0. )

Furthermore, we define an objective function F; as

2
Fildydy) = 3 BT ©)
- |ori]

where o7 is the standard deviation of the measured reflection coefficient at the frequency v; which
can be obtained through a calibration measurement and f(d, d», v) is the left hand side of Eq. (4).
The standard deviation of the measurement is included to account for random variations due to
noise. Finally, we can obtain the thicknesses of the first two layers by minimizing the function
F1(d,,d>) with respect to d and d. To determine the last unknown d3 we use the solution of
the previous optimization problem as a starting value for the optimization of a second objective
function F, defined as

F(v;) = r(dy, d», ds, v;)|?
Py = 3 7 (|<;|22 s )P -
i l

which can easily be minimized since the first two thicknesses are known. In summary, to
determine the layer thicknesses we first solve a 2D optimization problem based on F; and
subsequently a 1D problem based on F,. This is computationally less expensive compared to
solving a single 3D problem. It is worth noting that this is a general approach which can also be
applied to samples with a higher or lower layer count.

3. Results and discussion

We investigated a three layer sample to demonstrate that it is possible to determine the layer
thicknesses of a multi-layer sample based on the measurement of the reflection coefficient at a few
frequencies. The sample consists of a piece of ceramic which was coated with a thin paint layer
on the front and back. The refractive indices of the layers were determined beforehand through a
THz TDS measurement to be approximately 1.53 + 0.03; for the paint layers and 2.81 + 0.01; for
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the middle ceramic layer at 1 THz. The dispersion of these materials was found to be negligible
with a change of approximately 0.01 in the real and imaginary parts of the complex refractive
index throughout the characterized frequency range. We measured the full frequency-resolved
reflection coefficient of the sample using a commercial broadband CW spectrometer. Details
about the system can be found in [36]. The two blue curves shown in the top and bottom half of
Fig. 2 represent the full amplitude and phase of the reflection coefficient obtained through the
measurement, respectively. In order to obtain a baseline for the layer thicknesses to compare
against, we evaluated all frequencies between 0.08 THz and 1.5 THz in 1 GHz steps, resulting in
1420 values of the reflection coefficient at different frequencies. Subsequently, we varied the
layer thicknesses until we achieved an optimal match between a TMM description of the sample
and the full spectrum. From this fit we obtained the reference values 70 um, 663 pm and 37 um
for the three thicknesses, respectively.

= Full CW-spectrum Selected
= 0 N frequencies
]
<
=
=
=, —20
g .
< Fit to selected
frequencies
—40
™

000 025 050 0.5  1.00 125  1.50
Frequency (THz)

Fig. 2. The blue curve shows the amplitude (top) and phase (bottom) of the reflection
coefficient at all the measured frequencies while the red points indicate the values at the six
selected frequencies. The black curve shows the result of the fitting of the model obtained
using only these six amplitude and phase values.

In practice, a possible scenario in which the proposed evaluation scheme based on a sparse
frequency set could be applied, is for the evaluation of data acquired using a CW spectrometer
that uses a number of lasers emitting at fixed wavelengths. Utilizing photomixing such a
system consisting of, e.g., four lasers could then produce six distinct difference frequencies [42].
Therefore, to validate the proposed evaluation scheme we selected six frequencies from the
full reflection coeflicient spectrum (0.307 THz, 0.459 THz, 0.747 THz, 0.820 THz, 0.960 THz,
1.200 THz). These frequencies were chosen approximately at the turning points of the amplitude
but with enough variation to not be exact multiples of each other. Additionally, the chosen
frequency set should contain a frequency near the ends of the considered range and be spaced
far enough apart from each other. Empirical trials showed that these criteria lead to the best
convergence behaviour of the optimization algorithm.

As an example Fig. 2 shows the discrete values of the amplitude and phase of the reflection
coefficient at the six selected frequencies. Based on this measurement we minimized the objective
function F| using the Nelder-Mead [43] local optimization algorithm. For the starting points
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of the optimization we chose an evenly spaced 2D grid with a spacing of 50 um. The spacing
was chosen based on the equidistant distance between local minima of F; which for a given
frequency correlates with the chosen frequency and the refractive indices of the first two layers.
We restricted the starting point grid size to 16 points. With this grid size we were able to achieve
an average runtime of (0.34+0.08) ms using a single core C implementation of the algorithm
running on an i7-7800X at 4.00 GHz. Considering the set grid size we can therefore expect to
find solutions for the thicknesses in a range of 200 um for d; and d,. For the specific single
sweep shown in Fig. 2 we obtained a global minimum of F at the values 69 um and 660 um for
d; and d», respectively. The optimization of F, subsequently resulted in a global minimum at
45 um for d3 where we chose 4 starting points for the minimization which were again evenly
spaced by 50 um. It is important to point out that this grid based optimization algorithm is not
necessarily the most numerically-efficient optimization algorithm for the given problem. Other
global optimization algorithms such as the simplicial homology global optimization (shgo) [44]
algorithm, genetic algorithms [45], the dividing rectangles algorithm [46], etc., can also be
used to minimize the functions F; and F», which could potentially increase the efficiency of the
evaluation. Yet, it is not the main goal of this work to develop the most efficient algorithm that
solves this problem, but instead to propose an equivalent optimization problem which can be
solved using algorithms with reduced computational complexity.

Furthermore, if we calculate the reflection coefficient for the sample based on the resulting
thicknesses obtained through the evaluation then we obtain the amplitude and phase represented
by the black curve in Fig. 2. We see that the spectrum reconstructed from the sparsely sampled
reflection coefficient is in good agreement with the full spectrum. The thicknesses can be
determined even though the points sampled at higher frequencies show a larger deviation
compared to the full spectrum. This is possible since this deviation is accounted for by dividing
the error function by the variance. Therefore, the frequencies which show a higher variance
contribute less to the function value.

Another aspect to consider is the computational expense of the functions F| and F;. Since
generally multiplications require more computations compared to additions we can estimate
the comparable amount of work required for each function evaluation based on the number of
multiplications which have to be carried out when the variables d; change. We can multiply this
count by the number of function calls and frequencies to get the total number of multiplications
required to evaluate one measurement. Specifically, it follows from Eq. (3) that 2"~ - (n — 1) + 2
complex multiplications are required in the case of F, while the explicit expression for F,
determined using Eq. (2) requires 2"~! - n + 1 multiplications, where we count the squared
magnitude as one complex multiplication. Additionally, the calculation of the x; and 1/|c7|? are
common for both functions and the coefficients cs, S C {1, ...,n} are only calculated once per
measurement. It is worth noting for an implementation targeting an FPGA the calculation of x;
can be implemented as a look up table followed by quartic interpolation or using the CORDIC
algorithm [47]. In summary, the computational expense necessary for the calculation of F| is
therefore less than or approximately equal to that of . Another method which can be used
interchangeably with the TMM for modelling the reflection coefficient is Rouard’s method [48].
Using Rouard’s method the idea is to calculate the reflection coefficient recursively, starting from
the last or bottom layer. For each layer k = 1, ..., n one then calculates an expression of the form

. Fr—14 + Tkt 1Xk
k= T =
1+ Feo e Xk

®)

where 7;; is the Fresnel reflection coeflicient for the interface 7,j and 7,41 = 7, ,+1. The reflection
coefficient describing the sample is then 7| containing the nested r», . . ., ,. For the intermediate
layers we perform one division and 3 multiplications, while for the calculation of r; we can
replace a division with a multiplication and r, can be calculated with 2 multiplications instead of
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3. In general we therefore require n — 1 divisions and 3n — 1 multiplications. In the publication
[39] by Molter et al. it is mentioned that Rouard’s method outperforms other methods such as
the TMM in terms of calculation speed. Although, as we see this is only the case for larger
n. Additionally, which method is the most efficient depends on the computational cost of the
division algorithm which is usually significantly larger compared to multiplication [49] and it
also depends on the target platform, e.g., CPU, GPU or FPGA. However, if favourable in terms of
computational complexity Eqs. (2—7) can also be calculated recursively using Rouard’s method.

To further examine the complexity of the objective functions we evaluated a measurement set
consisting of 1000 continuously acquired sweeps of the full spectrum. Each sweep is performed
at the same location on the sample to ensure comparability. For the evaluation we then first fixed
the number of function evaluations at each grid point to 100 and used the optimization result as a
baseline for comparison. Using these thickness reference values we can calculate the deviation as
the sum of the squared differences between the baseline and the determined thicknesses. The top
half of Fig. 3 shows this deviation for the proposed procedure (blue) and the direct optimization
of F, only (orange) as a function of the total runtime. The lower half shows the relative deviation
which is the squared difference of the obtained thickness between each consecutive iteration. The
green and red data points represent the same quantities, but with the full spectrum evaluated. All
values represent the average runtime and deviation across the 1000 sweeps.
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Fig. 3. The absolute deviation (top) calculated as the sum of the squared differences between
the baseline thicknesses and the evaluation result, and the deviation between consecutive
iterations (bottom), both as a function of the runtime. For the 6 selected frequencies and all
1420 frequencies the optimization of F'| followed by F; is compared to the direct optimization
of F only. The presented values are the averages of all 1000 sweeps.

We see that the slope is steeper in the case of the split F; optimization followed by the
optimization of F,, compared to the direct optimization of all three thicknesses simultaneously
in F,. With the proposed procedure it is possible to reach an absolute deviation of less than
0.01 um with respect to the convergence point in under one millisecond. While a simultaneous
optimization of all three thicknesses achieves a similar precision after approximately 5 ms.
Additionally, we see an almost 200-fold increase in the evaluation time when analysing the
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1420 frequency samples of the full spectrum compared to the selected 6, since the number
of computations required is directly proportional to the number of frequencies. In total we
therefore find an approximate reduction in the number of computations required by a factor of
1000 compared to directly optimizing F» utilizing the full spectrum. The optimization of F
followed by F’, resulted in the same average thicknesses and standard deviations compared to the
direct optimization of F,. This was also the case when utilizing the full spectrum. The specific
values are presented in the first and last rows of Table 1. In summary, we see an approximate 5
times lower amount of computations required to perform the minimization of F; followed by F»
compared to the direct minimization with respect to all layers. To further investigate the effect of
the number of frequencies on the final result we evaluated all 1000 sweeps at 6, 28, 120 and 1420
frequencies, where the 28 and 120 frequency sets were chosen in the neighbourhood of the initial
set of 6. The results are summarized in Table 1.

Table 1. The first row shows the averaged result of the evaluation of all 1000
measured sweeps based on the full reflection coefficient spectrum. Subsequent
rows shows the results of repeated evaluations where the reflection coefficient
was limited to the hypothetical scenario of a setup utilizing 4, 8 and 16 lasers.
The frequencies were sampled from the full spectrum near the initial 6
frequencies. d;j and o; denotes the mean and standard deviation of the i-th layer,
respectively. t is the required runtime for the evaluation of a single sweep.

Frequencies | d; (um) a1 dp (um) o) dz (um) o3 t (ms)
(um)
(um) (um)
1420 70.3 1.8 663.4 0.8 37.3 0.7 61.33
16
( =120 71.3 2.1 664.1 1.3 37.5 1.5 5.71
2
8
) =28 71.7 2.7 660.3 1.2 41.5 3.1 1.28
4
=6 71.2 2.7 661.2 1.4 39.5 4.2 0.34
2

We see that the standard deviation decreases as we increase the number of frequencies, which
is expected since the larger number of samples reduces the influence of random noise on the
result. This effect is especially prominent in case of the third layer thickness, which due to
its comparatively low value might be more susceptible to noise. Furthermore, comparing the
average resulting thickness of the 6 frequency evaluation with the one based on 1420 frequencies
we see the largest difference of approximately 2 um in the case of the second layer. We attribute
this to the specific choice of the 6 frequencies since the thicknesses in these two cases are equal
considering the standard deviation. This shows that a more complex issue that still remains is the
construction of objective criteria, for the optimal choice of frequencies from the spectrum of a
given sample composition. However, to analyse this question in detail is beyond the scope of this
work. Fig. 4 shows the individual results obtained from the fit to the six selected frequencies taken
from 1000 continuously acquired sweeps. In the figure the mean values are given by the solid
horizontal lines while the dashed lines represent the mean values of the full spectrum evaluation.
Generally for these three layers we can observe that the standard deviation decreases with the
layer thickness. This trend can be attributed to the possible effect that phase noise has a larger
influence on the resulting thickness of thinner layers. We also see this in the larger spread of the
values for layer three around the mean value compared to the other two layers. To investigate if
the large spread of the last layer thicknesses was due to the fact that it is determined after the
first two layers, we eliminated x| in Eq. (3) instead of x3. In this case F; depends on d> and d3.
Based on the same previously selected six frequencies we again performed the optimization of
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F1(d,, ds) followed by F;. Evaluating the 1000 sweeps resulted in the average three thicknesses
(71.2£2.7) um, (661.2+1.3) um and (39.4+4.2) um. Repeating this but instead eliminating x,
so that F, takes the form F(d;, d3) we obtained the result (71.2+2.7) um, (661.2+1.3) um and
(39.4+4.2) ym which is exactly the same result as if we optimized F, depending on d» and d3.
We can therefore conclude that the comparatively large standard deviation observed for the last
layer in all three cases is not due to the fact that we optimize that layer last.
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Fig. 4. Evaluation results of a measurement set consisting of 1000 sweeps using the 6
selected frequencies. The spectrum of a single sweep and the frequencies which were selected
are shown in Fig. 2. The nominal values of the layer thicknesses which are represented by
the dashed horizontal lines are the mean values obtained from the evaluation of all sweeps

utilizing the full spectrum (1420 frequencies). The indicated deviations are the standard
deviations while the horizontal solid lines indicate the mean values of each layer.

Furthermore, intermediate results show that the initial grid search is more likely to choose
starting values which are far from the final result when evaluating F(d,, d3) which leads to
the relatively large standard deviations. Still, also in this case for a large number of sweeps
the optimization converges towards the baseline result, so that on average the result is near the
expected three thicknesses.

Finally, it is important to note that while the materials comprising the sample investigated in
this work exhibited little to no dispersion we confirmed through simulations of the reflection
spectra, that the presented approach is still effective for samples consisting of strongly dispersive
materials. This is so, because the frequency components of the reflection coefficient are modelled
independently so the refractive index for each frequency component does not need to hold any
relationship with the other. We further found that in the case where the refractive indices of
two layers were closely matched the sum of the evaluated thicknesses will match the sum of the
actual thicknesses for those two layers. In other words, the two layers are indistinguishable. Any
solutions which sum to the total thickness of the two layers will therefore result in the equally
good fit since their corresponding total optical lengths are the same. To further investigate
the robustness of the approach we examined the thicknesses obtained from the evaluation of
the spectrum averaged over all 1000 sweeps when varying different measurement and model
parameters. We found that a change in the refractive index of a layer directly translates to a change
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in the evaluated thickness of that layer, so that the optical length of each layer remains unchanged.
A similar effect could be seen when the THz frequencies used in the model calculation were
shifted to simulate an increased error in the frequency calibration. We found that the shift was
approximately inversely proportional to the evaluated thickness. These observations can be
explained by the definition of the phase terms which are proportional to the refractive index,
thickness and frequency, an increase in the frequency or refractive index is therefore compensated
by a proportional decrease in the determined thickness. Similarly, changing the incident angle
directly affects the optical length which when increased, results in a proportional increase in
the evaluated thickness. Applying additional noise to the measurement, which was generated
based on the standard deviation of the complete measurement set, showed that the thin layers are
affected the most by amplitude and phase noise. This means that in extreme cases if the SNR
is too low then the uncertainty in the evaluated thickness of especially thin layers can surpass
the layer thicknesses. These systematic error sources can be mitigated by precise control of the
optical frequencies in the mixers, careful optical alignment, and accurate characterization of the
materials involved. In addition the presence of noise also contributes with random error to the
final measurement, which in our case can be reduced at the cost of integration time. In summary,
the result of the evaluation of the sparsely sampled reflection coefficient is comparable to the
result obtained from the evaluation of the full spectrum.

4. Conclusion

In this paper we have introduced and validated a new approach which allows an efficient layer
thickness determination of a multi-layer sample using sparse-frequency CW THz spectroscopy.
It is important to emphasize that this method is intended for use cases where the spectrum of a
reference sample, the refractive indices at the measured frequencies, and the nominal thicknesses
of the layers are known. The reference spectrum allows the user to select a more suitable frequency
set. The main idea of the approach is to only measure and evaluate the reflection coefficient at a
limited number of frequencies, this reduces both the measurement and the computation time
compared to the use of full spectra. We found that a measurement and evaluation of a three layer
sample showed similar results compared to those obtained from an equivalent measurement of
the full spectrum. This CW THz measurement scheme based on a sparsely sampled spectrum
can therefore be regarded as a viable multi-layer thickness determination method for real world
applications. Furthermore, the introduction of integrated photonic circuits opens the possibility
of increasing the robustness and portability of such measurement systems while reducing their
cost, also allowing them to be deployed in industrial and other environments.

5. Appendix: Proof by induction of the relation given in Eq. (3)

We define a multilinear polynomial equation of order n as

1 1
Z . Z c,-]m,-”xi‘ .. .xi{l =0, 9)

i1=0  i,=0

where the cg are complex constants and x; = ¢/>% are n complex variables. For a multi-layer
stack consisting of n layers the transfer matrix is given by the matrix product

M=— M; = , (10)

1{1 ros ﬁ moo  Mo1
: i
ot\ro; 1) i my  mpy



Research Article Vol. 33, No. 7/7 Apr 2025/ Optics Express 14822 |

Optics EXPRESS : N

where at the interface denoted by (i, ), 7;; and ¢;; are the complex reflection and transmission
Fresnel coefficients, respectively, and M; is defined as

1 [e7% 0 1 ri
M; = ' ii+1 . (1)
i1\ 0 &P |\ 1

We want to show that the following two relations
Fmyy —mop =0, (12)

Fmig — rupe1moo = 0 (13)

are equivalent to multilinear polynomial equations of the order n (as given by Eq. (9)) for every n
and with 7 € C. We show this using induction on 7.

For the base case n = 1 we carry out the matrix multiplications given by Eq. (10) and substitute
the resulting matrix coefficients into the Eqgs. (12) and (13) then we have

Froirine 0 + €%) = ripe 70 — 11 = 0, (14)
7”}”016_/6] + 7”7126/61 - rlze_j5‘ - r12}’01r12€j6] =0 (15)
which can be written as
(Frovria = ri2) + (F = ro1)e”* = 0, (16)
(Fron = r12) + (Fria = ro1rip)e* = 0. (17)

We see that the previous two equations both are multilinear polynomial equations of order 1
and with that the base case is true.

For the induction step we assume that the proposition is true for n = k and then show that it is
also true for n = k + 1. For n = k + 1 we have that

_ _ Mooe 1 + moy 1€ moori a1 7O + Mgy /%
My = MMy = s s s s (18)
m]Oe_] k+1 +m1]r]<’k+]€’ k+1 m]()rk,k+le_] k+1 +m]]e’ k+1

which we again substitute into the relations in Eq. (12) to obtain
(Fmio = Fgr1moo) + (Fmyy — mop)e?%1 = 0, (19)

~ - 26,
(Fmio = rig+1moo) + rike1(Fmiy — rige1mor )€ =01 = 0. (20)

Since the induction hypothesis is a multilinear polynomial equation of order k, and the other
factors are constants, these two equations are multilinear polynomial equations of the order k + 1
where the variable is x;,; = ¢/>%+!, which is what we wanted to show.
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