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Nomenclature

[n] set of integer from 1 ton > 0

[n]*  set of integer from 0 to n > 0

({vitiej) vector subspace spanned by the vectors {vi}ie(;
C complex numbers

K field of characteristic 0

N positive integers

R real numbers

0 matrix with entry 0 of K"’

I identity matrix of K"’

16} empty set

diag((/—\i)ie[k]) diagonal block of the k matrices A;
e neutral element of group

G group

o(g) order of the element g of a group G

Sp(A) spectrum of the linear map A

tr(A) trace of the matrix A

Va(A) multiplicity of the eigenvalue A of the linear map A
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Zusammenfassung

Wir schreiben G fiir eine endliche Gruppe und K fiir einen Koérper der Charakteristik 0 und algebraisch
geschlossen. Sei f = > -5 Agg ein Element der Gruppenalgebra K[G], mit Ay € K. Die Abbildung
Xkia : K[G] — KIGIXIG1 bildet § auf die Matrix Xk(c)(f) = (Agg—1)g, gec der Linksmultiplikationsaktion
von f auf K[G] ab. Unser Ziel ist es, die Eigenwerte von Xg¢(f) und deren Multiplizititen fiir spezielle
Gruppen und fiir bestimmte Werte von A, zu bestimmen.

Wir beginnen in Kapitel 1 mit Grundlagen der Darstellungstheorie. Insbesondere werden wir mehr iiber
die Abbildung Xy, die f zu der Matrix X,/ (f) der Linksmultiplikation von f auf dem endlich dimensionalen
K[G] Modul M abbildet, erfahren. Im selben Kapitel werden auch Grundlagen von Coxeter Gruppen
dargestellt.

Dann bearbeiten wir vollstandig die Falle von abelschen Gruppen und Diedergruppen in Kapitel 2. Sei
{Gi}iepr)y die Menge der Konjugationsklassen von G und gg, = gec,; 9 die Summe der Elemente von
G;. Wir schreiben K[é(] fiir die Menge der Elemente f von K[G] derart, dass f = Zle Ai g, , mit \; € K.
Bekanntlich ist K[%]| das Zentrum von K[G].

Wir beenden das Kapitel mit dem folgenden Satz, der eine direkte Konsequenz von grundlegen Aussagen
der Darstellungstheorie ist.

Satz 1. Seien ¢ = Zle Ai ga; € K[6g] und (di)iey) die Dimensionen der irreduziblen Module (M;) e[k
von K[G]. Dann ist die Matriz Xg()(cc) diagonalisierbar und

Sk MGG
Sp(Xk)(cq)) = {Ai - d; }z‘e[k]
mit

{Vee (i) = d7},

worin ijz der gemeinsame Wert von tr (XMi (gj)) fiir g; € G ist.

Wir kénnen zum Beispiel Satz [1| benutzen, um die Eigenwerte und Multiplizitdten der Matrix der Multi-
plikation von
fo= Y (fix(o)t + ™)) o € R(t, )[%5,]
0€Sy
auf R(t, q)[S,] zu berechnen. S, ist dabei wie {iblich die symmetrische Gruppe, ¢t und ¢ sind Variablen,
und fix ist die Statistik
£ix(0) == #{i € [] | o(i) = i},
die konstant auf jeder Konjugationsklasse ist. Wir werden f, als Beispiel in Kapitel 2 bearbeiten.
Satz [1] ist auf alle endlichen Gruppen G anwendbar. Nicht aber das folgende Theorem, das nur fiir
endliche Coxeter Systeme (W, S) gilt. Wir werden in Kapitel 3 sehen, dass dessen Beweis mehr Theorie
voraussetzt und insbesondere Kenntnisse der Descent Algebra benotigt. Wir miissen daher zuerst die
Definition der Descent Algebra K[Zy] einer endlichen Coxeter Gruppe geben. Wir schreiben Cp fiir
die Menge der Untermengen J von S derart, dass die parabolischen Untergruppen Wp und Wy von W
konjugiert sind. Sei {C pi}{ie[p]} die Menge, die die folgenden Eigenschaften erfiillt:

{Cp, ticp = {Cp}rcs,
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Zusammenfassung

Cp, # Cp; wenn i # j.

Seien J; € Cp, und J; € Cp;. Wir fahren mit der Definition der Koeffizienten a;; = a, ,; fort, die von
Solomon eingefiihrt wurden [2I, Theorem 1]. Dann bestimmen wir eine Formel fiir die Koeffizienten a;;.
Wir schreiben C;, fiir die Konjugationsklasse des Elementes s, := [[;c; s € W, mit J; € Cp,. Wir
bemerken, dass die Ordnung der Elemente von J; in ] . J; $ keine Rolle spielt, da alle moglichen Per-
mutationen der Produkte dieser Elementen zur selben Konjugationsklasse gehoren. Sei xj := )" v w,
wobei W7 der Menge der kiirzesten Rechtsnebenklassen Vertreter der parabolischen Untergruppe Wy der
Coxeter Gruppe W ist. Wir schreiben K[Zy]| fiir die Menge der Elemente § = Y ;- Ajz; von K[W]
mit A; € K. Im letzten Abschnitt des Kapitels stellen wir Schritt fiir Schritt den Beweis des folgenden
Theorems dar.

Theorem 2. Seidw =) ;cgA\jzs € K[Zw]. Dann ist das Spektrum der Matriz Xy (0w )

Sp(Xgp(ow)) = {Aj = zp:aij( Z )‘Ki)}

€
i=1 KieCp, s€lp)

mit
{VDW (Aj) = ‘CSJj ‘}je[p]'

Als Beispiel haben wir das folgende Korollar, das die Eigenwerte und deren Multiplizitdten der Matrizen
der Operation der Elemente von K[Zp,] auf K[H3] beschreibt. Es ist wohlbekannt, dass |Hs| = 120 und
dass der Coxeter Graph des Coxeter Systemes (Hs, Sp,) gegeben ist durch:

H3 ::81<i>52<—)83
Korollar 3. Seidy, = ZJQSH3 Ajxy € K[Pg,]. Dann ist das Spektrum der Matriz Xy, (0H;)

A = 120X + 60()\{81} + )\{32} + )\{33}) + 12)‘{51,32} + 20)\{52’33} + 30)\{31’53} + )\SH3

Az = Aoy + Moot + Mg} T Morsa) + Moaysad T Msrsa) T Asi,
A3 = 2)‘{51,32} + )\SH3
Ay = 2)‘{52,33} + /\5H3
As = 2X5 6+ )\SH3
Ag = Agy,
mit
VDH3 (A1) = 1
Vou, (Ag) = 15
VDH3 (A3) = 24
Vou, (Ay) = 20
Vo, (As) = 15
V0H3 (Ag) 45
Beweis. Wir benutzen Theorem [2| und die Werte von a;; fir W = Hj. O]

Am Ende von Kapitel 3 geben wir noch mehr Erklarungen zu der Berechnung der Eigenwerte und deren
Multiplizitdten der Matrizen der Aktionen der Elemente von K[Zp,] auf K[Fy].

Wir mochten hier erwéhnen, dass die wichtigsten und best untersuchten Descent Algebren gewiss die
Descent Algebren der Coxeter Gruppen A,_; bzw. symmetrischen Gruppen S, = A,_1 sind. Es gibt
viele tiefe und schone Ergebnisse zu K[Z4,,] [5]. Eine Quelle von Inspiration fiir uns war die Bestimmung
der Eigenwerte und deren Multiplizitaten des Elementes

th=>_ ¢S (-1)FVak) e R(q)[Za,]

JCSa, KDJ



durch Thibon [I4, Theorem 56] mit Hilfe der Ergebnisse der Theorie von nicht kommutativen sym-
metrischen Funktionen ([I0] und [15]). Dabei ist

Maj(J) := Z J.

je{i€[n]|s;€J}

Die Eigenwerte von Xg(q)[2,,](tn) sind
(¢ @)t
[Tis1 (1 —g)
mit Multiplizitaten |
n!

10 g (1)120(2) y(2)! ..

wobei = (pu1, 2, . .. ) iber alle Partitionen von n + 1 lauft und p(i) die Anzahl des Vorkommens von ¢
in der Partition p ist.

Unser Kapitel 4 ist auf die Gruppenalgebra K|S,,] konzentriert. Wir miissen zuerst eine multinomiale
Version des Theorems von Perron-Frobenius [11, 8.2.11 Perron’s Theorem| erarbeiten. Dann stellen wir
weitere Untersuchungen mit dem Element

O, = desx(0) o € R(Xy, ..., Xy 1)[Sn]

mit
desx(o) := Z X;

ie{ke[n—1] | o(k)>o(k+1)}

an, um das folgende Theorem zu beweisen:

Theorem 4. Sein > 3. Dann ist die Matriz Xg(x,,... x,_,)[S.](0xn) diagonalisierbar und

n—1
Sp(Xe(xi.. X 1)(5:] (%) —{ ZXk, (n=2)!) X, 0}
k=1

mit
Vesxronn s ) (3 2021 Xi) =1,
VX]R(Xl ,,,,, xn,l)[sn](bxn)( —(n=2)! 22;11 Xk) = (3)7
® VX]R(Xl ,,,,, xn_l)[sn](Dxn)(O) =n!— (g) - L

Wir bemerken, dass

Oy, = Z DesX(J)(Z(—l)lK\‘”xK)

JCSa, , K2J

ein Element der Descent Algebra R(X1,..., X,—1)[Za4,_,] ist, mit
Desx(J) := Z Xi.
ie{ke€[n—1]|speJ}

Aber wir werden im selben Kapitel sehen, dass wir die Eigenwerte und deren Multiplizitdten der Matrix
der Multiplikation von 0%, auf R(Xj,...,X,—1)[S,] auch mit Hilfe von elementaren mathematischen
Mittel rechnen kénnen. Als direkte Anwendung von Theorem [4] haben wir beide folgenden Korollare.
Wir erinnern die beiden bekannten Statistiken von S,,:

des(o) :=#{ken—1]| o(k) >o(k+1)}

xi



Zusammenfassung

ist die Anzahl der Descents von o,

maj(o) 1= Z i
ie{ken—1] | o(k)>o(k+1)}

ist das Major Index von o.
Sei 0y, =), cs, des(0) o € R[Sy] und my, = ) s maj(o) o € R[S,].

Korollar 5. Sein > 3. Dann ist die Matriz Xg(s,|(0n) diagonalisierbar und

Sp(Xais, ] (0n)) = {(Z) (n=1)1, 0, —(n—1)!}
mat
* Vs o) () (n =1 =1,
J VXR[Sn](Bn)( —(n=11)=(3),
® Vs o) (0) =1l = (5) — 1.
Beweis. Wir setzen X; = 1 in Theorem

Korollar 6. Sein > 3. Dann ist die Matriz Xgs,|(mn) diagonalisierbar und

Soxeima)) = {(5) 5 0 -5
mit
¢ o mn((3)5) =1,
¢ Vs mn)(=%) = (5),
® Voo (m)(0) =1l = (3) — 1.
Beweis. Wir setzen X; =i in Theorem [4]

Wir beenden unsere Untersuchungen mit dem Element

ix, = Y invx(0)o € R(X12,..., Xn_1,)[Sn]
O'GSn

wobei

invg(o) := Z Xij

(i,4)e{(k,D€n—1]x[n] | o(k)>c (1)}
um dieses Theorem zu beweisen:
Theorem 7. Sein > 4. Dann ist die Matriz Xg(x, ,,....X,_1.,)(S.] (ixn) diagonalisierbar und
n!

SP(XR(X1 2,0, X 1.0)180] (i20)) = {5 > Xij, —(n—2)! > (J — 1) Xij,
{G.g)€n)? | i<j} {(@,g)€n])? | i<j}

-3 Y <n—2(j—z’))Xi,j, 0}
{Gg)emP? | i<s}

mit

xii



n! _
® Vot s mtsm (o) (8 2q(igem | i<jy Xid) = 1,

Xn—l,n)[sn](ixn)( B (TL - 2)‘ Z{(%J)E[“P | i<j} (j — Z)XZ,]) =n — 17

.....
)

I
—
S
N
Ju
~—
-

© Veoxrn oot (= 0= 3 peu | i<y (m =201 = 1)) Xig)

0)=n!— (3) —n.

® VXR(XLQ ,,,,, Xn,l,n)[sn](ixn)(

Wir bemerken, dass eine exponentielle Version von Xg(x, ,.... x,,_1.,)[S.] (ixn) von Varchenko [23] untersucht
wurde. Er konnte eine erstaunliche Formel fiir die Determinante von Xg(x, ..., Xn_1,n)[3n]iraf geben, wobei

i* = Z inv* (o) o € R(X1,2,. .., Xn-1,n)[Sn]

O’GSn
und
inv*(o) := H Xij
(i) e{(kD€n=1]x[n] | a(k)>a(D)}

1 (-am®

L§2([g])

Die Determinante ist

mit a(L) = [[; jc, Xi; und I(L) ist die “Multiplizitdt” von L. Diese exponentielle Version motivierte
Folgearbeiten in mehreren mathematischen Gebieten (e.g.[8], [24]). Als direkte Anwendung von Theorem
[7 haben wir das folgende Korollar. Dieses Korollar wurde in einer unabhéngigen Arbeit von Renteln
bewiesen [I8], Section 4.8]. Dieses Korollar ist auch ein besonderer Fall von einem Theorem von Reiner,
Saliola, Welker [I7, Theorem 1.4], das unsere Untersuchung auch inspiriert hat. Wir erinnern, dass

inv(o) = #{(k,l) € [n — 1] x [n] | o(k) > o(I)}

ist die Anzahl der Inversionen von o.
Sei iy = ) ,cs, inv(o) o € R[S,].

Korollar 8. Sein > 4. Dann ist die Matriz Xg(s,|(in) diagonalisierbar und

o) = {5 ;). 5 -5 o)

mit

® VXR[sn](in)(%(g)) =1,

® VXR[sn](in)( 6
® VXR[Sn](in)(m) = (1),

® Vias, i) (0) =1t = (5) = n.
Beweis. Wir setzen X; j = 1 in Theorem O]
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Introduction

We write G for a finite group and K for an algebraically closed field of characteristic 0. Let f =) geGNg 9

be an element of the group algebra K[G], where \; € K for g € G. The map Xgq : K[G] — KIGIXIGI
sends the element § to the matrix Xg(g)(f) = (Aggr-1)g, g of left-multiplication action of f on K[G]. We
aim to determine the eigenvalues of Xg¢(f) and their multiplicities for special groups and for particular
values of A.

We begin in Chapter 1 by giving some background from representation theory on question for group
algebras. Especially, we will learn more about the more general map Xj; which sends f to the matrix
X (f) of the left-multiplication action of §f on an arbitrary finite dimensional K[G] module M. We will
also see some background from Coxeter groups in the same chapter.

Then we give an exhaustive treatment of the case of abelian groups and dihedral groups in Chapter 2.
Let {Gi}{icix)) be the set of the conjugacy classes of G' and gg, = deGi g be the sum of the elements

of G;. We write K[€] for the set of elements of K[G] of the form Zle i g, where \; € K. It is well

known that K[¢] is the center of K[G]. We finish the second chapter with the following proposition
which is immediately deduced from representation theory.

Proposition 1. Let ¢g = Zle Aiga; € K[€g] and (d;)icn be the degrees of the irreducible modules
(Mi)ieix) of K[G]. Then the matriz Xg(q)(cg) is diagonalizable and

Sk NGNS
Sp(Xkia(ca)) :{Ai: = Z]% - }ie[k]
with

{VCG (4:) = d }ie[k]

where X]\G/[JZ is the common value of tr(Xa(g;)), g9j € Gj.

For example, we can directly apply Proposition [I| to get the eigenvalues and their multiplicities of the
matrix of the action of the element

fo= Y (fix(o)t + ¢"7)) o € R(t, q)[5,]

O'ESn

on R(t, q)[Sy], where ¢t and g are varibles, S, is the symmetric group, and fix is the well known statistic
fix(o) := #{i € [n]|o(i) =i}

which is invariant under conjugation. We will treat f, as an example in Chapter 2.

Proposition [I| holds in the generality of finite groups G. The next theorem can just be applied to finite
Coxeter systems (W, S). We will see in Chapter 3 that its proof is definitively more involved and requires
knowledge of the descent algebra. We will first give the definition of the descent algebra of a finite Coxeter
group. We write Cp for the set of subsets J of S such that the parabolic subgroups Wp und W; of W
are conjugate. Let {Cp,} {ic[p)y Pe the set having the following properties:

{Cp, ticp = {Cp}rcs,

XV



Introduction

Cp, # Cp, if i # .

Let J; € Cp, and J; € Cp;. We continue with the definition of the coefficients a;; = ay,,7;, with
Ji, Jj € S, which were introduced by Solomon [2I, Theorem 1]. Then we determine a formula for the
coefficient a;;. We write C, 7 for the conjugacy class of the element s, := [[,c s, 8 of W. We remark that
it does not matter how the elements of J; are ordered in ] . J; S Effectively, for any permutation of the
ordering, HseJi s belongs to the same conjugacy class. Let x; := ) - w, where W is the set of right
coset representatives of the parabolic subgroup W of the Coxeter group W. We write K[Zyy] for the set
of elements of K[W] of the form )~ ;-g Ajx s, where A\; € K. In the last section of the third chapter, we
etablish step by step the proof of the following theorem.

Theorem 2. Let dy = EJQS Az g € K[Pw]. Then the spectrum of the matriz Xy (dw) is

Sp(Xgw)(ow)) = {Aj = zp:aij( Z )‘Ki)}

P KicCp, JEP]

with
{‘/DW (Aj) = |CSJj |}je[p]'

As an example, we have the following corollary which gives the eigenvalues and their multiplicities of the
matrices of the actions of the elements of K[Zp,] on K[Hs]. Recall that |H3| = 120 and the Coxeter
graph of the Coxeter system (Hs, Sp,) is

H; ::81<i>52<—>83
Corollary 3. Let 0y, =) jcg, Asvy € K[Zy,]. Then the spectrum of the matriz Xy, (0w, ) is
= 3

A = 120X + 60()‘{51} + )‘{52} + )\{53}) + 12)\{51152} + 20)\{52133} + 30)\{51’53} + )‘SH3

Az = Aoy + Msad + Mg} + Morsa) + Mozyss) T Msrsal) T Asi,
As = 2X[5 6t )\SHs
Ay = 2)‘{52,33} + )\SHB
As = 2)\{51753} + /\SH3
Ag = gy,
with
VUH3 (Al) = 1
Vou, (Ag) = 15
VDH3 (A3) = 24
VDH3 (A4) = 20
Vou, (A5) = 15
Vo, (As) = 45
Proof. We use Theorem [2| and the values of a;; for W = H3. O

At the end of Chapter 3, we give more details to obtain the eigenvalues and their multiplicities of the
action matrices of the elements of K[Zp,] on K[F}].

Here we would like to mention that the most studied und best understood descent algebras are certainly
the descent algebras of the Coxeter groups A,—_1 repspectively the symmetric groups S,, = A,,—1. Many
beautiful works have been written about K[Z4, ] (see e.g. [5]). An inspiration for us was the determination
of the eigenvalues and their multiplicities related to the element

th=>_ ¢ (> (1)FVak) e R(q)[Za,]

JCSa, KDJ
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by Thibon [I4, Theorem 56] using results from the theory of noncommutative symmetric functions ([10]

and [15]), where
Maj(J) := g
je{i€[n]|s;€J}
The eigenvalues of Xg(g)(4,](tn) are
G
[Tis1 (1 —q*)
with multiplicities
n!
1R g (1)1202) (2! . ...

where 1 = (p1, pa, ... ) varies over all the partitions of n 4+ 1 and (i) is the number of occurences of 7 in
the partition p.

Our Chapter 4 more closely focuses on the group algebra K[S,]. We first have to give a multinomial
version of the theorem of Perron-Frobenius [IT, 8.2.11 Perron’s Theorem|. Then we begin our next
diagonalizations with the element

where

ie{k€[n—1] | o(k)>o(k+1)}

to get this theorem:

Theorem 4. Let n > 3. Then the matriz Xg(x, .. x,_1)[S.](0xn) is diagonalizable and

n—1
SP(XR(X1,0. Xn1)(S0] (Q2n) —{ ZXk, (n— )!ZXk, 0}
k=1

with
® VXR(Xl ,,,,, xn_1>[sn](0xn)(%! Z;ll Xk) =1
® VXR(Xl ,,,,, xn_1>[sn](0xn)( —(n—2)! Zz;ll Xk) = (3)7
® VX]R(Xl ,,,,, xn,l)[sn](bxn)(o) =n!— (g) - L

We remark that

0xp = Z DeSX(J)(Z(—1)|K\J|UCK)

JCSa, , K2J

is an element of the descent algebra R(X1,..., X,—1)[Z4,_,] where

Desx(J) := Z Xi.

ie{ke[n—1]|speJ}

We observe in the same chapter that we can get the eigenvalues and their multiplicities of the matrix of
the action of %, with more elementary mathematical tools. As a direct application of Theorem [ we
have the two following corollaries. We recall two well-known statistics on Sy,:

des(o) :=#{ken—1] | o(k) >o(k+1)}

xvii



Introduction

is the number of the descents of o,

maj(o) 1= Z i
ie{ken—1] | o(k)>o(k+1)}

is the major index of o.
Let 0, = ) s, des(0) o € R[S, and my, = Y s maj(o)o € R[S,].

Corollary 5. Let n > 3. Then the matriz Xgs,|(0n) is diagonalizable and

n

Sp(Xags, (0n)) = {<2> (n—1), 0, —(n— 1)!}
with
* Voo ((3)(n =1 =1,
* Wusmn (= (0 =1)1) = (3),
® Wais@a)(0) =nl = (5) — 1.
Proof. Set X; =1 in Theorem

Corollary 6. Let n > 3. Then the matriz Xgy,)(my,) is diagonalizable and

o) = {(5) 5 0~}
with
* Vs mn((3)3) = 1.
¢ Vs mn) (%) = (),
o Vyma)(0) =0l = (3) — 1.
Proof. Set X; =4 in Theorem [4

We finish our work with the element

ix, = Y_ invg(0)o € R(X12, ..., Xn 1.)[S0]
O'GSn

where

invg(o) == Z Xi;

(i.5)e{(kD)€n=1]x[n] | o(k)>o(D)}

to get this theorem:

Theorem 7. Let n > 4. Then the matriz Xg(x, ... X,_1..)[S.] (ixn) s diagonalizable and

, n! .
SpXe i X)) = {5 Y X —m-2t Y (- )X,
{(.i)em? | i<j} {@d)emP | i<j}

~m-3) Y (n-20G-9)Xy 0}
{(@g)€n)? | i<j}
with

xviil



n!
S 1)) (2 2o (i)l | i<sy Xid) = 1

yeen
s ’

Xn—l,n)[sn](ixn)( B (TL - 2)‘ Z{(%J)E[“P | i<j} (j — Z)XZ,]) =n — 17

.....
)

I
—
S
N
Ju
~—
-

© Veoxrn oot (= 0= 3 peu | i<y (m =201 = 1)) Xig)

® VXR(XLQ ,,,,, Xn,l,n)[sn](ixn)(o) =nl— (g) -n.

We note that an exponential version of X, X120, X )[Sn]ixn has been studied by Varchenko [23]. He

was able to give a beautiful formula for the determinant of Xg(x,,, .. x,_1.) Sn}if where

n—1,n

i* = Z inv* (o) o € R(X1,2,. .., Xn-1n)[Sn]

O’GSn

with
inv*(o) := H Xij

(i.9)e{(k)€n—1]x[n] | o(k)>o (D)}

[I a-a@?™

Lg2([g])

The determinant is

where a(L) = [[; jc;, Xi; and I(L) is the “multiplicity” of L. This exponential version has attracted
considerable interest in various areas of mathematics (e.g.[8], [24]). As a direct application of the Theorem
we have the following corollary. This result was obtained in a recent independent work of Renteln [18|
Section 4.8]. The integrality assertion of this corollary is a very special case of a theorem of Reiner,
Saliola, Welker [I7, Theorem 1.4] which also inspired our investigation. Recall that:

inv(o) := #{(k,l) € [n — 1] x [n] | o(k) > o(1)} is the number of inversions of o.
Let i, = ) cs, inv(o) o € R[S,].

Corollary 8. Let n > 4. Then the matriz Xgjs,)(in) is diagonalizable and

s, 0) = {5 (;): =57 5}

with

n!

® VXR[Sn](in)(f(g)) =1,

n+1)!
® VXR[sn](in)(( 6 ) )

® VXR[sn](in)(%) = (3)7

® VXR[sn](in)(O) =nl— (g) —n.
Proof. Set X; j =1 in Theorem O

=n-1,

Xix
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Chapter 1

Background

In this chapter, we present the mathematical basis which we need to comprehend the result of our work.
We begin with the representation theory of the group algebra, which somehow can be seen as the source
of our work because all our results are diagonalizations of representations. After defining representations
of group algebras, we give some of its basic theory which we need later. Then we continue with a short
presentation of finite Coxeter groups which are the groups mainly studied in this work. Especially, we
give the definition of the descent of an element of a Coxeter group, the irreducible Coxeter groups and
some basic results needed in subsequent chapters. Principally, Section 1.1 is inspired from [20] and
Section 1.2 from [3].

1.1 Group Algebra Representation Theory

Throughout this work, G = {g; };c[n) is a group of order n, written multiplicatively, with neutral element
e, and K is an algebraically closed field of characteristic 0. Note that groups in this work are written
multiplicatively and with neutral element e.

Definition 1.1.1. A group algebra K[G] is the vector space over K having the n elements of G as basis
with the following multiplication:

Let ()‘gi)ie[n}7 (:U'Qi)ie[n] € K" and Z?:l )\gigi7 Z?:l g 9i € K[G]

n n n o n
Z AgiGi - Z Hg;9i = Z Z Agilu’gj (gzg])
=1 i=1

i=1 j=1

Definition 1.1.2. A vector subspace M C K[G] is a K[G] module if
K[G]- M +K[G] - M C M.

The degree of a module M is its dimension as a vector space M over K.
A module M is irreducible if there exists no module N such that {0} C N C M.
Let My, Ma be modules of K|G]. A module homomorphism is a linear mapping 0 : My — My such that

0(gmi1) = g6(m1)
for all g € K[G] and my € My. A module isomorphism is a bijective module homomorphism.

Let {m;} ciq be a basis of M and f =371 | A, g; € K[G]. We have

d
f-mj= Z SigMi
i=1

1



Background

where ¢;; € K. We write
Xu(F) = (Sij)ijelq

for the matrix.

Definition 1.1.3. A matriz representation of K|G]| on a module M of degree d is the algebra homomor-
phism Xy : K[G] — K99 where Xy () is matriz of the left-multiplication of § on M relative to the basis

{m;}ieia of M.

If the considered module is K[G] with the multiplication action, the matrix of this linear mapping relative
to the standard basis (g:)ie[n) is

Xkia) () = ()\gigjfl)i,je[n]'

In this case, Xg|g)(f) is called the regular representation of . It is the main representation considered in
this work. We have the following result which we use in the next chapter.

Theorem 1.1.4 (Maschke’s Theorem). Let f € K[G] and k be the number of conjugacy classes of G. Up
to isomorphism, K[G] has k irreducible modules M; of degree d; such that, on a suitable basis of K[G],
we have

k
Xz (H) = 6P diXaz, ()
=1
ili
where d; Xz, (f) = Xar, (F) © - - & Xag, (F)-

This is [20, Theorem 1.5.3].
For special coefficients, we have a more refined expression of Maschke’s Theorem.

Theorem 1.1.5. Let f € K[G] such that g~'fg = § for all g € G i.e. | lies in the center of K|G]. If k is
the number of conjugacy classes of G, then on a suitable basis of K[G]|

k
Xx(c)(F) = P Ail g
i=1

where \; € K and (d;);cpy is the degree of the nonisomorph irreducible modules (M;);e/y)-

This is |20, Theorem 1.7.9].

1.2 Coxeter Groups

Definition 1.2.1. A finite Cozeter group is a group W with generating elements the set S = {si}icp,
which elements are subject only to relations of the form

(si5y) ") = ¢

where m(s;, s;) = 1 and m(s;,sj) = m(s;,s;) > 2 fori # j.
The set S is called the generating system of W and the pair (W,S) a Cozeter system.

Recall that o(w) is the order of the element w of W. Throughout this work, we write W for a finite
Coxeter group and (W, S) = (W, {s;}icp)) for a Coxeter system.

Definition 1.2.2. The Coxeter graph of a Cozeter system (W, S) is a graph whose node set is S and
whose edges are the unordered pairs {s;, s;} such that o(s;sj) > 3. The edges with o(s;sj) > 4 are labeled
by o(sis;).

The Cozeter system (W, S) is called irreducible if its Coxeter graph is connected.

2



1.2 Coxeter Groups

Example: The Coxeter graph of the Coxeter group Fy with generating system Sp, = {s;};cs) and

cardinality |Fy| = 1152 is:
4

F4 =81 59 S3 > S4
Recall that the finite irreducible Coxeter groups are:
e A,,n>1,of order (n+ 1)
§] 44— > e—— ——3 3 5,

The other more known notation of A, is S,+1. The generating elements of the symmetric group
Sp+1 are the n transpositions s; = (i i + 1), 7 € [n].

e B,, n>2 of order 2"n!:

4
S] > > ¢—— ——3 > S,
e D,, n >4, of order 2" n!:
51<—>I<—>+—— - > sy

e Eg of order 273%5:

e E7; of order 2103457:

e FEg of order 21435527:

e Fy of order 1152:

e (G5 of order 12:

e Hj of order 120:

e H, of order 14400:

o I)(m), m > 3, of order 2m:

Definition 1.2.3. Let w € W and w # e. The length of w is
L(w) :=min{r € N|w = s;, ...5i,, (is)sepr) € [[]"}-
We set 1(e) = 0.

From now on every element w of W is considered as product of [(w) elements of S. For an element o of
Sp, l(0) corresponds to the number of inversions of ¢ [3, Proposition 1.5.2].

3



Background

Definition 1.2.4. Let w € W. The set of left resp. right descent set of w is
DESL(w) := {s € S|1(sw) < 1(w)} resp. DESg(w) := {s € S|1(ws) < L(w)}.
We can see in [3, Proposition 1.5.3] that for an element o of S, the set of left resp. right descents is
DESL(0) := {s; € S|o (i) > 07 (i + 1)} resp. DESg(0) := {s; € S|o(i) > (i +1)}.
Let J, K C S. We write
JWHE .= {w € W |DES.(w) N J = DESg(w) N K = &}.
If J={@} resp. K = {2}, we just write WX resp. /W.

Definition 1.2.5. Let J C S. A parabolic subgroup of W is a group with generating system J. We write
Wy for this parabolic subgroup.

Proposition 1.2.6. Let J C S. Every w € W has a unique factorisation
w=w’wy resp. w=wy-w
such that w’ € WY resp. 7w € "W, wy € Wy and
1(w) = L(w?) + 1(wy) resp. 1(w) = L(wy) + 1(7w).

This is [3, Proposition 2.4.4].



Chapter 2

Examples of Diagonalization

In this chapter, we determine eigenvalues and eigenvectors for specific examples. Recall that the matrices
studied are the matrices of left-multiplication actions on group algebras by elements of the group algebras.
We begin with the case of group algebras of abelian groups which is a simple exercise. We continue with
group algebras of dihedral groups which are slightly more complicated than the first case. Then we finish
with a study which concerns general group algebras. However, the coefficients of the element f € K[G]
considered must be constant for group elements from the same conjugacy class.

2.1 Examples

2.1.1 Abelian Groups
Let Z be a cyclic group generated by the element z such that o(z) = n. We consider the element
3= A2 e C[Z]
j€n]

where \,; € C.
Let r, t € [n]. We have:

Z exp( 271' Z exp( 27r )2t

j€ln] j€ln]
rt Tt Jt . iy
= Z exp(—2m—i) exp(2m—1i) exp(27—1i)z’
n n n
j€n]
t ] t ;
= Z exp(—27rr—7j) exp (QWMZ'),Z]'”
n n
€[]
t ] t .
=exp(— ZWT—Z) Z exp (2wwi)z]+r
n n
Jj€ln]
=exp( 27r—z Z exp( 271'—@
JEM]

Then, by linearity, we get for ¢ € [n]:

3 Z exp( 27T—Z 2= Z Ayr2’ Z exp( 27r—z

J€(n] ren) j€n]
= Z Azr exp( 27r—z Z exp( 27r—7, 2.
ren) Jj€ln]



Examples of Diagonalization

Since the number of possible ¢ is n, we deduce that the matrix Xc(z(3) is diagonalizable, its eigenvalues

are
{ Z Az exp( 27r }te[n

r€[n]

generically with multiplicity 1, and its eigenvectors are
Jt.
{< Z exp(27rgz)z > }te[n]
j€n]

We generalize this result to the case of any abelian group.
Let A be an abelian group with minimal generating set {aj }5c such that o(as) = nj. We consider the

element
- ¥ CE

(jly---vjl)e[nl}X"'X[nl] hell]

Let (r1,...,71), (t1,...,t) € [n1] X -+ x [ny]. We have:

H ay - Z exp(2m Z ‘7;;:’1@) H aflh = Z exp(2m Z ‘722’11) H aih'ﬂ“h

hell] (J15-d1) Elna] XX ] hell] heli] (J15-d1) Elna] XX ] hell] hell]
= — % ) o ‘]hth JhtTh
= Z exp(—2m Z - i)exp(2m Z - z exp(2 Z H
(j1seeesjt) E[r1] XX [11] hell] hell] he] Tt Rel
B B Thth . (Jn +rn)th . Jhtrh
= Z exp(—2m Z n—hz)exp (2w Z Tz) H ay
(F15sd) Elna] X [g] he(l] he(l] hell]
Thth (]h + T’h)th . TntTh
=exp(—2m Z | Z exp (27r Z 77% 2) H ay)
he(l] (31,~~-,Jl)€[n1]X-"X[m} he(l] hell]
_ B Thth . Jnt h gn
=exp(—2m Z - i) o Z exp(2m Z H
hell] (G15mdt) E[ma] XX [ny] hell] hell]

Then, by linearity, we get for (t1,...,t;) € [n1] X -+ X [ny]:

a- Z exp27r2‘7hh H In

(jl,-.~,jz)€[n1}><---><[nl] he[l] hE[l]
Inth . ;
SRR S | I o ) O
(Tl,...,T[)G[TLl]X---X[’l’ll} E[l (jl""vjl)e[nl}X"'X[nl] hem he[l}
- rutn, nth T
B Z )\Hhe[l] a, exp(—2m Z Thz) Z exp(27 Z Thz) H aj’.
(r1,em) €M) XX [ny] hell] (1531 E[1] X% [17] hell] hell]

Since the number of possible (1, ..., ;) equals the cardinality of the group A, we deduce that the matrix
Xcpa)(a) is diagonalizable, its eigenvalues are

Thth
{ Z )\Hhe[l] rn exp(—2 Z np }(tl, L) EMma]x - x[ny)
(r1,-r) €[] XX [ny] hell]
with multiplicity 1, and its eigenvectors are

Jhth . j
{ < Z exp(2m Z Thl) H az > }(tl,“.,tl)e[nﬂX"'X[nl]'

(15esgi) €[na] XX ] hell] he(l]



2.1 Examples

2.1.2 Dihedral Groups

Let m > 3. We use Theorem to study a more complicated example: The dihedral group which is the

Coxeter group I2(m) with generating system {r, s}. Recall that o(r) = o(s) = 2 and o(rs) = o(sr) = m.

For this class of example, we need the following result:

P—-t Q
Q P-t

ReP+1/QQ — (ImP)?2 and ReP —1/QQ — (Im P)2. (2.1)

The matrix representations of all the irreducible modules of C[I2(m)] up to isomorphism are [9, Theorem)]:

Let P,Q € C[t; |i € [n]]. The roots of the polynomial in the variable ¢ are

e if m is odd:

Ig(m) — C Ig(m) — C
XO r — (1) N X_1 r —> (71)
s — (1) s —  (=1)
Ig(m) — C2x2
0 1
and ¢ X, : " '_) ( 1 0 ) ,
s ( 0 exp(—2%7) )
exp( ) 0 e[
e if m is even:
Ig(m) — C IQ(’ITL) — C Ig(m) — C
X() T — (1) s X—l — (1) N X_2 g (71) s
s = (1) = (-1) s = (1)
Ig(m) — (C2><2
Iyim) — C 0 1
Xa: e (<) amd dx: 77 (1 o) .
—  (=1) 5 . ( 0 exp(—%z)>
exp(%”i) 0 ie[m 1]

If m is odd, the conjugacy classes of I(m) are [7, Theorem 1.1]: ({(rs)ij})je[%_l}* and {(rs)7r} jepn_1)+-
Let Ae, (A(rg)is )\(sr)j)je[mT—l], (A(rs)ir)jeim—1)= € C. From the following table, we get the matrix of the
action of the element

o =Ace+ Z )‘(rs + )‘(sr Z A (rs)ir TS
JE™5= m=1] jE€lm—1]*
on C[Iz(m)]
Ae € )\(rs)j (Ts)j A(S"”)j (ST)j
Xo Ae A(rs)i A(sryi
X_1 )\e )‘('rs)j )\(Sr)j
Ae 0 A(rs)j exp(%zg) 0 )‘(sr)j exp(_%ij) 0
X;
0 Ae 0 )\('rs)j exp(—%m) 0 A(.s'r)j exp(%zy)




Examples of Diagonalization

Xrs)ir (rs)ir
Xo >\<’V‘S)j’l‘
X—l _A(rs)jr
0 )‘(rs)jr eXp(%Z])
Xi
A(’r‘s)j'r exp(i%l‘]) 0
where i € [2] and j € [m — 1]*. Let

2 27
=Xt D0 (gep exp( i) + Mory exp(— i),

jel™57]

Z )‘ (rs)ir €XP 71])

jE[m—1]*

Using this table and (2.1]), we get the eigenvalues and their multiplicities for i,:

Eigenvalues Multiplicities
Ao+ jeimety Moy + Asryi) + X jepmorye Asyir 1
Ae+ Djeimety Moy + Asry) = Xjefmorye Awsyir 1
{Repi +(QiQi — ([mB)Q)%}iG[mz_l] {2}igima
{Rer-@@i-amrp)?) . {2hiegngay

If m is even, the conjugacy classes of Is(m) are [7, Theorem 1.1]:

(L0 jemyer L0927} jerp e and {(rs)2"!

T}je(m 1)

Let A, )\( VB ()\(Ts)j, /\(ST)J-)].E[E_”, ()\(m)zjr, A(TS)QJ‘-HT)].E[E_]-]* € C. From the following table, we get
rs 2 2
the matrix of the action of the element

m ) )
N b} . J ; J
ie = Ace+ )\(TS)% (rs)z + g ()\(TS)J (r8)? + Aspys (s7) )
JelF—1]
27 2j+1
+ g ()\(TS)QJ'T (18)71 4+ Apgy2itry (18)7 r)
jelg—1J*
on C[G] on C[I2(m)]
Ae € A(rs)? (rs) 2 (rs)d (rs) /\( i (sT)
Xo Ae (T 7 X(rayi Xaryi
X_1 Ae % >\( 3 (-1)/ (rs)d (*Uj)‘(sr)j
m , ,
X_g Ae (DA m (19X, (17X (4pi
X_3 Xe X oo? Arayi Xaryi
« Ae O e B 0 Apayi exP(2Eij) 0 Aamyi exP(—2Zij) 0
0 Ae 0 )\(Ts)% 0 )\(7‘5)-] cxp(f%ij) 0 )\(sr)j CXP(%ij)

8



2.2 Center Elements

A(rs)2ir ()T Aray2itt, (r9)2 e
Xo >‘(7-s)2jr ’\(rs)21+17»
X1 Alra)2ir “Ar)2i 1,
X—2 “Mrs)2ir Ars)2i+1,
X—3 ~Ars)2ir “Ars)2itlsy
X 0 Aray2ir xP(3T i) 0 X(pey2i+1, exp(2Tig)
T
A(rs)2d r exp(— %”) 0 Ars)2i+1, exP(*QﬁU) 0
where i € [} — 1] and j € [ — 1]*. Let
27 27
Pi= A+ )‘ (rs) 7+ E 7’5)7 exp(—zg) + A(ST)J exp(——zg))
J€ *—1}
27 .
Qi = E ()\(rs)ZjT. + )\(Ts)2j+1r) eXp(EZj).

JE[F -1

Using this table and ([2.1]), we get the eigenvalues and their multiplicities for i.:

Eigenvalues Multiplicities
Aet A F zje[%fl] (Arsyi + Aemi) + zje[m e Awsy2ir + Asy2itay) 1
Ao+ (=1)7A m + Vierp (D Aoay + Aans) + Eiepp s Pagzir = Awayienr) 1
Aet (=1)2X i+ iem (1) Mooy + Aeri) + Zjepmone (= Awozir T Aps2zitir) 1
Aet A w2 erm 1) Qoo + Aeni) = Eierm 1 Aoz T Aps2zie1r) 1
{rer+@@i-umprp)t} ez
€[5 —
— 2 1
{RePi - (QiQi — (Im P;)?)2 }'e[m | {2tierz 1
i€ 5 —

Renteln could give this result unified for m odd and even [I8, Theorem 16] for special coefficients of i,
and ic: Let m > 1and v =3, /() Lw)w € R[I2(m)]. The eigenvalues of the matrix Xg|z, () (r) are

—m if £ odd and nonzero

2m

Ay = 0 if k£ even and nonzero
m? if k= 0.

Recall that the definition of the length 1(w) of an element w is given in Definition Because of the
length of the calculation, we omit to give the proof calculated from our results of this theorem.

Until now, we have seen relatively “simple” group algebras for which the eigenvalues and their multiplic-
ities of the matrices of the actions of its elements have been completely determined. We will see that for
more complicated group algebras, we can determine eigenvalues and multiplicities of matrices of actions
just for special elements of those group algebras.

2.2 Center Elements
In this section, we consider the elements m = Y | A, g; of K[G] having this property:
Ag; = Ag; if there exists g € G such that g; = 9 gig,

9
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i.e. elements of the center of K[G].
Let 6o = {G;|i € [k]} be the set of the conjugacy classes of G. We write

g6, = Y _ g-

9€G;

Let (A)ier) € K*. We write K[6] for the set of elements of K[G] of the form

k
c=> Niga,
=1

which are in the center of K[G].
Let M be an irreducible module of K[G]. We write XC]\;j for the common value of ¢r(Xps(g)) for all g in
the conjugacy class Gj.

Proposition 2.2.1. Let ¢ = Zle Aiga; € K[6g] and (M;);cp be a full system of irreducible modules of
K[G] and (di)icx) be the sequence of the corresponding degrees. On a suitable basis of K[G], we have

k
Xx(c)(c) = EP pile
=1

where .
k: .
> =1 i lGilxa,
Hi =
d;

is an eigenvalue of ¢ which multiplicity d?.

Proof. We have
k k
g7eg=> XNg g 9= Nga, =¢
i=1 i=1

for all g € G. Then, by Theorem we have Xy, (¢) = pilg,. The only possibility is

G.
tr(Xar, (€))  oh—1 MiIGilG,
= d; B d; '

We treat
fo= Y (fix(o)t +¢™7)) o € R(t, q)[F)]

O’GSn
as example, where fix(o) := #{i € [n]|o(i) = i}. Let 7 € S,,. We have

T Y, = Z (fix(cr)t + qﬁx(”)) 7 lor = Z (fix(T*IJT)t + qfiX(T_l‘”)) ot = §,.
UESn Uesn

Then we can apply Proposition to Xgs,](fn). Recall that the notation p1 = n means p is a partition
of n. For i € [n], we write (i) for the number of occurences of i in the partition u of n.
Let (Gu)u+n be the conjugacy classes of S,, such that

n!
Gyl = 100D 1y (1)1202) py(2)1 .. ) py(m)1

10
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It is known that the irreducible modules of S, are the Specht modules (S,,),+» [20, Theorem 2.4.6] and
that the degree of the Specht module S, is the number of standard p-tableaux f,, [20, Theorem 2.6.5].
So on a suitable basis of K[S,], we have

e (D)t 4+ V)G
[f2.
f# fu

X(s,)(Fn) = P

ukEn

We note that it is relatively easy to get cardinalities of conjugacy classes. We have for example the
cardinalities of conjugacy classes of Hz in Section 3.2 and those of F} in Section 3.3.

11
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Chapter 3

Elements of the Descent Algebra

This chapter is devoted to a special subset of the group algebra of a Coxeter group which is the descent
algebra of this Coxeter group. More precisely, we study the action of the elements of descent algebras
by multiplication on the group algebras. We determine the eigenvalues and multiplicities of the matrices
of those actions. We begin by defining the descent algebras. Then we determine a formula for special
coefficients of the descent algebras. We will finally be able to calculate the eigenvalues and multiplicities
in the last section.

3.1 The Descent Algebra of a Coxeter Group

Let J C S. We write

= Y w

weWw/

We get the definition of the descent algebra from the following famous result of Solomon on Coxeter
groups [21, Theorem 1]:

Theorem 3.1.1. Let J, K C 5. We have

TJTK = E AJKLTL
LCK

where
_ JrK | -1 _
ajir = [{z €' WH | 27'W, anWg =W}

Definition 3.1.2. The descent algebra K[Zw| of the Coxeter group W is the vector space over K with
the basis {x}jcs and the multiplication defined in Theorem|3.1.1|

Example: An element 4, of K[Z4,] can be written as:

04, = A\g(e+ s1+ s2 + 5152 + s2s51 + S15251)
+ Agsiy(e+ 52+ s152) + Afgpy (e + 51+ 5251)
+)\SA26

where the Coxeter graph of As is s1 «— s9.

We aim to study the linear algebraic properties of Xgy)(0) for an element ? of K[Zy].

13
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3.2 Special Coefficients of the Descent Algebra

In this section, we determine a formula for the values of ajx . A theorem has already been proposed in
[2, Theorem 6.5] to determine those values. However this theorem seems to contain a mistake. That is
why we propose a new formula which is, in fact, a slight modification of [2, Theorem 6.5].

Let J C 5. We write C for the set of subsets L of S for which W, is conjugate to Wy, i.e.

C;j={LCS|3weW,w ' 'Wyw=W},
and N for the intersection of the normalizer of W; with W, i.e.
Ny:={weW|w 'Wyw=W;}nW’.

Let us note that Ny is a group [12, Corollary 3].
Let w € W and U,V be subgroups of W. We write

Yw" :={z c UwV | 1(z) < 1(uav), Yu € U, Yo € V'}

for the set of minimal double coset representatives of w. If U = {e} resp. V = {e}, we just write w"
U
resp. - w.

Lemma 3.2.1. Let w € W and J,K C S. Then the set V/w"V& contains a unique element.

We can see this in [21}, 1.Introduction]. In this case, we consider W7/w" no more as a subset of W but
as an element of W.
Let K C S and K’ € Cg. We write

Crxg:={weWw| w_IWK/ w = WK}

Lemma 3.2.2. Let ¢ € Cgrg and cxr i be a double coset representative of c:

NgrWgr NgWg
CK'K € C .

Then cgri € Crric.

Proof. If c=n'k' cgrx nk with n'k’ € N Wy and nk € NgWp, then

(n’ K cK/Knk)’le/ n' k' cxgmk = Wk,

(CK/KTZ]C)_IWK/ crrgnk = Wk,
c[_(}KWK/ CK'K = nkWg (nk)™ !,

C[_(}KWK’ CK'K = WK.

O

We fix a double coset representative ci/ i € Ckrg for the rest of the chapter.
Let E C W and U,V be subgroups of W. We write YEY for the set of double coset representatives of
the elements of F, i.e.
UV ._ U UV
wek

Lemma 3.2.3. Let K C S and K' € Cx. Then

Wi (e Nk )5 = e Nk and V&' (Ngr e )VE = Ny e

14



3.2 Special Coefficients of the Descent Algebra

Proof. 1t is clear that (cg/x N K)WK = cx' kg Ni. Effectively, since ckri is a left coset representative of
the group NgWpk and the group N is a set of left coset representatives of Wi, then cx/ g Nk is a set of
left coset representatives of Wi .

We then just have to prove that W&’ (cxxNk) = cxrxNi. Let cxrgn € cxrg Nk and let us suppose
that cx/x n = k'b where k' € Wgs and b € K'W. Then 1(cgrx n) = 1(k'b) = 1(K') + 1(b) i.e.

1(cx k) = 1(b).

On the other hand, we have (K')"lcxixn = cxrxkin = cggnks = b with ki, ks € Wg. Then
1(CK’K ’I’Ll{}g) = 1(CK’K n) + 1(l€2) = 1(b), i.e.

1(0}(/[( TL) < 1(b)

The only possibility is then ko = k; = k' = e. So we get the result.

The proof for W&/ (Ng: cxrig)WV& = N cgri is analogous. But we provide the proof for the sake of
completeness.

It is clear that WK/(N k' cx'i) = Nir e, Effectively, since ¢ is a right coset representative of the
group Wy Nk and the group Nk is a set of right coset representatives of Wy, then Ng/ck/k is a set
of right coset representatives of Wi.

We then just have to prove that (Ng cxri)VE = Ngr e Let n' e € Ny cgrie and let us suppose
that n’ cxrx = bk where k € Wy and b € WX, Then 1(n’ cxrx) = 1(bk) = 1(b) + 1(k) i.e.

l(n' CK’K) > l(b)

On the other hand, we have n'cr/ k™! = n'kjcxix = khn'cgr = b with k}, k) € Wgs. Then
1(k§n/ CK’K) = l(ké) + 1(n’ CK’K) = l(b), i.e.

1(n' cxre) < 1(b).
The only possibility is then k} =k} = k = e. So we get the result. O
Lemma 3.2.4. Let K C S and K' € Cx. Then

{w e Ky K | w ™ Wy w = Wk}t =cxxk Nk = Ng/ ik
Proof. Tt is clear that {w € KW | w™'Wg w = Wg} = N for all K C S.
e Themap ¢ : {w € KWK | w "Wy w= Wi} = {we KWK | w "Wy w=Wgk}
N NCKK
is clearly injective.

e Themap ¢ : {w € KWK | w "W w=Wg} = {we EWE | w "W w=Wg},

€T = WK’ (CK’K x_l)WK’

is injective. Effectively, ¢'(z) = ¢'(y) means cx/x o~ = uicgri y~ ‘ug with uy, us € Wxr. Then
ek 7t = cgrgvy tug and 7! = vy~ lug with v € Wix. The only possibility is v = ug = e.

Then we deduce that ¢ is bijective and {w € K'ywk | w Wy w =Wk} = Ngr cxr.
e Themap ¢ : {w € EWE | w "Wk w=Wg} = {weEKWE | w Wy w=Wgk}
Nt=CK'gmn

is clearly injective.
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Elements of the Descent Algebra

e The map ¢’ : {w € KWK | w "W w=Wg} = {w e KWE | w "Wy w =Wk},

T +— Wk (51371 CK/K)WK

1 1

is injective. Effectively, ¢/(z) = ¢/(y) means ™" cxrg = w1y~ " cxri ug with uy,uz € Wg. Then
Ve = wiy lveg g and 271 = wyy v with v € Wy, The only possibility is u1 = v = e.

Then the map ¢ is also bijective and {w € K'yyK | w ' Wgr w =Wk} = cggNk. O

Let J, K C 5. We write
H;x = {K/ € Cg | CK'K = W‘ICK/K}.

We can now give the formula to determine ajx .

Theorem 3.2.5. Let J, K CS. We have

= Y kL
K'cH N2’ W N Nyl

Proof. Recall that
QKK ‘= ’{w S Twk | Wy ﬂwWKw_l = wWKw_lH

where wWKw_l =Wk and K’ € Cg N 27
We have w € ¢k Ng = N7 cxrie. But we must also have w = "W7w. That means:

e On the one hand, we must have cxrx = Ve, Otherwise W/ (e N ) N Crrg = 9.

e On the other hand, if cxrx = Wegr, then w € WI(Ngr cxri) = (W Nio) e

Since
‘WJNK/ = 7‘NK/|
‘WJ N Nk | ’
it follows that
[Ni|
AJKK = Z T~
K'eH jxn2’ |WJ A NK,’
S
woettyenes 177 1 Nk
since Wi and Wy are conjugate. O
The theorem proposed in [2, Theorem 6.5] is:
Theorem 3.2.6. Let J, K CS. We have
[Nk
AJKK = Z v
K'eCgn2/ |WJ n NK{’

Recall that |Hs| = 120 and the Coxeter graph of Hj is:

5
§1 <> S92 < S3

We have the values of | N | for Hs in [12] page 79].
If we use Theorem [3.2.6] we get the following values of ajxk for Hs:
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3.2 Special Coefficients of the Descent Algebra

gives the cardinalities

I |{s1}|{s1,82} {52,853} [{51,53} | Sns
& 120 0 0 0 0 0
{s1} | 60| 4 0 0 0 0
{51782} 12 8 2 0 0 0
{82,83} 20 8 0 2 0 0
{s1,83}| 30| 4 0 0 2 0
S, | 1] 1 1 1 1 1
120 0 0 0 0 O 120
60 4 0 0 0 O 120
B 12 8 2 0 00 . . . _1 | 120
Let A = 0 802 0 0 . We will see in Section 3.3 that A 120
30 4 0 0 2 0 120
1 1 1 1 1 1 120
of the conjugacy classes of H3. However, we get
120 1
120 15
1| 120 | —6
A 120 N —10
120 15
120 105
which is absurd.
But if we use Theorem the values of ajxx calculated for Hs are:
@ |{s1}|{s1,s2} | {s2, 53} |{s1,53} | Smy
1%} 120 0 0 0 0 0
{s1} | 60| 4 0 0 0 0
{51782} 12 4 2 0 0 0
{s2,83}| 20| 4 0 2 0 0
{s1,83}| 30| 4 0 0 2 0
Sy | 1] 1 1 1 1 1
120 0 0 0 0 O
60 4 0 0 0 O
12 4 2 0 00 . o e :
Let B = . Then we get the following cardinalities of conjugacy classes of Hg
20 4 0 2 00
30 4 00 20
1 1 1 1 11
120 1
120 15
g1 | 120 | _| 24
120 20
120 15
120 45
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which gives the correct values.
Let J' € C; and K’ € Cg. From Theorem we deduce that

AJKK = Q) K'K'-

This can be found in [2, Theorem 6.2].

Using Theorem and the values of |[Ng| in [12], page 74], we get the following values of ajx i for the
case of Fjy:

& | {s1}|{sa}|{s1,82}|{s2,83}|{s3,84} {51,584} |{51, 52,53} |{s2,53,84}|{s1,83,84}|{s1,52,84} |5,
%] 1152 0 0 0 0 0 0 0 0 0 0 0
{s1} 576 | 48 0 0 0 0 0 0 0 0 0 0
{s4} 576 | O 48 0 0 0 0 0 0 0 0 0
{s1,82} | 192 | 48 0 12 0 0 0 0 0 0 0 0
(52,53} |144| 24 | 24| 0 8 0 0 0 0 0 0 0
{s3,84} | 192 | O 48 0 0 12 0 0 0 0 0 0
{s1,s4} | 288 | 24 | 24 0 0 0 4 0 0 0 0 0
{s1,50,83}| 24 | 24 | 6 | 12 4 0 0 2 0 0 0 0
(sa,s3,54} 24 | 6 | 24| 0 4 12 0 0 2 0 0 0
{s1,83,50}| 96 | 8 [ 24| 0 0 6 4 0 0 2 0 0
{s1,82,84}| 96 | 24 8 6 0 0 4 0 0 0 2 0
SF, 1 1 1 1 1 1 1 1 1 1 1 1

3.3 Eigenvalues and Multiplicities

Let 0 =) x5 Axzk € K[Zw] and (27)scs be the standard basis of K[Zy]. We write dg|g,,(d) for the
column vector of d on the basis (77);cs and Dg{g,,|(?) for the matrix of 0 on the basis (z),cs i.e.

dig(2y)(0) = (Ak)kcs and Dgjg,1(0) = (Z )‘JCLJKL)K,LQS'
JCS

Let n > 2 and (0;);c)n) € K[Zw]". We have

— —
dxan)(JT ) = ( [] Drigw(:)dxan(@n)-
]

i€ln i€[n—1]

Recall that the noncommutative multiplication is defined in the following way:
%
I =M. an
1€[n]

We write Dg(g,,1(0)|e,x for the column of Dg|g,,1(?) corresponding to the basis vector z, i.e.

DK[QW](D)MK - ( Z /\JCLJKL)LQS = dK[@W} (0zk).
JCS

Lemma 3.3.1. Let d € K[Zw]. Then Xgw)(0) and Dg(g,,|(2) have the same spectrum.

18



3.3 Eigenvalues and Multiplicities

Proof. 1t is clear that Sp(Dgjg,(0)) € Sp(Xgmw(d)).

Let (pi)icp- € K2 and E?ZZO p1it* be the characteristic polynomial of Dg(g,,1(9) in the variable t. We
! ) )

have 37, HiDﬁq@W](a) = 0y, especially

2l
polotes + 1Dy (0)Dk[ 241 (005 = Ontja s
=1

Since |21|0,S = dK[@W](e) and DK[@W](D)|O,S = dK[@W](D)a then
todi gy, (€ +ZN1 K] @)dK(7y] () = dk[24(0)-

This means poe + Zfl:l 10" = 0 and Sp(Xgpw(0)) € Sp(Dxay(0))- O

In the following, we need a total order > on the subsets of S which was introduced by F. and N. Bergeron
[1]: We define min J := min{i € [l]|s; € J} and assume that min@ = [+ 1. Let J,K C S such that
J # K.

e If min J > min K then J > K.

e Otherwise J > K if and only if J\{Smin 7} > K\{Smin i }-
Let {Cp, }ic[y a set representative of all the Cp, P C S, i.e.
{Cp}ticp = {Cr}rcs,
Cp, #Cp, ifi #j.
Example: For the case of the group Fjy, we have:

{CPi}iEDQ] = {0‘37 Cis13 Cpsadr Clsrsay Csausals C{S3,34}7 Clsi,511> Clsrsansalr Clsasaisatr Clsrusasays Clsisaisats CSF4 }

Let J; be the element of Cp, such that K; > J; for all K; € Cp,\{J;}. We order the conjugacy classes of
parabolic subgroups Cp, such that J; = J; if 7 < j.
Let i,7 € [p]. We write

Ajj = QJ,Jj;J;-

Proposition 3.3.2. Let 0 =3 ;cg Ajzy € K[Zw]. Then the spectrum of the matriz Xgw(0) is

Sp(Xinw (2) {Z“w (2 ) }e

=1 KGCP

Proof. We order the basis (zx)xcs of K[Zy] according to the total order > of F. and N. Bergeron that
means we get a new ordered basis (2k;);c[2 such that K; = Kj if i < j. We assume that the rows and
columns of the matrix DK@W]( ) are ordered in increasing order by . Using Theorem u we get
0.2k, € <{a:Ki}i€[j]>. Then the matrix of 0 on the basis (zk, )ze[zl] is an upper triangular matrix. The
characteristic polynomial of this matrix in the variable ¢ is

I (O xaskx) —1).

KCS JCS

= { Z )\JaJKK}KQS'

JCS

and

Since ajxx = aygk for all J,J' € Cp, and ajxx = ajxi for all K, K' € Cp, according to Theo-
rem we get the eigenvalues of Dg|4,,)(0). Using Lemma we get the result. O
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Example:

A =

Ay =

Elements of the Descent Algebra

The eigenvalues of Xy (0r,) = > c Sty AJxy

1152M5 + 576(/\{81} + )\{52} + )\{53} + )\{54}) + 192()\{31,52} + )\{53754}) + 144)\{52,53}
+288(>‘{51,33} + )‘{51,34} + )‘{32,34}) + 24()\{81,82753} + )\{52,53734}) + 96()\{81783,54} + A{51752,34})
+)\5F4

48()\{31} + )\{32} + )\{51,52}) + 240‘{32,53} + /\{51753} + )‘{31»54} + /\{52754} T )\{51’52’33} + )\{31’82’54})
+6)\{32,83,S4} + 8A{£1:33a54} + )\SF4

48()\{83} + )\{34} + )\{83,84}) + 24()\{82,83} + >\{S1783} + )\{81,84} + >\{82784} + )\{52,53784} + )\{51,83,84})
+6)‘{81,82,83} + 8/\{31,32,54} + )\SF4

12)\{31532} + 12)\{31,32,53} + 6>‘{S1782,84} + ASF4

BA (52,53} F 4 (A (s1,50,58} + Msaysasa}) T As,

12(Afsg,50) T Afsa,sasa}) T A (515550} + Asi,

A srsah + A srssh F A as)) T M) F Msrsnsi)) + Asi,
2)\{81752,53} + )\SF4

2)\{52,53,34} + )\SF4

2)\{51,53,54} + /\SF4

2N (51 50,50} T )\SF4

ASk,

Let x € W. We write C, for the conjugacy class of z, i.e.

C, = {w lzw|w € W}.

Let I; = [J;| and J; = {sj, }rep)- We write

l;

SJ; = HSJ‘T.

r=1

Let 0 =3 ;cq Aszy € K[Zw] and j € [p]. We write

Ay :ZP:%‘( > k)

=1 K¢€Cpi

Proposition 3.3.3. Let 0 =3 ;cg A\jzs € K[Zw]. Then the multiplicities of the elements of
Sp(XK[W}(D)) are

fori € [p].

Va(Ai) = |Cs,, |

Proof. Let A = (aij); jefp) V= (%(A]‘))je[p}, w = (|W])jepp and c = (]CSJj )jep)- At the end of the sixth
section of [2], it is proved that A~'w = c. ‘
Besides, we have tr(Xgw](0)) = [W| Y ;e As. Then, we have Y27, a;iVo(Ai)Ak; = [W|Ak, for K €

ij i.e.
J
> aVa(A) = |WI.
i=1
In matrix form, we get Av = w. Thus A~™'w = v. O
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3.3 Eigenvalues and Multiplicities

Example: The multiplicities of Sp (XK[W} (0r,))

Vop,(A1) = 1 = |C]
%F4 (AQ) = 12 = |Csl|
Vop,(A3) = 12 = [Cy,]
VDF4 (A4) = 32 = |08152’
%F4 (A5) = 5 = |08283’
V°F4 (Ag) = 32 = Css4
‘/DF4 (A7) = 12 = |CS1S4’
V°F4 (Ag) = 84 = |Cyiasl
VDF4 (Ag) = 84 = |0525354‘
VDF4 (Alo) = 9% = |0815354‘
pr4 (All) = 9% = ‘0815284‘
VDF4 (A1) = 577 = [Cypsysl

We note that with the matrix relation Av = w, we can also get the cardinalities of the conjugacy classes

of W.
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Chapter 4

Special Elements of the Group Algebra
of the Symmetric Group

In this chapter, the considered group is the Coxeter group A,_1 = S,, which is the set of permutations of
the elements of [n]. We recall that for o € S,:

e its descents set is DES(0) :=={k € [n—1] | o(k) > o(k+ 1)},

e its inversions set is INV(o) := {(4,7) | i < j, o(i) > o(j)}.

Our results are related to two new statistics on S,, that are the statistic desx : S, — R[X1,..., X,,—1]:
desx(o) : Z X;
iEDES(0)

and the statistic invy : S;, = R[X12,..., Xn_14):

invg(o) := Z Xij

(4,4)€INV(0)
where X1,...,X,—1 and Xy 9,...,X,,_1, are variables.
Let
= ) desy(0) 0 € R[Xy, ..., Xy 1][Sh]
0'6871
and

ix, = Y invg(0) o € R[X12,..., Xn 14][Sn]-
oESy

We aim to diagonalize Dx, = Xp[x,,..x,_1)[S](Qxn) and Txp, = Xp[x,,,.. Xp_10](Se)(ixn)- By linear
algebraic calculating we get:

(n=1) Sp(Dx1) = {0} and Vo, (0) = 1.
(n=2) Sp(Dx2) = {X1,—X1} and Vp,,(X1) =1, Vo, (—X1) =1,
and
(n=1) Sp(Jx1) = {0} and V3,,(0) = 1.
(n=2) Sp(Jxa) = {X12,—X12} and V5, (X12) =1, V5, (—X12) =1
(n=3) Sp(Jx3) = {3X12+3X13+3X23, —X12—2X13— Xo3, —X12+ X13— X3, 0} and
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Virs 3X12+3X13+3X03) =1,

(
o Vi (—X12—-2X13— Xo3) =2,
® Vi, (— X12+X13—X23)—1
o V5,,(0)=

We study those matrices for arbitrary values of n. But we first have to give a multinomial version of the
theorem of Perron-Frobenius [I1], 8.2.11 Perron’s Theorem|. Then we determine the minimal polynomials
of D%, and Jx,, from which we obtain the eigenvalues. We finish by calculating the multiplicities.

4.1 Multinomial Version of the Theorem of Perron-Frobenius

For a polynomial P and a monomial M in R[X}, ..., Xx], we write [M]P for the coefficient of M in P.

Proposition 4.1.1. Let n > 2 and B, = (P,)
such that:

i jeln] be a matriz of polynomials P; ; € R[X7,..., X}]

(a) Pj#0 and [Xi' ... X;*|P,; >0,

(b) there is a polynomial P, € R[X, ..., Xy| such that, for any i',i" € [n],

n n
E Pi/’j = E Pi//’j :Pn.
=1 j=1

Then P, € Sp(Bn) and Eyp, (P,) =< | : | >.
1
Proof. We prove the assertion by induction on n. With simple calculations, we get the result for n = 2.

Now we assume that the assertion is proven for n — 1 > 2.
Let us consider the following system (i) of n equations:

Py + Pipze + ...+ Pigirar + Piar, = Pun
Poizy + Pyre 4+ ...+ P+ Popm, = Paxg
P, 11z1 + Pyi222 + ... + Piip1Tnaa + Puoipxn = Phmg
Pn,lxl + Pn,2x2 + ...+ Pn,n—lxn—l + Pn,nxn = Pyxy

On the last row, we have P, 121 + Pyox2 + -+ + Pyn_12n—1 = (P, — Py n)xy,. By multiplying the n-1
first rows with (P, — P, ), and after by replacing (P, — P, »,)xy, with P, 121+ Ppozo+ -+ Pypn—1Tn—1
in the n-1 first rows, we obtain the following system (ii) of n-1 equations:

P1,1<Pn - Pn,n)xl + ...+ Pl,n—l(Pn - Pn,n)xn—l + Pl,nQ = P, 111
P2,1(Pn - Pn,n)xl + ...+ PQ,n—l(Pn - Pn,n)xn—l + PQ,nQ = Py _1x9
Pnfl,l(Pn - Pn,n)wl + ...+ Pnfl,nfl(Pn - Pn,n)xnfl + Pnfl,nQ = Py 1rp

where P, = Py(P, — Py ) and Q = Py 121 + Ppoxo + -+ Py p12p—1.
We have, for i € [n — 1]

[ ]
n—1

Z[xj] (Pz,l(Pn - Pn,n)xl +---+ Pi,nfl(Pn - Pn,n)mnfl + Pz,nQ)
=1
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n—1 n—1
=Y Pij(Pa = Pog) + ) PinPoy
j=1 j=1

:(Pn - Pz,n)(Pn - Pn,n) + iDz,n(Pn - Pn,n)

=P, 1.
e Let j € [n— 1] and set
P/ = [2](Piy(Pn = Pop)xi+ -+ Pin1(Py — Pan)tn-1+ PinQ).
By (a) and the definition of 93,,, we have that 0 # P; ;(P,, — P, ») is a polynomial with non-negative
coefficients only. Again by (a), it follows that:
> Pl = Pij(Py— Pap) + PinPaj #0,

> (Pll,ijilX;k) >0, for i1,...,1; € N.

By induction, the solution of the system (ii) is 1 = 9 = --- = x,—1. By replacing x3,x3,...,Z,—1 by 21
in Py 1x1 + Proto+ -+ Pyp_12n—1 = (Pn — Pnn)®yn, we have then 1 = z,,. Hence the solution of this
system (1) is 1 = a9 =+ = x,.

1

Therefore, P, € Sp(B,) and Eg, (P,) =< | : | >. O
1

Corollary 4.1.2. Letn > 2 and B, = (Pi’j)ije[n] be a matriz of polynomials P; ; € R[X1,..., Xg] such
that:

(a) Pj#0 and [Xi' ... X;*|P,; >0, fori# 7,
(b) P;i =0, forie€ [n],

(c) there is a polynomial P, € R[X, ..., Xk] such that, for any i',i" € [n],

n n
E Pi/’j = E Pi//’j :Pn.
=1 j=1

1
Then P, € Sp(Bn) and Eyp, (P,) =< | : | >.

Proof. The proof is obvious for n = 2.
Let us consider n > 2. We have the following system (iii) of n equations:

0 + Pigra + ... + Piparpr + Piar, = P
P2,1:E1 + 0 + ... + P27n,1"l,‘n71 + PQ,TL:ETL = Pnl'Z
P, 11x1 + Py_i12m2 + ... + 0 + Puintn, = Purn
Poizi +  Popze + ...+ Pypatna + 0 = Px,

On the last row, we have P, 121 + P, 222 + - + Py n_1Tpn—1 = Pyx,. By multiplying the n-1 first rows
with P,, and after by replacing P,x,, with P, 1x1 + P, 222 + -+ + P, n—1Zp—1 in the n-1 first rows, we
obtain the following system (iv) of n-1 equations:

Py, P + ... + (Pnpl,n—l + Pl,nPn,n—1)$n—1 = Pr%xl
(PoPa1+ PonPpi)x + oo + (PiPa-1+ PopPopn-1)tn-1 = P2xo
(PnPn—l,l + Pn—l,nPn,l)xl + ...+ Pn—l,npn,n—lmn—l = ngn—l
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where
n—1 n—1 n—1 n—1
D I (Y lerl(PaPik + PinPag)) =Pu Y Pik + Pin Y Pk
j=1 k=1 k=1 k=1
n—1
=P, Z -Pi,k + Pnf)z,n
k=1
=pP2.
Using Proposition on the obtained system (iv), we get 1 = 29 = --- = x,,—; and then the desided
result. ]

Proposition can also be applied to get more general results. As example, for a matrix of polynomials
LB = (Pi’j)i,je[n] such that:

(a) [X{'...X;¥]P,; >0,
(b) P;n #0and P,; # 0, for i # n,

(c) there is a polynomial P, € R[X7, ..., Xj| such that, for any i,i" € [n],

n n
> Prj=) Pw;= P
=1 j=1

Then P, € Sp(P,) and Ep, (P,) =< | : | >.
1
Now we apply Corollary to the statistics desy and invy.

Lemma 4.1.3. Forn > 3, we have
n! n—1
Z desx(o) = 5} ZXk‘
€Sy k=1

Proof. For k € [n — 1], [Xi]( Y cs, desx(0)) = #{o € S, |k € DES(0)}. It is clear that the following
mapping is bijective:

{c € S, |k €DES(0)} — {o0 €S, |k ¢ DES(0)}
o (. k E+1 ... (- k k+1 ... ,
= ( k) k1) .. ) = A7) = ( (k1) k) .. >
that means #{o € S,,| k € DES(0)} = #{o € S, | k ¢ DES(0)}.
Since
#{o €S, |k €DES(0)} + #{o € Sn|k ¢ DES(0)} = #S,,
then
n—1
[X51( Z desx(0)) = %' and Z desx(0) = %'ZXk
0ESK 0ESK k=1
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4.2 Minimal Polynomial of the Multinomial Descent Statistic

From Corollary and Lemma we deduce that

n—1 ol n—
ZXk € Sp(Dx,) and E@xn e ZXk) =<| : |>. (4.1)
k=1 k=1 1

Besides, from Lemma we also directly get
n . 1 n
d
Z es( and Z maj(o (2)
€S, ocESH
that are differently calculated in other books ([22, Example 2.2.5] resp. [22] Corollary 4.5.9] for example).
Lemma 4.1.4. For n > 4, we have
Z invy(o) = — Xi .
o€Sn {Gi.g)eln]? | i<j}

Proof. For i,j € [n], i < j, [Xi;](D,es, invx(0)) = #{o € Su|(i,j) € INV(0)}. It is clear that the
following mapping is bijective:

PeSlE)EM@) =+ o €8 64) ¢ W)
@ : I S AU N A R AT
T‘( @) . T() > = el < ) ... () )
that means #{o € S, | (i,j) € INV(0)} = #{o € S, | (4,7) ¢ INV(o)}.

Since
#{oc € S, |(i,7) € INV(0)} + #{o €S |(4,)) & INV(0)} = #S,,
then ol
[Xi’j]( Z invy (o) — and Z invy(o =5 Z Xij
oESH oES, {i.g)em]? | i<j}
[
From Corollary and Lemma we deduce that
1
n! ~ n! .
5 Z Xi’j S Sp(an) and ij"(E Z X@j) =< : > . (4.2)
{(i,g)em]? | i<} {(i.g)eln]? | i<j} 1

Besides, from Lemma [4.1.4] we also directly get

Y inv(o) = 7;'(2)

O'ESn

that is differently calculated in other books ([22, Corollary 1.3.10] for example).

4.2 Minimal Polynomial of the Multinomial Descent Statistic

To determine the minimal polynomial of ®, we need the both following lemmas:
Let n > 3 and 4, j € [n]. We write

S i={o €S| o () —o () = 1},
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Special Elements of the Group Algebra of the Symmetric Group

S7i={oceS, | o (j)—o i) >1}.
Let n > 3. We write
n—1
Qn = ZXk
k=1
Lemma 4.2.1. Letn >3 and i,j € [n]. Then
o ifj>i+1:
Z X,-1(5ydesx(o Z X,-1(j)desx(o -,
oeSy’ oesh’
o ifj=it1:
Z ngl(i)desx(o_l) = Z X071(i+1)desx(a_1) — Xi(n —2)!Qy.
resi eSO

Proof. Let us consider the following bijective mapping:

Sn
Rij * . e 1
7= < . oli)

) e e = (0

—

=. Cn
S
.

e Let 0 € SY7. Then we have the following simple facts:

> o 1(j)=0"1() +1,
> ol e Sg_l(i)*ﬂ_l(j)’
Hes,
_1) = deSx(Iii,j(O'

) esi

> Ii@j(O’
> desx(o

> (/im’ (O’

Thus
Z Xa—l(i)deSX(
UES»,i{j

RORI0
_1))’

Z Xo-1(5) desx(o

oceSht

Z X, - 1(;)desx (m 5(
ceSHI

e Let 0 € Sfl(iﬂ) . Again the following facts hold:

> o1 e Lgg”(i),(ff’l(i)+1)
> "ii,i—l—l(U_l) S 87(1071(2')4_1)’0
> desx(o™!) = desx (HZ‘J‘J,_l(O'

> (Hi,z’ﬂ(U—l)) -
Thus

Z XJ—1(i)deSx(0'_

res, Y

c S;liJrl)’i.

V)

)

1)) - Xi,

Z Xo-1(3) (desx (Fﬂi,i+1(0'_1)) - Xi>

oesy
-1
Y e ) - Y X
res (D) esi’(i“)
= Y Xyigsndesx(o XZ > X
pesliti k=1 5es) D

o(k)=i
= Z Xo_1(l-+1)desx(0_1) — Xi(n —2)!Qy.

resi
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4.2 Minimal Polynomial of the Multinomial Descent Statistic

Let n > 3. We write ¢ for the identity permutation of S, and define:

I, : S,
-

R[X1, ..., X0 1]

_>
— Zaesn deSx(TO')deSX(O'_l)

Lemma 4.2.2. Letn >3 and 7€ S,,. Then
IL,(7) = I0,,(¢) — desx(7)(n — 2)!Qy.

Proof. Every permutation 7 € S,, can be written as 7 = 7 ... 7e7y¢ for some 7; € {(j j+1)|1 < j <n—1}.
We consider the following mapping:

)

) Sn — R[Xl,...,anl]
¢ T=Tk...ToTiL +> (desx(T) — desx(Tg—1 ... 7’2’7’1L)> + ¢<Tk_1 . 7'27'1L)

where ¢(¢) =0 and qﬁ((j J+ 1)) = X;.

We are going to prove that II,,(7) = II,,(:) — ¢(7)(n — 2)!Qy.
The case k =0 and 7 = ¢ is trivial.
For k=1and 7 = (5 j + 1) we have:

Hn((j Jj+ 1)) = Z desx((j Jj+ I)U)desx (J_1> + Z desx<(j J+ l)o)desx (0_1)

oes) Uty oesyty 7
+ Z desx((j Jj+ 1)o>desx (o_1> + Z desx<(j i+ 1)0)desx (0'_1>
resh D resGT
= Z desx(o)desg(c7 ) + Z desg(c)desg(c 1)
oesi— G+ cesyUt =i
+ Z (desx(a) + XU—I(j)>deSX(O'_1) + Z (desx(a) — Xaq(j_i_l))desx(a—l)
resh D resGT
:Hn(b) + Z Xo-—l(j)deSX(O'_l) - Z Xo-—l(j+1)deSX(0'_1)
s+ ces{tii
=I1,,(¢) + Z Xo-1(j+nydesx(o7h) — X;(n —2)1Q, — Z Xy-1(j41)desx(c71)
resGt resGt

=I0,(0) = 6((G j + 1) (n = 2)Qu.

Now we assume that the assertion is proven for £k — 1 > 1.
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Special Elements of the Group Algebra of the Symmetric Group

Let k>2and 7 =7%... o1t =(j j+ 1)7/, where 7, = (j j+ 1) and 7/ = 741 ... o710

11, ((J i+ 1)7") = Z desx ((] i+ I)T'U)desx (071) + Z desx((j i+ 1)7'/0')deSx (071)
{o€S, | T/oess, ™ Uy {08y | T'oes{T 9}
+ Z desx((j i+ l)T'U)desx (071) + Z desy ((j i+ 1)7"0'>desx (071)
{o€Sy | /oSt Ut} {o€Sn | Toes{ T}
= Z desx(7'0)desx(0 ") + Z desx(7'0)desx(c ")
{a€$n|7"o'€SZL_(j+l)} {UGSn\T/UESSLj+1)_'j}
+ Z (desx(T'G) + XG—ITI—1<j>)deSX(O'71)
{ceSy \T’o’ES%'(j_'—l)}
+ Z (deSx(T/CT) — Xo.—l,r/—l(j+1))desx(0'71)
{ceSy \T’J€5§i7+1>’j}
:Hn(T/)+ Z XU—lT/—l(]')deSx(O'_l) — Z XU—IT/—l(j+1)deSx(O'_l)
{o€S, | Toesh U1y {o€S, | T/ oes Ty
:Hn(T/) + Z X071T/71(j>deSx(0'71) — Z X071T/71(j+1>deSx(0'71).
A OB CA cesy T TIG)

o If 7 € 857U je. 771 +1) —77(j) > 1 and desx<(j Jj+ 1)7'/) = desx(7'), then

Z XU—1T/_1(j)deSx(0'_1) = Z XU—lT/—l(j+1)deSX(J_1)

sesT T @D TG sesy T
and
(G 5+ D7) = Ma(r) = (1) = 6((G 5+ ') (0 = 2)1Qn.

o If 7/ € SV 7 . 71 =77 +1) > 1 and desx<(j Jj+ 1)7’) = desx(7’), then

Z X071T/71(j)desx(a_1) = Z Xa.—lTlfl(j_;'_l)deSX(O'_l)

pesT TG sesy UG

and, once again, we have

(7 5+ 1)7') = () = () = (G 5+ D7) (0 = 2)1Qu.
o If 7/ € SEUTY e, 1 +1)—771() =1 and desx<(j Jj+ 1)7’) = desx(7') + X1, then

Z Xo.—lT/—l(j)deSx(O'il) = Z XU—1T/—1(j+1)desX(071) *XTI—l(J)(TL*Q)'Qn

/=L@, TG+ LG+, =)

o€ES, ceS

and

(4 D7) = () = X1 (0 = 21Qu = () = (G + D7) (n = 21
o It 7 € STV je. 77 1j) —771(j + 1) = 1 and desx ((] Jj+ 1)7') = desx(7") — Xp—1(j41), then

Z nglT/fl(j)desX(a_l) = Z Xo.—lT/—l(j+1)deSX(0'_1) + XT/—l(j+1)(n - 2)'Qn

068;/71(]'),7/*1(]‘4—1) Uesz’*l(.i-f—l),r’*l(j)

and

(G 5+ 1D)7') = T () + X1y (0 = 2!Qu = Ta(0) = 6(( 5 + 1)) (0 = 2)!Qu.
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4.3 Minimal Polynomial of the Multinomial Inversion Statistic

Finally, we have

n(7) = I (e) = ¢(7)(n = 2)!Qn
= IL,(c) — ((desx( ) — desx( Tngb)) + d)(Tk_l .. .TngL))(n - 2)Qn
= (desx — desx(¢ )) (n—2)IQ,
= Hn( ) — desx(7)(n — 2)!Qn.

Now we are in position to determine the minimal polynomial of Dx,,.

Proposition 4.2.3. Let n > 3. The minimal polynomial of Dx,, is

X(Xx - %!Qn) (X + (n—2)!Qn).

Proof. Using Lemma and Lemma [4.2.2] we get:

n! n!
(e~ ) (e 0~ 91001 - (3, - S (1), - (0]
Hence the minimal polynomial of ®x,, divides X(X — %‘Qn) (X + (n— 2)!Qn).
Since

|
((gf{n - %inn')gxn) - = Hn resp. (@xn (an + (n — 2)!Qn1n!))7r7r — an

)

then (X — 2Q,,)X resp. X (X + (n —2)!Q,) is not the minimal polynomial of Dy,

We have |

G %!inn!) (D + (0= 2)/Qulw)) | =1L, — desx(m) 5 Qn.

T

Since there are 7,7 € S, such that desx(m) # desx(7), then

n!
((:DXn - EQnIn!) (Q%n + (n - 2)!Qn1n!)> cs 7é (0)71'77'68717
and (X — %‘Qn) (X + (n— 2)!Qn) is not the minimal polynomial of Dy,,.
We conclude that the minimal polynomial of Dy, is X(X — %‘Qn) (X +(n— 2)!Qn).

4.3 Minimal Polynomial of the Multinomial Inversion Statistic

To determine the minimal polynomial of Jy,, we need to prove several multinomial formulas:
Let n > 4 and i1, j1, 42, j2, a, b € [n]. We write:

Srilljl P {o‘ €S, | O’(’h) > G(jl)}7

SZl 1|12 a,jo=b = {U € S’lejl ‘ U_l(i2) = a, U_l(jQ) = b}

Lemma 4.3.1. Let n > 4 and i1, j1, 42, j2,a,b € [n], with i1 < j1, 12 < jo. We have:

o if {a,b} = {ir, j}:

#Slul #8]1 i1 =(n-2).

lia=j1,j2=i1 lia=i1,52=j1

e ifa,b¢ {i1,j1}:
(n—2)!

11 j1 J1i1 _ _
#S liz=a,ja=b — #S lio=a,jo=b — 2
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Special Elements of the Group Algebra of the Symmetric Group

° z'fa:il andbgﬁ {il,jl}.'

#szl]l\i;:il,j}:b = (i2 = 1)(n —3)},
#S}jll Zl‘i_QZil,j_QZb = (n — i2 — 1)(” — 3)'

° z'fa §7§ {il,jl} and b= il.'

#SH lp=ajo=in = (J2—2)(n—3),
#5%1 n lis=a,jo=i1 — (n—j2)(n —3)!.
o ifa=ji and b ¢ {i1,)1}:
#Sfll 7 liz=7j1,j2=b (n—iz—1)(n—3)!,
#HSI i oy = (2= 1)(n—3)L.
o ifad {i1,j1} and b= j;:
HS M oagegy = (n—j2)(n—3),
#S) lo=ajo=jn = (J2—2)(n—3)L
Proof. Cardinality calculating. O

Let n >4 and 4, j € [n]. We write
Sy ={o eS|l (i) > a7 ()},
Xij=J—t—1

Lemma 4.3.2. Let n >4 and i1, j1, 42, J2 € [n] with i1 < j1 and iy < jo. Then:

(a)
11 12 j2 n® —n+2
#1118, NS22 = (n — 3)!Xi17j1Xi27j2 + (n —2)! 4 J
(b)
13 J1 J2 12 n?—n—2
#NS, NG = (n_Q)!f_(n_B)!XiI:jlxi2J2’

Proof. (a) We have the following equations:

#{o €8y | olia) = ji,0(j2) = ir} = (n—2),
#{o €Sy | olia) = ju,0(j2) #i1,07 (j1) <o '(in),0(ia) > 0(j2)} = (1 — 2)(n —ia — 1)(n - 3)},
#{o € 8n | aliz) # j1,0(j2) = ir,0 (j1) <o (in),0(iz) > 0(j2)} = (n —ir — 1)(j2 — 2)(n — 3)!,
#{o €Sn | 0(j2) = j1,07 (1) <o (i), 0(i2) > a(ja)} = (n = ji)(n — j2)(n = 3)},
#{o €8, | olia) =i1,07 (1) <o (ir),0(i2) > 0(j2)} = (i1 — 1)(i2 — 1)(n = 3),
#(o € 8| tia) ¢ {indn)oli) ¢ inn o™ () < o (i otia) > ot} = (5 ) ("5 %) tn =



4.3 Minimal Polynomial of the Multinomial Inversion Statistic

Then we deduce

H0DS NS22 = Hloe S, | o(ia) =j1,0(j2) = i1}
+#{o € Sn | olia) = j1,0(j2) # 1,0~ (1) <o (ir), 0(i2) > 0(j2)}
+#{0 € S | 0(iz) # j1,0(j2) = i1,07 ' (j1) < o7 (i1),0(i2) > 0 (j2)}
+#{o €Syl a(j2) = j1,07 (1) <o (i), 0(iz) > a(j2)}
+#{0 €8y | oliz) =ir,0 ' (j1) <o (i), 0(ia) > 0(j2)}
+#{o €Su | oliz) & {ir, i}, 00i2) & {in, s} 07 (G1) < o (1), 0(ia) > o (ja)}

<
. . —3n°+4n —4
= (n—3)!((11—31—1—1)(12—32—1—1)4—n n +4n )

(b) We have the following equations:

#{o €S, | olia) =i1,0 ' (j1) <o (i1),0(iz) < 0(j2)} = (n — i1 — 1)(ip — 1)(n — 3)!,
#{o €Sy | 0(j2) = j1,07"(j1) < o7 (i1),0(i2) < 0(j2)} = (j1 — 2)(n — j2)(n — 3)!,
#{o € Sy | alia) # j1,0(j2) = i1,0 (1) <o~ (i1),0(i2) < o(j2)} = (i1 — 1)(j2 — 2)(n — 3),
#{o € S | olia) = j1,0(j2) # i1,0 (1) < 0 ' (i1),0(i2) < o(j2)} = (n —j1)(n — iz — 1)(n — 3),
#(0 € S| atia) ¢ {indn)olia) € Gins o™ () < o aia) < ot} = (75 ) ("5 %) tn =
Then we deduce
Hhng, NS22 = 4lo e S, | oliz) =i, o (1) <o (i1),0(i2) < o(j2)}
+#{o € Sn | o(j2) =j1,0 1(]1) <o (i1),0(i2) < 0(j2)}
+#{0 € S | 0(iz) # j1,0(j2) = i1,07 ' (j1) <o (i1),0(i2) < 0 (j2)}
+#{0 €Sy | oli2) = j1,0(j )% i,07 ' (j1) < o7 (i), 0(ia) < o (j2)}
+#{0 € Sn | aliz) & {i1,41},0(j2) ¢ {in, 1}, 0 (1) < o), olia) < o(j2)}

(n+ (e =2y

= (n—3)!((z’1—j1+1)(—i2 -1+ 4

Let n > 4. We define:
fa: S, — R[X1,27'~7Xn—17n]
T = Y es, invg(oT!)inv (o)

Lemma 4.3.3. Let n > 4. Then:
(a) For (i1,j1) = (i2,J2):

> If w(iy) <m(j1):

n?—n+2
[Xzzl J1]f2(ﬂ—) = (n - 3)!Xi17j1X7T(i1)77T(j1) + (n - 2)! 4 .

> If w(ir) > 7(j1):

[Xi jl]fg(ﬂ) =(n- 2)!TL —n—2

- (n - 3)!Xi1,j1 Xm(j1),m(i1)-
(b) For (i1, 1) # (i2, j2):
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Special Elements of the Group Algebra of the Symmetric Group

> If (1) < 7w(j1) and w(iz) < w(j2):

n?—n+2

[Xh,JlXZsz} (71-) = (’I’L - 3)!(Xi1,j1 X7 (i2),m(j2) + Xﬂ(il)ﬂr(jl)x'i%]é) + (n - 2)'#
> If W(il) < W(jl) and 7T(’i2) > ’/T(]Q)

n!
[Xil,leiz,jz]fQ(W) = (’I’L - 3)!(X7T(i1),ﬂ(j1)xi2,j2 - Xihleﬂ'(jQ)ﬂT(iZ)) + 5
> If w(iy) > w(j1) and w(is) > 7(j2):
'n2 -n—2 |
[Xir 1 Xz o] £2(7) = (0 = 2)! == = (0= 3)! (X js Xor(42). (1) + Xe(j) (i) Xz 2)-

Proof.  (a) For (i1,71) = (i2,72):
(X7 JEa(m) = #0171, N ST 00,
(b) For (i1, j1) # (i2, jo):

(Xiy 1 Xig o) E2(m) = #0918, N ST 4 2o g, n STi) (),

Lemma 4.3.4. Letn > 4 and 11, 71,%2,J2,13,7J3 € [n] with i1 < 71, 12 < J2 and iz < 73. Then:

(a)

o n?  (n—2)1?
> H#IS, NS X} 8PP sy = IS —— (n = 4)(n = 3)1Xi, s Xia o Xis s
a,be[n]
—(n —3){(n —2)! (Xil,jl Xiz.j2 t Xi1,j1 Xis,js T Xi27j2Xi3,j3)‘
(b) > ()
n! n—2)!
Z HIIS, NS x §P8 B maamb = A (n = 4)(n = 3)1 X1 1 Xia o Xis s
a,b€[n]

+(n - 3)!(n - 2)! (Xi1,j1 Xiz,jo t Xi1,j1 Xis,jz T Xiz,j2xi3,j3)'

Proof. We use Lemma and Lemma [£.3.2]
(a) We have the following equations:

'2n2—n—2

#Zl]ls ﬂS]S " x 813 3\¢2—J37]2 =iz — (n— 2) -4 (n - 3)'(” - 2)!Xi1,j1Xi3,j3>
-2 —2)In!
# U “‘718 mSabXSW,JleZ o = (nQ )(n 4)”»
a,bg{is,js}
2
—n—2
# 198, NS x Sid oy = (iz — 1)(i3 — 1)(n — 3)l(n — 2)!%
b<is

. 13 — 1
— (i2 — 1)( ° 9 )(n = 3)Xi1 1

i . n—is .
# U uj 8 N st b S“thg =i3,jo=b — (22 - 1)( )(n - 3)!2Xi1,j1 - (ZQ - 1)(” - 3)!2Xi1,jlxi3713

b>i3

b#j3
2

—n+2

+ (is — 1)(n—i5 — 1)(n—3)I(n — 2)!%,
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4.3 Minimal Polynomial of the Multinomial Inversion Statistic

2
. . . — -2
# U 8a 088 X 8P iy = (=2 = 1) (s — 2)(n = 3)l(n — 21—
b<js
bis

: Jz—1
—(n—12—1)< 9 )(n—3)!2xi17j1
+ (n — 1o — 1)(” - 3)!2Xi17j1Xi3,j37

# U i1 JIS e 833 b ~ S’LSJSl’Lz—]\},]g p = (n iy — 1) <n - ]3> (n N 3)!2Xi1,j1

b>js 2
2
— 2
+(n =iz = 1)(n— js)(n = ) — 2,
o . i3 — 1
7* U lelS”nSg“ X 813 d\lz =a,ja=i3 — (]2 _2) (232 )(n_?’)lzxihh
a<iz
2
— 2
+ (G2 = 2)(is = )(n = 3)i(n — 2,
2
o . —n—2
# | 118, NS x 8By i = (o — 2)(n — i3 — 1)@-3)!@-2)1%
a>i:
a%js

. n — i3 .
— (j2 — 2)( 5 )(n = 3)%Xirg0 + (G2 = 2)(n = 3) X4, s Xiajas

1] a i - j3 -1 ;
# S, N San X S, 3]3\12 =a,jo=j3 (n - 32) (n - 3)!2Xi1,j1 - (n - ]2)(77’ - 3>!2Xi1~,j1Xi3>j3
2

a<js

a;éig
2
N —n+2
+ (n = j2)(js = 2)(n = 3)}(n — I,
o ) ) n%—n—2
# U zllenmSgB 81333\12 =a,jo=j3 (nij)(nfj3)(n73)'(7172)'?
a>js3

—(n—J2) (n _233> (n = 3)1Xi, -
Then we deduce

o b
E 71 JISn N Sz 813 ]3‘1/2 a7]72 b
a,b€n]

i i i3 j3 i1J1 ab i3 3
#1JIS 0813 3 XS?’] lia=1j3,j2= 13+# U Snmsn S li2=a,j2=b

a,bg{iz,js}
+ # U 11]18 ﬂS’3b 52333‘22 i e b+ # U “JIS ﬂgmb stjalw s ab
b<is b;ls
b#j3
+ 4 U 11]18 mszsb % Slsjdm s e b+# U Z1J18 mSJsb « Sls]d‘m s amb
b<ja b>js
btis
+# 11.718 msaZB X 87/3]3 + # 21]18 mSa'Ld X 813]3
lia=a,jo=i3 lio=a,j2=i3
a<is a;zs
a7J3
+ # U %1318 mSajs % 8%333 + # U “hS mSa]s % 8%333
liz=a,j2=j3 liz=a,j2=j3
a<j3 a>js3
a#i3
2 2
n! (n—2)! 9
= ? - 9 - (n - 4)(” - 3)! Xi1,j1 Xi2,j2 Xi3,j3

- (n - 3)!(n - 2)! (Xihjl Xiz,jo T Xi1,j1 Xis,jz T Xi2,j2Xi37js)'
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(b) We have the following equations:

2
w : —n+2
#Zl len N 8;3 I8 SB 13|Z2 =i3,j2=j3 (n - 3)‘(” - 2)!Xi1,j1Xi31j3 + (n - 2)!2%
n— 2> (n—2)n!

# U illenﬂSZb SJ“3|22 —ajomb = < 5 1

a,bg{is,js}
2
n®—n—2

# S NSEY xSy = (n— iy — 1)(i3 — 1)(n — 3)!(n — 2)! 0

b<is

. 13 — 1
—(n—iz — 1)( 5 )(n - 3)%Xi1.,

, n-—1 .
# U " JIS mS%b 8]313\72—13 Jo=b — (Tl — 12— 1)( 9 3) (n - 3)!2Xi17j1 - (TL — 12— 1)(” - 3)!2Xi17j1Xi37j3

b>is3

b#js
2
— 2
Jr(n—ig71)(n7i371)(n73)!(n72)!%
2
. . . —n—2
# SN SE x SP P iy s = (i2 = Ds = 2)(n = 3)ln — 21—
b<js
b;ﬁig,

) Js—1 .
=075 ) =3P+ - D=3

# 1 08,0 xS g = 2= D ("5 ) -9

b>j3 2
2
—nt2
+ (12— 1)(n — js)(n = 3)!(n — 91—
i3 — 1
7 U thS ﬁs‘“d XSJJZdllz =a,jo=i3 (n_j2)<232 >(n_3)!2Xi1,j1
a<ig
2
—nt2
+ (n = J2)is — 10— 3)!(n — 91—
2
—n—2
# U S NS X SE P jimi = (0= 2)(n — i = ) = 3)l(n — 2)1
ah

=) 3P

. o | jo—1 .

# U 9,088 X ST o, = G2 ()09 G = 200 - 9P vi
ity

n?—n+2

+ G = 2~ 20— Hl(n - 2 F2

n?—n—2

# (U S NS X SP oy = (2 = 20— Ja) (0 = 3)!(n = 2)l——,

a>j3
‘ n—Js
~ =2 (") -9,

Then we deduce
Z i1j13nﬁggb 8]313
a,be[n]

liz=a,j2=b
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i1 i in i i 3 ab i
= # NS NS XSy et # TSNS x SPE

liz=a,j2=b
a,b¢{iz,j3}
+ # U 11]18 ﬂS’3b > szsm‘m i e b+ # U 11115 ﬁS“b XS]323|12 s Jab
b<is b>i3
b#j3
+ # U 11]18 mSlsb Sj?ﬂzslZ2 i e L+ # U Zl]lS m833b S]slsm s b
2;43 b>j3
i3
+ 4 UHJlS ﬂ8a13><87313 +# U 21]18 ﬂS‘“3><SJ3’3 _
[ta=a,jo=i3 liz=a,j2=13
a<iz a>i3
a#j3
+ 4 U 11]18 ﬁSajs % 8]313 + # U 11]18 08033 % 8]313 _
liz=a,j2=73 liz=a,j2=j3
a;qs a>js
a#i3
n!? (n— 2)!2 9
= ? + T + (n - 4)(” - 3)! Xi1,j1 Xi2,j2 Xi3,j3
+ (n - 3)!(n - 2)! (Xihjl Xiz,jo T Xi1,j1 Xis,jz T Xi27j2Xi37j3)
Let n > 4. We define:
f3: Sn — R[Xl,Qa---vanl,n]
T = D, res, invx(o ) invg (o7 )invyg (7).
Lemma 4.3.5. Let n > 4. Then:
(a) For (i1, j1) = (i2,72) = (i3,73):
> If w(in) < 7(j1):
n?2  (n—2)2
X3 les(m) = "~ P22 0= 3, et min
—(n — 3)'(11 — 2)!X§1,j1 — 2(7’L — 3)'(77, — 2)!Xi1,j1X7r(i1),7r(j1)~
> If w(iy) > m(j1):
n?  (n—2)12
(X7, ) )Ea(m) = <t (n—4)(n = 3)*X7 j, Xn(j1)m(in)
+(n = 3)(n—2)!x7, j, +2(n = 3)1(n = 2)!Xi, js Xn(ja)om(in)-
(b) For (i1,j1) = (i2, j2) # (i3,73):
> If m(i1) < w(j1) and m(iz) < 7w (j3)-
3n!2  3(n-—2)1?
(X7 j, Xigjs|fa(m) = 5 " 5 — (= 4)(n = 3)2 (XZ, j, X (i) (i) + 2Xi1,1 X s Xoe (i) (51))

—(n = 3)Un = 2)! (X3, 4, + 2Xi1.51 Xr(ia)sm(ia) + 2Xin.d Xiaga T 2Xin s X (i) (1) T+ 2Xia g Xm(in)m(G1) ) -
> If w(ih) < 7w(j1) and w(iz) > w(j3):

32 (n—2)1?
[Xi ngist]fs(W) = 8 T 9 +(n—4)(n - 3)!2(%21 g1 X7 (Ga),m(is) — 2Xi1,j1Xi3,j3X7r(i1),7r(j1))

+(n = 3)!(n = 2! (X3, 4y + 2Xi1,1 Xr(Ga)m(ia) — 2Xia s Xiaga — 2Xia o Xr(in )i (1) — 2Xiada X (in)m(51) ) -
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Special Elements of the Group Algebra of the Symmetric Group

> If w(i1) > 7(j1) and w(is) < w(j3):

3012 (n—2)?
[Xi21 ,leia,jS]f3(7T) = T + T - (n - 4)(” - 3)!2(X121,j1 Xm(iz),m(js) — 2Xi1,j1 Xi37j3X7T(j1)Jf(i1))

—(n=3)!1(n = 2)1 (X3, ji + 2Xi1.2 X(ia)im(Gs) — 2Xinudn Xiajs — 2Xin.da XrGia )i (in) — 2Xizja X (ga ) (in) ) -
> If w(in) > 7(j1) and w(ig) > w(j3):

12 —92)12
X2 X, 32. n 3(n . 2)!

i1,j147%3,73

f3(7’(’) =

+ (n—4)(n = 3) (X3, j, Xr(s)m(is) T 2Xis 2 Xisjs Xe(G1) (1))

+(n —3)!(n - 2)!()(121,3'1 + 2Xi1,j1X7r(j3)77r(i3) + 2Xi1 51 Xis,js T 2Xi1,j1XTr(j1)Jr(i1) + 2Xi3,j3Xﬂ(j1),‘fr(i1))‘
(¢) For (i1,j1) # (i2,j2) # (i3, ]3)-
> If w(in) < (1), m(iz) < 7(j2) and 7(iz) < m(j3):

3n!?
[Xll7]1Xl27J2X13,j3]f3(7T) = T - S(n - 2)

=2(n — 4)(1 = 3) (Xiy 1 Xiz o Xoe(i5) 7 (i) T Xit g1 Xoe(i2) 7 (ia) Xis s+ Xe(in) m(ja) Xiz 2 Xia s )
—2(n = 3)1(n — 2)! (X1 52 Xiarjz + Xirojs Xor(ia)m(Gs) F Xizrje X (is) m(ja)
X1 Xiaga T Xirjs X(ia),m(j2) T Xiauja Xr(iz),m(ja) T Xizuja Xiaga T Xiz.ja Xor(ia),m(ia)  Xis,a X (ia)m (i) ) -
> If (i) < w(j1), 7(ia) < w(j2) and w(iz) > w(js):

3n!?
[X217J1X12 JzXls J3} (W) = T - (n - 2)!2

+2(n = 4)(n = 3)1 (Xiy s Xiz o Xow (Gs). (i) — X Xow(in) m (i) Xis s — Xoe(in) m(in) Xz oz X )
+2(n = 3)1(1n = 2)M(Xiy s Xia o + Xina Xr(Gs) (i) F Xindo X (G ) (i)
~Xir.js Xis s — Xixjs X(ia);m(j2) — Xiaja X(ia)m(j2) — Xiayja Xianjs — Xizja Xn(ia),m(ir) — Xia.jo Xoe(in),m(j1) ) -
> If w(in) < m(j1), w(iz) > 7(j2) and 7(iz) > m(j3):

3n!? 2
[Xll,]lez,JzXl?,J?,} (71-) = T + (n - 2)'

+2(n = 4) (1 = 3)1 (Xiy .j1 Xia .o X (a)sm(is) T+ Xirojs Xr(a)sm(in) Xissia — Xae(in)m(G1) Xizsja Xiajs )
+2(n = 3)M(n — 2)M(Xiy 2 Xia.ga T Xir s Xow(Ga) m(is)  Xiauja X (ja) (i)
X1 s Xia,a + Xir.gs X (a)m(iz) T+ Xiauga X (a)m(iz) — Xia.jo Xia,ja — Xia,ja Xr(ia)im(in) — Xiaja Xm(in)im(in) ) -
> If w(iy) > w(j1), w(ia) > w(j2) and 7(iz) > w(j3):

3n!? NE
[Xi17j1Xiz,jins,js]f3(7T) T + 3(” - )

+2(n — 4)(n = 3)1 (Xiy s Xiarja X (o) (ia) F Xivsj1 X (o) (i) Xia s T X (jn ) (ia) Xz o Xisjs )
+2(n = 3)(n — 2)! (Xir g1 Xizuga + Xivojs X (a) o (ia) F Xizoja X (ia) o (ia)
X1 Xiaga T Xirjs Xr(ia) m(iz) T Xigoja X (ia) (i) T Xizuja Xiasgs T Xiz.ja Xr(ia)sm(in)  Xis,ja X (i) (in) ) -
Proof.  (a) For (i1, j1) = (i2, j2) = (i3,J3):

(X5 () = Z #1918, NS x ST o

11,J1 li1=a,j1=b"
a,ben]
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4.3 Minimal Polynomial of the Multinomial Inversion Statistic

(b) For (i1, 1) = (i2, jo) # (i3, j3):

X7 5 XigjslEs(m) = > #1918, NSkt x S wls)
a,be(n]

|[1 :aufl =b

+ Z #i1j18n ﬂSﬁb % Sg(il)ﬂ(jl)ﬁ},:a,]}:b + Z #i:sjssn me{b > S;T(h)“(jl)

|i1=a,j1=b"

a7b€[n} a,be[n]

(c) For (i1, 1) # (i3, J3) # (i2, jo):
[Xil,leig,ngig,js]f3(7T) — Z #il len N Szb X ‘Sg(i?’)ﬂ(jg)ﬂ}:a,jg:b
a,b€[n|

n Z #iQ 28 N Sgb % Sg(i3)7r(j3)\[1:a,ﬁ:b + Z #il ns, N Sgb X Sg(i2)ﬂ(j2)|ig:a,]},:b

a,be[n] a,be[n]
n Z Hisds S, N Sgb % Sg(iz)w(h)\i}:a,ﬁ:b 4 Z Hi2j28 N Szb X Sg(il)ﬂ(jl)ﬁg:a,]},:b

a,be[n] a,be[n]

+ Z #isjssn ﬂsgb « S;f(h)ﬂ(ﬁ) _ _

liz=a,j2=b"
a,b€(n]

Let n > 4. We write

Ap = (n—2)! Z (7 —1)Xij,

{(i,5)€n)? | i<j}

Ap=m-3) 3 <n—2(j—z’)>Xi,j.

{G.g)€mn]? | i<j}
Lemma 4.3.6. Let n > 4. Then:

(a)
[XZ‘J‘](An + An) = 2(n -2+ (n — 4)(n — 3)!)@'7]‘.

(b)

[Xi17j1Xi2,j2](AnAn) = (n - 3)!(71 - 2)! ( (n ) i (n )X 1t T (n )X e XX 27]2)
1 + 6(i17j1)’(i27j2)

Proof. Coefficient calculating.
Let n > 4. We define:

f: Sn — R[Xl,Za---aanl,n]
T = A Ayinvg(m) + (An + An)fg(ﬂ') + f3(m)

Lemma 4.3.7. Letn >4 and m € S,,. Then:
f(r) =1(e) = (An + An)fg(e) + f3(e).
Proof. Using Lemma [£.3.3] Lemma [£.3.5] and Lemma [.3.6] we prove that:
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Special Elements of the Group Algebra of the Symmetric Group
o for (i1, j1) = (i2, j2) = (i3,43):

(X5 5, 1£(e) = [X3, 5, 1£(m)

1,1
n!? on? —mn+1

2 =2
g T(n=2) 2

n2—n+2

+ (n—4)(n—3)!(n—2)! 1 Xir 1 — (n—3)!(n—2)!x?17j1,

o for (i1, j1) = (i2,j2) # (i3,73):

X2,y X o E(€) = [X2 j, Xig 35 )£ ()

11,J1
3n2  3(n—2)n!  3(n—2)2
_ 3P 3(n -2l 3(n—2)
8 2 2
n2—n+2

+ (n—4)(n —3)(n —2)! 4 (2Xi17j1 + Xis,js)

— (n=3)1(n = 2)' (X7, 4, + 2Xi1,1 Xisjs)

o for (i1, 1) # (i2, j2) # (43, J3) # (i1, J1):

[Xihjl Xi27j2Xi3,j3]f (6) = [Xihjl Xi27j2Xi3yj3]f (77)

3n!2
= % +3(n — 2)n! + 3(n — 2)12

2
n°—n+2
+(n—4)(n — 3)!(n - 2)!f (Xz'1,j1 T Xia,jo T Xi37j3)

—2(n—=3)!(n - 2)!(Xi17j1Xi27j2 + Xin,j1 Xiz,js + Xi27j2Xi37j3)‘

We are now in position to determine the minimal polynomial of Jx,,.
Let n > 4. We write

Q, = %’ > Xij.

{G.9)em? | i<}

Proposition 4.3.8. Let n > 4. The minimal polynomial of Tx,, is:
X(X+A)(X+A)(X = Q).
Proof. Using Lemma and Lemma we get:

( Z invg(o)o + Ane) ( Z invy(o)o + Ape) Z invg(o)o

UESn UESn O'ESn
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4.3 Minimal Polynomial of the Multinomial Inversion Statistic

— Z ( Z invx(al)invx(ag)invx(ag))a

cES, 01,02,03€ESn
010903=0

+ Z (An + Ay) Z invy(o1)invx(o2))o + Z Ay Apinvy(o)o

ocES, 01,02€S8, c€Sn\{e}
0102=0

— Z( Z inVX(Ul_l)ian(O'lo'z_l)ian(020’))0’

ceS, 01,0268,

+ Z (An + Ap) Z invx(al_l)invx(ala))a—l— Z A Apinvy(o)o

o€Sy 01€S, o€Sn\{e}

Z f(o)o

O'ESn

=f(e) Y o

oeSy

Then:

( Z invy(0)o + Ane) ( Z invy(o)o + Ape) Z invy(o)o( Z invy(c)o — Qpe)

ocES, cESh o€Sn ocESH

= f(e) Z o Z invy(0)o — Qne)

oeS, €S
= 0.

Hence the minimal polynomial of Jy,, divides X (X + An) (X + Ay, (X — Qn)
It is clear that the minimal polynomial of J,, does not divide X (X + An) (X + An).
We have:

[X%A] ([e] (( Z invy(o)o + Ane) ( Z invg(o)o — Qpe) Z invx(0)0>>

oSy oESH ocES,

pnt —8n® +22n% — 36n + 44
' 2

= (n—3) # 0.

Then the minimal polynomial of Jx,, does not divide X(X + An) (X — Qn)
We have:

[Xi3] <[e](( Z invy(o)o + Ape) ( Z invg(o)o — Qpe) Z invx(0)0)>

0ESH 0ESK 0ESK
= —4(n —3)!(n —2)! — (n —3)In! # 0.

Then the minimal polynomial of Jy,, does not divide X(X + An) (X — Qn)
We have:

[Xi3] ([e] (( Z invg(o)o + Ape) ( Z invg(o)o + Ane) ( Z invy(o)o — Qne))>

oceSn g€Sy 0ES

C (n=2)2  (n—-2)nl  (n—2)n
=% 5 3 7

Then the minimal polynomial of Jy,, does not divide (X + An) (X + An) (X — Qn)

41



Special Elements of the Group Algebra of the Symmetric Group

4.4 Multiplicities

We begin with the multiplicities of Dy,,.
From Proposition [4.2.3] we deduce that Dy, is diagonalizable and:

5p(Dx,) = {5 Qu, —(n—~2)1Qu, 0.

From the result (4.1)) of Section we get

The trace of Dy, is 0. Then:

| |
%Qn Voo, (%Qn) — (0= 2)1Qn Vo, (= (n—2)1Q,) +0Vo, (0) =0

The dimension of ®x,, is n!. Then:

|
Vor, (@n) + Vay, (= (0 = 2)1Qn) + Vo, (0) = n!

Vo, (0) =n! — (Z) 1

We finish with the multiplicities of Jx,,.
From Proposition [4.3.8) we deduce that Jx,, is diagonalizable and:

Sp(jxn) = {an *An) *An) O}

From the result (4.2)) of Section we get
ijn (Qn) =1

The trace of Jx,, is 0. Then:

Vi, () [X12]Q0 4+ Vi, (An) [X12]An + Vay, (An) [X12]An + Vi, (0) [X12]0 =0,

Vag, (A) + Vi, (An) = @

ijn (Qn) [Xl,n]Qn + Vﬂxn (An) [Xl,n]An + ‘/Jggn(An) [Xl,n]An + ijn(o) [Xl,n]o = 07

(1= Vi, () = Vg, (80) = (3)

So we deduce: .
Vig, (An) =n —1and V5, (A,) = (n R >
The dimension of Jy,, is n!. Then:

Vi () 4+ Vag, (An) 4 Vag, (An) + Vi, (0) = nl,
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Qn, 28

S, 2

W, 2
WK, 4
Wy, 4
7,6

A, 39
Aj, 20
Ay, 39
Q,,, 40
I, 29
Xﬁ?,lo
Xi,js 32
Ak, 13
K[G], 1
K[¢c], 10
K[2w], 13
Cy, 14
C,, 20
S, 28
Sh7, 28
Sle]d’ 31
Dx,, 23
T, 23
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a, 6

¢, 10

0x,, 23
0,13

f, 2

ixy,, 23

3, 6

%a, 10
Dw, 13
Dk(ay): 18
X, 2
XK[G]7 2
dk (7], 18
DES., 4
DESy, 4
desy, 23
£, 33

f3, 37

f, 39
invy, 23
1,3
ajKrL, 13
CK'K, 14
d;, 2

e, 1

9ir 1

9G;, 10
m(si, sj), 2
mgj, 2

Siy 2

w, 3

wY, 14
T, 13
TW, 4
TWE, 4
UEV, 14
Vw, 14
UwV, 14
WiwWk 14
iJS,, 32



Index

class
conjugacy, 10, 20

descent
algebra, 13
left, 4
right, 4

graph
Coxeter, 3

group
algebra, 1
Coxeter, 2

length, 3

module, 1
degree, 1
homomorphism, 1
irreducible, 1
isomorphism, 1

representation
matrix, 2
regular, 2

subgroup
parabolic, 4
system
Coxeter, 2
irreducible, 3

46



	Nomenclature
	Danksagung
	Zusammenfassung
	Introduction
	Contents
	Background
	Group Algebra Representation Theory
	Coxeter Groups

	Examples of Diagonalization
	Examples
	Abelian Groups
	Dihedral Groups

	Center Elements

	Elements of the Descent Algebra
	The Descent Algebra of a Coxeter Group
	Special Coefficients of the Descent Algebra
	Eigenvalues and Multiplicities

	Special Elements of the Group Algebra of the Symmetric Group
	Multinomial Version of the Theorem of Perron-Frobenius
	Minimal Polynomial of the Multinomial Descent Statistic
	Minimal Polynomial of the Multinomial Inversion Statistic
	Multiplicities

	Bibliography
	Index of Notation
	Index

