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Abstract

We investigate the algebra U,(A(0,2)®)* defined by quantum Serre rela-
tions, when v is not a root of unity. We prove that U,(A(0,2)*)* is isomorphic
to the Nichols algebra of its degree one part. In other words, U,(A(0,2)®)*
can equivalently be defined by the radical of the standard bilinear form. We de-
termine all the root multiplicities and give a PBW basis of U,(A(0,2)®)*. We
construct new distinguished imaginary root vectors and determine all the com-
mutation relations among all the real root vectors and distinguished imaginary

root vectors, i.e. Drinfeld second realization is obtained for U,(A(0,2)®)*.

The thesis contains five chapters. In the first chapter, we introduce some
basic notation and theories such as the theory of affine Kac-Moody algebras,
the theory of quantum affine algebras and quantum affine superalgebras, the
theory of Nichols algebras, including the definitions, the Cartan graphs, the Weyl
groupoids and the root systems of Nichols algebras of diagonal type, the Lyndon
word theory, the affine Nichols algebras, and an important subquotient of Nichols
algebra of diagonal type etc. The first chapter also contains some elementary
results on the main research object of this thesis, i.e. U,(A(0,2)®).

In the second chapter, we discuss the Nichols algebra B(V). First we discuss
some basic properties of B(V) and the root system of B(V). Then we derive the
main relations in B(V), especially in the imaginary roots space and then write
these relations in the form of series. We also get information about some central
elements and the comultiplication in the subquotient, which will be used in the
third chapter.

In the third chapter, we determine all the root multiplicities completely by
using Lyndon word theory and the subquotient. The key step is finding the



primitive elements at certain degrees in the subquotient and determine they are
not zero in B(V). For the primitivities, we use the exponential and arctangent
series to construct new distinguished imaginary root vectors, which is a generation
of the use of the exponential series in the classical Drinfeld second realizations of

the affine quantum groups.

In the fourth chapter, we prove that B(V) is isomorphic to U,(A(0,2)®)*.
The main step is to verify all the commutation relations between the root vectors
in B(V) come from the quantum Serre relations.

In the fifth chapter, we determine all the commutation relations among all

the real root vectors and distinguished imaginary root vectors concretely, that is,
an analog of the Drinfeld second realization is obtained for U, (A(0,2)®)*.

Keywords: Nichols algebra; quantum affine (super)algebra; Hopf algebra; Lyn-
don word.
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Introduction

0.1 Background

Quantum groups have been introduced formally in [Dri85] and [Jim85|] as
deformations of the universal enveloping algebra U(g) of a Kac-Moody algebra g.
Affine quantum groups are also called quantum affine algebras, and the theories
of their representations are very rich, with many important applications in many
branches of mathematics and mathematical physics. In addition, quantum affine
algebras also have the famous Drinfeld second realizations, first appearing in
[Dri87] and then [Bec94|, [Jin98|, [Dami2|, [Dami5|, [JZ16]. Drinfeld second
realizations are very important for the theory of quantum affine algebras because

they are very helpful for the study of representations, see e.g. [CP91].

Affine Kac-Moody superalgebras are generalizations of affine Kac-Moody
algebras, defined and classified by van de Leur in [vdL89)]. In this classification,
there is a special family named A(m,n)®. The main feature of A(m,n)® is
that there exist odd imaginary roots and that the imaginary root vectors do not
necessarily commute with each other. Also, when m = n, the cardinality of the
Serre-type defining relations is infinite (also in the quantum case) due to the

one-dimensional center spanned by the identity matrix.

Quantum superalgebras and quantum affine superalgebras appeared first in
[Yam94| [Yam99], respectively. These works are foundational for these theo-
ries. In them, Yamane defined quantum (affine) superalgebras abstractly, i.e. by
the radical of a bilinear form, which is similar to the non-super case introduced
by [Lus93]. Then Yamane got the defining relations satisfied by the Cheval-
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0.1 Background

ley generators of affine Lie superalgebras and the corresponding quantum affine
superalgebras except the case of A(m,m)® and A(m,m)®, which means the
Drinfeld-Jimbo type realization is also obtained for these quantum affine super-

algebras.

For quantum affine superalgebras, the Drinfeld second realizations are also

important tools for studying representations. Related work appeared in [Yam99],

[HSTY08], [BEK24), etc.

Next, we discuss U,(A(m,n)®) when m # n. When v is transcendental, the
defining relations satisfied by the Chevalley generators were known in [Yam99],
the root multiplicities were known in [EG09], which are the same as the root
multiplicities of the corresponding affine Lie superalgebra. However, no explicit
form of the PBW basis was given. When v is not a root of unity, the defining
relations satisfied by the Chevalley generators, the root multiplicities, PBW basis

are all unkonwn.

In the last years, Nichols algebras attracted much interest from many branches
of mathematics such as Hopf algebras, quantum groups, algebraic geometry and
number theory, conformal field theory, etc. Concretely, Nichols algebras play an
important role in the classification of finite-dimensional pointed Hopf algebras,
see [AS10]. It is also well known that the theory of Nichols algebras is closely
related to the theory of quantum groups. In the finite case, the positive part of a
Drinfeld-Jimbo type quantum group is a Nichols algebra when v is not a root of
unity; see Chapter 16 of [HS20]. In the affine case, this is also true by [HKO0§|. If
we define a quantum group abstractly, i.e. using the radical of the bilinear form,

the positive part is just a Nichols algebra by definition.
In the present thesis, we discuss mainly U,(sly) and U,(A(0,2)®). They

look similar and share some common properties, but are also very different.

The Dynkin diagram of U,(sly) is

O—=0
0 1

Figure 1: Dynkin diagram of U,(sly)



0.1 Background

whereas the Dynkin diagram of U,(A(0,2)®) is

O——@®
0 1

Figure 2: Dynkin diagram of U,(A(0,2)®)

It is well known that when v is not a root of unity, Uv(322)+ is isomorphic

to the Nichols algebra B(U), where U is a braided vector space of diagonal type

g q!
' q

with respect to a basis {z1, 7o} and ¢ = v?. The isomorphism maps the Chevalley

with braiding matrix

generators Ey, F1 to x; and xo. For a proof see [HKO08|. Conjecturally, when v
is not a root of unity, U,(A(0,2)®)* is isomorphic to the Nichols algebra B(V),

where V is a braided vector space of diagonal type with braiding matrix

qg q!
¢t —q

with respect to a basis {1, 72} and ¢ = v?. Again, the isomorphism maps the
Chevalley generators Fy, E; to x; and zo. In the present thesis, this will be
proved in Theorem

The Nichols algebra B(V) first appeared in Cuntz’s classification of rank two
affine Nichols algebras [Cunl8|. An affine Nichols algebra is a Nichols algebra of
diagonal type with an affine Weyl groupoid or equivalently affine Tits arrange-
ment; see [CMW17]. All Nichols algebras in the classification in [Cunl8| are quite
unexplored except the positive part of Uv(322)+, that is, B(U), which has been
very well known. We believe that these Nichols algebras have a Lie theoretic
background, especially some of them should come from the positive part of a

quantum (super)group.

By the reflection theory of Nichols algebras of diagonal type, we conclude
that B(U) and B(V) share the same real roots, that is, nd + oy and nd + ay for

n > 0, where § = oy + ay. The imaginary roots of B(U) are well known as nd,

3



0.1 Background

n > 0, and the multiplicities are all 1. The only possible imaginary roots of B(V)
are also nd, but the multiplicities have been in general unknown. In this thesis,

all the root multiplicities of B(V) are determined and a PBW basis is given; see
Theorem B.2.7

For strategic reasons, we use the notation X; and Y; for the two Chevalley
generators Fy and E; of Uv(szg)Jr, or equivalently, the two basis vectors x; and x-
of the braided vector space U. Let [, | be the braided bracket. Let L; = [X7, Y]
Define

Xﬂ = [ o [X17L1]7L1]7 o ']7L1]7Yn = [LI; [ . ,[Ll, [Lh}/l] .- -]’

where Ly appears n — 1 times in both cases. Define L, = [X;,Y,,] for all n > 1.
Then by rewriting the relations in the Drinfeld second realization, we obtain
additional equations in B(U). Let § = ¢— ¢!, and define L,, for all n > 1 by the

equation

i OL,u" = exp(i OL,u™)
n=0 n=1

Then for all m,n,k > 0,

() [Lin, Ln] = 0 = [Lum, L,

( L = [m] Xk+ma [Lma Yk] [m] Yk+m7

(C) [Xm Xt ] [ n+k—1, Xn—H]a [Yn+ka Yn] = _[Yn+17 Yn-l-k—l]a
(d) [XmaYn] = Liypin-1.

We can define X,,,Y,, L, similarly for B(V). It is easy to prove that X,
and Y, are still real root vectors. However, when one looks at the relations in
the imaginary root space, a great difficulty appears. At degree 36, we have the

following relation:

0—1
Ly = T[LQ, Ly + 0L Ly — 0L}, (0.1.1)

and Lo, L; do not commute any more. Because of this, everything will be very
different from and more difficult than the U, (sly) case. The algebra U, (A(0,2)®)
together with this difficulty and with Equation (0.1) was first announced by
Yamane in his presentation at the Workshop on Mathematical Physics, August

4



0.1 Background

10-13, ICM2018 Satellite. Equation (0.1) is Equation (2.2a) in Prop. of the
present thesis. In general, it was unknown how to describe these relations. In the

present thesis, we give a solution; see Prop. Moreover, we give a Drinfeld
second realization of U,(A(0,2)®)*.

Our main tool is Lyndon word theory; see [Kha99], [Ros99]. We follow the
notation in [HZ18|. There are many excellent applications of the Lyndon word
theory in Hopf algebra theory; see [Hec06|, [HRZO0S|, [Angl5|, [NT24] etc. In
terms of Lyndon word theory, if we define the order x; < x5 for the basis of the
braided vector space U, then X,,,Y,, L, are the super-letters corresponding to

the Lyndon words

$1(!E1$2)n_1, ($1$2)n_1$2, T ($1$2)n_1$27

respectively. By Lyndon word theory and the relations above, one can prove that
X, Yn, L, are the only root vectors of B(U) when ¢ is not a root of unity. This
means that Lyndon word theory fits with the Drinfeld second realization very

well.

We also use an important subquotient of Nichols algebras of diagonal type
that appeared in [GHO7| and [AAHI9|. The subquotient is a braided Hopf algebra
induced by the braided Hopf algebra structure of the initial Nichols algebra. In
[AAH19], [AG22], [AG23], the subquotient played a central role in the proof of the
conjecture in [AAH2I| about the equivalence between the finiteness of the root
system and the finiteness of the GK dimension for Nichols algebras of diagonal
type. The subquotient is very beneficial in the study of B(V) because it has a
very manageable comultiplication, which can be used to detect possible relations

in B(V) and determine the root multiplicities completely.

Moreover, in the Drinfeld second realization of Uv(sig), the loop like genera-
tors of the imaginary roots are described by the exponential series with coefficients
in U,(sly). In the present thesis, this method is also used and is very beneficial.

In addition, the arctangent series plays an important role.

5



0.2 Structure of this thesis

0.2 Structure of this thesis

In this thesis there are five chapters. In the first chapter, we discuss some
notaion and basic theories about this research. In Section 1.1 we recall the def-
inition, properties and the classification of affine Kac-Moody superalgebras. In
Section 1.2, we recall the definition of Nichols algebras over groups, and intro-
duce Nichols algebras of diagonal type. Then we introduce the theory of Cartan
graphs, Weyl groupoids, Lyndon word theory and apply them to Nichols algebras
of diagonal type. Then we introduce affine Nichols algebras and the main research
object B(V). In Section 1.3 we recall the classical research project U, (sly) and
its famous Drinfeld second realization. Then we introduce U,(A(0,2))®, whose

positive part is conjecturally isomorphic to the Nichols algebra B(V).

In the second chapter, first we introduce some notation and basic properties
of B(V). Then In Section 2.2.1 we derive the relations in degree < 46. Then
in Section 2.2.2 and 2.2.3 we get a series of central elements in the subquotient
and write some important relations in terms of series which will be important in
Chapter 3. Then in Section 2.2.4 we derive all the relations between the real root
vectors Xy, Y, and L,,, which will be used to prove the manageable commutation
relations satisfied by the new imaginary root vectors in Section 2.2.5. An upper

bound of the root multiplicities will be determined by these relations.

In the third chapter, we determine the imaginary root multiplicities. We
determine the root multiplicity of (2n 4 1)é by analyzing the comultiplication of
My, 41 in Section 3.1. In Section 3.2, we determine the root multiplicity of (4n +
2)0 by the non-central property of Ly, o and the distinguished imaginary root
vector Wnﬂ constructed by arctangent, which is primitive in the subquotient.
We determine the root multiplicity of 4nd using the distinguished imaginary root
vector [D/4n constructed by logarithm, which is also primitive in the subquotient.
To fully determine the multiplicities, we also use some combinatorical techniques
to determine some key coefficients, which can show whether certain elements in

B(V) are non-zero.

In the fourth chapter, we prove that B(V) is isomorphic to U,(A(0,2)®)*.

The main step is to verify all the commutation relations between the root vectors
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in B(V) come from the quantum Serre relations.

In the fifth chapter, we determine all the commutation relations among all
the real root vectors and distinguished imaginary root vectors concretely, that is,
Drinfeld second realization is obtained for U,(A(0,2)®)*.
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Chapter 1
Preliminaries

In the whole thesis, ¢ € C and is not a root of unity. Let § = ¢ — ¢!,

n

n], = q;__qq; . Let N be the set of natural numbers, Ny be the set of natural

numbers with 0.

All the brackets [, | in this thesis are braided brackets introduced in Section
1.2.4.

1.1 Kac-Moody superalgebras

1.1.1 Contragredient Lie superalgebra

Let I = {1,2,...,n} and let (a;;); e be a complex matrix of rank /. Let H
be a complex vector space of dimension 2n — [ and H* its dual space. Given a

complex matrix A = (a;;); jer of rank [, there exist linearly independent sets
7= {a;}tier and 77 = {h;}ies € H
such that a;(h;) = a;;. Then «; are called simple roots, h; are called simple

Q = ZZO@, Q+ = ZZ+CYZ-.
=1 =1

The lattice Q is called the root lattice.

coroots. We set



1.1 Kac-Moody superalgebras

For v = ) ki € @, the number hta =) k; is called the height of a.
For 7 C I, we define g(A, 7) to be the Lie superalgebra generated by h and

{es, fi}ier with defining relations:
e, f;] = 6;5h; for 4,5 € I,
[h,e;] = ai(h)e;, |h, fi] = —a;(h)f; forieTand h € H,
[h,h'] =0 for h,h' € H,
deg(h) =0 for h € H,
deg(e;) = deg(f;) =0 for i ¢ T,
deg(e;) = deg(f;) =1 fori € 7.

Theorem 1.1.1. (a) Denote by ny (resp., n_) the subsuperalgebra in G(A,T)
generated by ey, e, ..., e, (resp., f1, fa, ..y [n), then

g(A,7)=n, @ H®n_ (direct sum of vector spaces).

(b) gy and n_ are freely generated by ey, e, ...,e, and fi, fo, ..., frn, respectively.
(c) With respect to H one has the root space decomposition:

g(Aﬂ_) = @ ga@H@( @ g—a)7

aeQ-‘rv a#0 a€Q+7 a#0

where
Ggo = {2z € g(A,7)|[h, 2] = a(h)x for all h € H},

dim g, < 00 and g, C ny for o € Q4.
(d) Among the ideals intersecting H trivially there exists a unique mazimal ideal

rin G(A, 7). Furthermore,

r=(rnNn_)® (rNny) (direct sum of ideals).

The contragredient Lie superalgebra g(A, 7) is

g(A, 7_) = g(A’ 7')/7“.

The image of H and the e; and f; in this quotient are denoted by the same

characters. We call the e; and f; the Chevalley generators; the vectors e; are

10



1.1 Kac-Moody superalgebras

called positive generators, the vectors f; are called negative generators. A is

called the Cartan matrix of g(A, ) and H its Cartan subalgebra.
We also have the root decomposition of g(A, 7):

9(A,7) = B Yo

ac@®

where g, = {z € g(A,7)|[h,z] = a(h)x forall h € H}. If & # 0 and g, # 0,
then « is called a root with multiplicity m(«) = dim g,. Obviously m(a) < oo.
Denote A by the set of all roots. Set A, = AN@Q, and A_ = ANEQ_, they are

called positive roots and negative roots. We have
A=A, UA_.
We also have

g(A,7)=n_® H @& ny, where ny = @ Ja-
a€EA4

Set A = {a € Alga C g(A,7)5} and At = {a € Alga € g(A, 7)1} the sets
of even roots and odd roots. Then we have the following splitting

A = AgUA;.

1.1.2 Kac-Moody algebras and Kac-Moody superalgebras

Definition 1.1.2. A Lie algebra g(A) = g(A, ) is called a Kac-Moody algebra
if A satisfies the following conditions.

(1) a; =2 for all i € T

(2) a;; are non-positive integers for i # j;

(3) aij = 0 implies a;; = 0.

The definition of Kac-Moody superalgebra is generalized by Kac-Moody al-
gebra.

We call A a generalized Cartan matrix if A satisfies the following conditions
fori,7 e I:

11



1.2 Affine Nichols algebras

1) a;; = 0 implies a;; = 0;
J J
(2) if a; = 0, then ¢ € T;
(3) if a;; # 0, then ,’,7 is a non-positive integer for i # j;
(4)

4) if a; # 0 and ¢ € 7, then i is a non-positive integer for ¢ # j.

Definition 1.1.3. A contragredlent Lie superalgebra g(A,7) is called a Kac-

Moody superalgebra if A is a generalized Cartan matrix.

1.1.3  A(0,2)@

2
In this thesis we consider the Kac-Moody superalgebra g(A, 7), where A= (

I={1,2} and 7 = {2}. It is named as A(0,2)®. Its Dynkin diagram is
e

Figure 1.1: Dynkin diagram of A(0,2)®

1.2 Affine Nichols algebras

1.2.1 Braided vector spaces and the diagonal type case

Definition 1.2.1. Suppose V is a vector space, ¢ € GL(V ® V). We call a pair

V,c) is a braided vector space if ¢ satisfies
( p
(c®id)(id®c)(c®id) = (ld ® ¢)(c ®id)(id & ¢).

Remark 1.2.2. This equation is introduced independently by C.N. Yang and R.J.
Baxter in statistical mechanics and has important applications in many branches

of mathematics.

Let K be a field. Let V be a s-dimensional vector space with basis {x1, ..., 24},
I={1,2,..,s} Let g = (¢;;) € (K*)™L. Define ¢? € GL(V ® V) by

cq(xl-®:1:j) :qijxj@)x,-, Z,] € I.

Then it is easy to see ¢4 satisfies the Yang-Baxter equation.

12



1.2 Affine Nichols algebras

Definition 1.2.3. We say a braided vector space (V,c¢) is of diagonal type if
¢ = ¢? for some q and in addition ¢; # 1, i € L.

Definition 1.2.4. Let V be an s-dimensional braided vector space of diagonal
type. Let (z;)ier be a basis of V and let ¢ = (gi;)i jer be the braiding matrix with
respect to the basis (x;);e;. The Dynkin diagram of V' with respect to this basis
(z;)ier is a labeled graph with s vertices. The vertices correspond to i € I and
are labeled by ;. For any 1 < 4,5 < s, there is an edge between vertex 7 and
vertex j if and only if ¢;;¢;; # 1. In this case, ¢;;q;; is the label of this edge.

1.2.2 Braided monoidal categories and Yetter-Drinfeld mod-

ules
Braided monoidal categories

For the definition of a monoidal category, we refer to [EGNO15].

A monoidal category is a collection (C,®,1,a,l,r) where
(a) C is a category;
(b) ® : C xC — C is a functor, called the tensor product;
(c) 1 € C is an object called the unit;
(d)axyz: (X®Y)®Z — X® (Y ®Z) is an invertible natural transformation,
called the associativity constraint;
(e)lx : X - X®1,ry : X - 1® X, are invertible natural transformations,

called the left and right unit constraints.

They are required to satisfy the pentagon and the triangle axioms as the

following:

13



1.2 Affine Nichols algebras

(X®Y)®2Z)oU Aoy y (X@Y)® (Z®U)
U«X,Y,Z®idUl lax,y,zogU
(XY ®2Z)QU X®((Ye(ZeU)

am %Z7U

X (YozZ)eU)

and
(X®1)QY Ly y X®(1®Y)
lXQ;id\ %T’Y
X®Y

A braided monoidal category is a monoidal category C provided with a nat-
ural isomorphism cxy : X ® Y — Y ® X, called the braiding, that is required to

fulfill the hexagon axioms, meaning the following diagrams commute:

XeV)eZ XA XeoYeZ) XL Ye2)oX

cxX,y ®idl laY,Z,X

ay,x,z d®6xz

YeX)oZ X yveXeZ) —2Ye(ZeX),

XeoYeZ) —5 " SEUXRY)QZ 22K 70 (X QY)

id®cv,2l laélx Y
—1

Xo(ZoY) X4 (xe) ey X2 Ze X) oY,

forall X)Y, Z €C.

A monoidal category (C,®,1,a,l,r) is called strict if the maps axy.z,lx,rx
are the identity maps for all X,Y, 7 € C. In this thesis the monoidal categories
of interest are all categories of vector spaces with an additional algebraic struc-
ture and with associativity and unit constraints as for vector spaces. We view

the category of vector spaces and related monoidal categories as strict monoidal
categories.
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1.2 Affine Nichols algebras

Yetter-Drinfeld modules

Ley H be a Hopf algebra with bijective antipode S. Let G(H) be the group
of group-like elements.

Definition 1.2.5. A Yetter-Drinfeld module over H is a vector space V' provided
with

(a) a structure of left H-module - H® V — V and

(b) a structure of left H-comodule §: V' — H ® V, such that

for any h € H and v € V, the following compatibility condition holds:

0(h - v) = hayvenS(he) @ hevo).

Then we have the category # YD of Yetter-Drinfeld modules, with morphisms

being linear maps that preserve both the action and the coaction.

Proposition 1.2.6. YD is a braided monoidal category with the tensor product

of modules and comodules and braiding

crw(V@w) =v 1y wRuve, V,WERYD, veV, weW,
c;{,{v(v Qw) =wey®S (wen) v, V,\WeFYD, veV, weW.

1.2.3 Braided Hopf algebras and Nichols algebras

Let C be a strict braided monoidal category.

Proposition 1.2.7. Let V € C, and T(V) = ®u>0T™ (V) the tensor algebra of
the vector space V.

(1) T(V) is an algebra in C.

(2) For any algebra A in C and any morphism f :V — A in C, there is exactly
one algebra morphism ¢ : T(V) — A in C extending f.

Definition 1.2.8. (1) Let (A, pa,n4) and (B, up,np) be algebras in C. Define

pagp and Nagp by

15



1.2 Affine Nichols algebras

(A9 B)® (A® B) 228" 4@ A)(Bo B) "% Ag B

K2K®K mEE A B.

Then (A ® B, piaen, Nass) is called the tensor product of algebras in C.
(2) Let (C,A¢,€ec) and (D, Ap,ep) be coalgebras in C. Define Acgp and
€ceoD by

id®007D®id
E—

C® D222 (C®C)® (D D) (C®D)® (C® D)

CoD 2P, Kok=K,
Then (C ® D, Acgp, €cep) is called the tensor product of coalgebras in C.

Proposition 1.2.9. Let A, B,C, D be algebras in C.

(1) (A® B), tiags, Nags s an algebra in C.

(2) The canonical isomorphism (A® B) @ C = A® (B ® C) is an isomorphism
of algebras in C.

(8) Let ¢ : A — C and ¢ : B — D be morphisms of algebras in C. Then
PpRY: AR B — C® D is a morphism of algebras in C.

Proposition 1.2.10. Let C, D, E, F be coalgebras in C.

(1) (C® D,Acgp,€cep) is a coalgebra in C.

(2) The canonical isomorphism (C @ D)@ E = C® (D ® E) is an isomorphisms
of coalgebras in C.

(8) Let ¢ : C — E and ¢ : D — F be morphisms of coalgebras in C. Then
dRY:C®D— E®F is a morphism of coalgebras in C.

Proposition 1.2.11. Let R be an object in C, and let

p:RIR—- R n:K—>R A:R—-R®R, e:R—K

be morphisms in C. Assume that (R, 11,m) is an algebra and (R, A, €) is a coalgebra

in C. Then the following are equivalent.

16



1.2 Affine Nichols algebras

(1) A and € are morphisms of algebras in C.

(2) v and n are morphisms of coalgebras in C.

Definition 1.2.12. Let R be an object in C, and let

p:RIR—-R n:K—-R A:R—-R®R, e:R—K

be morphisms in C. Assume that (R, i, n) is an algebra and (R, A, €) is a coalgebra
in C. Then (R, u,n, A, €) is a bialgebra in C if A and e are morphisms of algebras
in C or equivalently pu and 7 are morphisms of coalgebras in C. Moreover, if an
bialgebra R admits an antipode S in C, then R is a Hopf algebra in C.

Definition 1.2.13. Let V € C, and T'(V') the tensor algebra of V' in C. Then by

the previous proposition, there are uniquely determined algebra morphisms in C
A:TV)=>TV)T(V), e:T(V)—=K

such that
Av)=1@v+v®1, €v)=0

for all v € V', where T (V') ® T(V) is the tensor product of algebras in C.

Definition 1.2.14. Let V' € C. Let I(V') be the largest coideal of T'(V') contained
in @,>27"(V). The Nichols algebra of V' is defined by

B(V)=TV)/I(V).

1.2.4 Nichols algebras of diagonal type

Definition 1.2.15. If V is of diagonal type, then we say B(V) is a Nichols algebra
of diagonal type.

Remark 1.2.16. For every braided vector space of diagonal type (V, %), we can
realize it as a Yetter-Drinfeld module over H, where H is the group algebra of
the free abelian group I' generated by (g¢;)ier and ¢;; = x;(g;). The comodule

structure is 6(x;) = g¢;, the module structure is ¢; - x; = x;(g;)-

17



1.2 Affine Nichols algebras

Examples of of Nichols algebras of diagonal type
We give some examples of Nichols algebras of diagonal type.

Example 1.2.17. Let V be a braided vector space of dimension 2, od diagonal
q

q q)

(1) The case ¢ = 1 is not of diagonal type strictly speaking because we require

¢ii # 1. Nevertheless, we have B(V) = S(V).

(2) If ¢ = —1, then B(V) = A(V).

type with braiding matrix

An equivalent definition of Nichols algebra of diagonal type

Let (V, ¢) be a braided vector space of diagonal type, with basis {1, xa, ..., zs}
and braiding matrix (g;;)1<ij<s, Where ¢;; = g;; for any 1 <14, 7 < s.

Proposition 1.2.18. There exists a unique bilinear form
() : T(V) x T(V) — K such that (1|1) = 1, and:

(wi|xj) = 0i5, for any 1, j;
(zlyy') = (@) (@@)ly), for any x,y,y" € T(V);
(z2'|y) = (zlyw)(@'y@), for any x, 2’y € T(V).

This is a symmetric form, for which we have:

(xzly) =0, foranyx € T(V)y, ye T(V)n, g.h €T, g#h.
The radical of this form {x € T(V) : (z|y) = 0,Yy € T(V)} coincides with I(V),
so (+|-) induces a non-degenerate bilinear form on B(V) =T(V)/I(V).
Braided brackets, Braided Jacobi identity and skew derivations

Let s € N, X = {xy,...,xs}. Let X be the set of words with letters in X. Let
V be a s-dimensional vector space with basis {z1, ..., 25 }. We can identify X with
T(V). Then T'(V) is a Z°-graded algebra determined by deg z; = o, 1 <7 < s,

where {aq, ..., o} is the canonical basis of Z°.

18



1.2 Affine Nichols algebras

Let ¢ be a braiding of V. The braided bracket of z,y € T'(V) is defined by
[z,ylc =mo (id — ¢)(z ®y).

Assume that (V,c) is of diagonal type with braiding matrix (¢;;)1<;i<s With
respect to the basis {z1,...,2}, and let x : Z° x Z° — K* be the bicharacter
determined by the condition x(«;, ;) = ¢;; for each pair 1 < i,7 < s. Then for
cach pair of Z*-homogeneous elements u, v € X, c(u®v) = ¢, @ U, Gy = x(deg
u,deg v) € K*. In such case, the “braided Jacobi identity" and skew derivations
hold:

[[u, v], w] = [u, [v, w]] = x(e, B)vlu, w] + x(B,7)[u, wlov,
[ua Uw} = [u7 v]w + X(O‘7 6)”[“7 w],
[uv, w] = x(8,7)[u, wlv + ufv, w],

where u, v, w are homogeneous elements in T'(V'), a, (3, v are the degrees of u,
v, w. If x(5,a)x(a, B) = 1, then we have

[[u, v}, w] = [u, [v, w]] = x(ev, B) v, [u, w]]. (1.2.1)

An important subquotient
Let H be a Hopf algebra with bijective antipode.

Proposition 1.2.19. Let B be a bialgebra in YD, let K be a subalgebra of B
and let I be a subject of K in BYD, such that it is a coideal of B, an ideal of K

and

AK)CK®K+1®B.

Then K/I inherits a structure of bialgebra in BYD from B.

Proof. See Prop. 3.8 in [AAH19]. O
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1.2 Affine Nichols algebras

Now we apply this proposition to the following. Let aq, as be the canonical
basis of Z2. Let V =V, & V5 be a direct sum in #YD. Then B(V) has a unique
NZ-grading (as a Hopf algebra in YD)

B(V) = P B*(V)
aEN%
such that deg V) = a; and deg Vo = ay. Let r € Q>g. We set
By = & B(V), By = & B(V),

a:a1a1+a2a2€Ng: a:a1a1+a2a2€N3:
a1 >raz ai>raz

Koy ={xe€ B(V)|A(z) € B>1® B(V)}, K.1=K>1NB-.
Lemma 1.2.20. K>, and K-, have the following properties.
1. K51 C B>,
2. K1 is a subalgebra of B(V) in HYD,
3. A(K>,) C K5 ® K+ Ko, @ B(V),
4. K, is an ideal of K>, and a coideal of B(V') in £YD.

Proof. See Prop. 3.9 in [AAH19). O

By this lemma we have the following proposition immediately.

Proposition 1.2.21. Let r € Q with r > 0. Then the braided bialgebra structure
of B(V) induces a braided Hopf algebra structure on Ks1/K~;.

For our braided vector space V, we know that V = Czy & Cxs, so B(V) has
a unique N2-grading as a braided Hopf algebra

B(V) = €p B*(V)

such that deg 1 = aq, deg x5 = . Now set

Bsy = ay) B*(V), Boy = ) B*(V),

a:alal—l—agageN%: a:a1a1+a2a26N(Q):
ai>az ai;>az

Kzl :{.TGB(V)‘A(ZL’) Gle®B(V)}, K>1 :K21HB>1.

The subquotient we use is K>1/K~.
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1.2 Affine Nichols algebras

1.2.5 Cartan graphs, Weyl groupoids and root systems over
Cartan graphs

Cartan graphs and Weyl groupoids

Let (cv;)ser for the standard basis of Z! for any finite set I.

Definition 1.2.22. Let I be an non-empty finite set, X a non-empty set, and
r:lIxX - X, A:IxIxX — Z maps. Forall i,7 € T and X € X we
write 7;(X) = r(i,X), ay = A(i,7,X), and AX = (a;%);jer. The quadruple
G =G(I,X,r, A) is called a semi-Cartan graph if for all X € X, the matrix A%
is a Cartan matrix and if the following holds:

(CG1) For all i € T, r? = id.

(CG2) For all i,j € [ and X € X, af = ai™.

%]
For any X € X and any 7 € I let

s € Aut(Zh), s (aj) = o — af](-ozi for all j € I.

Example 1.2.23. Let I = {1,2}, X = Xy, Xy, r; be the nontrivial permutation
and 7y is identity. Let

A% 2 -1 A% 2 -1
-3 2/ —4 2]

Then this is a semi-Cartan graph.

Definition 1.2.24. Let X be a set and M be a monoid. We denote by D(X, M)
the category with objects ObD(X, M) = X, and morphisms

Hom(X,Y) ={(Y, f,X)|f € M} forall XY € X,
where composition of morphism is defined by
(Z,9,Y)o (Y, f,X)=(Z,9f,X) forall XY, Z € X, f,g € M.

Let G = G(I, X, 7, A) be a semi-Cartan graph. We call the smallest subcategory
of D(X, End(Z")) which contains all morphisms (r;(X), sX, X) the Weyl groupoid

of G. We write W(G) for this subcategory. The morphisms (r;(X), s, X) are

s ]

usually abbreviated by s or by s;, if no confusion is likely.
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1.2 Affine Nichols algebras

Remark 1.2.25. Let G = G(I, X', r, A) be a semi-Cartan graph, X € X and i € L.
Then it is easy to see sX = /") and (s;)? = id. Therefore s and s/'‘* are
inverse morphisms. Consequently all morphisms of W(G) are invertible and hence

W(G) is a groupoid.

Definition 1.2.26. Let G = G(I, X', r, A) be a semi-Cartan graph. For all X € X,
the set
A* " = {w(ay) € Z'w € Hom(W(G), X),i € T}

is called the set of real roots of G at X. The real root «;, ¢ € I, are called simple.
The elements of

AT =AY NNy and AX 70 = AT 700 N
are called positive and negative, respectively.

The semi-Cartan graph G is called finite, if A ™ is finite for all X € X.
For any X € X and 7,7 € I let

mfj( = |A% "N (Nooy + Noa;)|.

We say that G is a Cartan graph if the following hold.

or a € A&, the set consists ol positive and negative roots.
(CG3) For all X € X, th AX e i f positi d negati
(CG4) Let X € X and i,j € L. If m;; < oo, then (rirj)mﬁ(x) =X.

Root systems

Let G = G(I, X, 7, A) be a Cartan graph.
Definition 1.2.27. For all X € X let R* be a subset of Z' with the following

properties.

(1) 0¢ R* and a; € R* forall X € X and i € I
(2) R¥ CNjU-N] for all X € X.

(3) For any X € X and i € I, sX(R¥) = R"(Y).

Then we say the pair (G, (R¥)xcx) is a root system over G. A root system
over G is said to be reduced if for all X € X and o € R the root a and —a are
the only rational multiples of o in RX. A root system over G is finite if R¥ is a
finite set for all X € X.
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1.2 Affine Nichols algebras

Example 1.2.28. The pair (G, (A% ™) xecx) is a root system over G. Indeed,
Axioms (1) and (3) follow from the definition of AX ™ for all X € X, and (2)
follows from (CG3). The root system (G, (AX ) xcy) is reduced.

1.2.6 Lyndon word theory and root systems of Nichols al-
gebras of diagonal type

We follow the form of Lyndon word theory in [HZ18], for more details and a

more general case see [GHOT].

Follow the notations in Section 1.1. Define an ordering on X by z; < x5 <
... < x4, consider the lexicographic ordering on X. Let X* be the set of nonempty

words in X.

Definition 1.2.29. A word u € X* is a Lyndon word if for any decomposition

u = vw, u,v € X*, we have u < w.

Example 1.2.30. Let X = {1, 2,3} with the usual ordering. Then 12 is a Lyndon
word, since 12 < 2. Also 12122 and 132 are Lyndon words. But 11,1212, 21,121
are not Lyndon words. The Lyndon words of length < 3 are

1,2,3,12,13,23,112, 113,122, 123, 132, 133, 223, 233.

Proposition 1.2.31. A word u € X* is a Lyndon word if and only if either
u € X, or there exist Lyndon words v,w such that v < w and u = vw. Moreover
if w is a Lyndon word and w = uv such that uw € X*, v is a Lyndon word and |v|

15 maximal with these properties, then u is also a Lyndon word and u < uv < v.

Definition 1.2.32. Any word u of length at least two has a unique decomposition
into the product of two Lyndon words u = vw where the length of w is maximal.

This decomposition is called Shirshov decomposition.

Example 1.2.33. Let X = {1,2,3}. Then 123123233 is a Lyndon word and the
Shirshov decomposition of this word is (123)(123233).

Let L be the set of Lyndon words.
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1.2 Affine Nichols algebras

Theorem 1.2.34. Any w € X can be written uniquely as w = uius - - - U,,, where
m € No, Up, oo, Uy, € L and uy, < ... < ug < uy. Moreover u,, is the lexicographi-

cally smallest proper end on w.

Example 1.2.35. 1231233123122123—(1231233)(123)(122123).

Recall that we identify KX with T(V). For a Lyndon word u, we denote
[u] € T(V') inductively as follows:
(1) [u =u, ifue X,
(2) [u] = [[v], [w]] where u = vw is the Shirshov decomposition, if |u| > 2. [, ] is

the braided bracket defined in Section 1.2.4.

We call [u] super-letters. Then the total ordering on X induces a total or-

dering on the set of super-letters.

Lemma 1.2.36. Let w € L. Then [w] = w+ linear combination of terms w'

where |w'| = |w| and w' > w.

Theorem 1.2.37. The set

{[Ul]kl [u2]k2 s [Um]km|m € No,u; € L for all 1,

Up > Ug > ""me,kl,...,kaO}

is a vector space basis of T(V').

Proof. By Thm. and Lemma [1.2.36) O

Proposition 1.2.38. Let u,v € L. Assume that u < v. Then

[u][v] = x(deg u,deg v)[v][u] € > [wn] - - ]

W=UTUL UE, ULZULZ UK > UV

If w=wujug---ug for uy > uy > --- > wup and uq, ..., u; € L for some k € N,
define [w] by [u][ug]- - [ux]. Denote M, by the vector space spanned by all
[w] € T(V) such that w = vyvg v, v1 > Vg > -++ > v > u, vy, ...,v € L for
some k € N.
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Proposition 1.2.39. Let u € L. Then
A(u)) —1@u — [u]®@1 e T(V)® Ms,.

Proof. We refer to the proof of Prop. 3.6 in [GHOT]. O

For a € Z*, let 0, € NU oo be the order of x(a,a). Let O, = {1, 04, 0}.

Definition 1.2.40. Let w € X*. We say that [w] is a root vector candidate if

w = v* for some Lyndon word v and k € Oyey »\{o0}

Definition 1.2.41. A root vector candidate [w] is called a root vector of B(V)
if [w] € B(V) is not a linear combination of elements of the form [vy]" - - [v;]™,
where k, my, ...,m; € N and [vq], ..., [v] are root vector candidates or equivalently

root vectors with v, > --- > vy > w.

Theorem 1.2.42. Let R C X* such that w € R if and only if [w] is a root

vector. Then the elements

[Uk]mk e ['Ul]ml, k - N, V1y.oey Vg & R, V) < Vg <00 < Vg,
V1<i<k, 0<m; < 0gdeg o, (1.2.2)

form a vector space basis of B(V).
Definition 1.2.43. Define
A, ={deg ulu € R}
of positive roots of B(V') and the root system
A=A U-A_

of B(V). For any o € Ay, the number of u € R with deg u = « is called the
multiplicity of a.
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1.2.7 Differential operators, reflections and Weyl groupoids

of Nichols algebras of diagonal type
Differential operators

We refer to Chapter 7 of [HS20].

Definition 1.2.44. Define right and left differential operators 0/, 0F : B(V) —
B(V),1 <i< s by:

(1) 0F(1) = 9F(1) = 0, OF(x;) = OF(z;) = &;; for all 1 < i, j < s.

(2) 0 (zy) = 20f(y) + Of(x)x(ay, B)y for all 1 < i, j < s and z,y € B(V),
y is Nj-homogeneous with degree 3.

(3) O (zy) = 0L (x)y + x (v, i) xdF (y) for all 1 < i, j < s and z,y € B(V), x

is N§-homogeneous with degree o.

Proposition 1.2.45. For x € B(V) and x is not a constant, in B(V) we have

Reflections

Let V be a braided vector space of diagonal type with bicharacter y, realized
in YD for group algebra H of some abelian group. Let i € I = {1,2,..., s} and
let

hi = min{m' > 1|1+ gy + ¢ + -+ ¢+ =0} U{oo}.

Let K; be the subalgebra of B(V') generated by the elements (ad.x;)™(z;), m > 0,
j # i, where

(adew)(y) = ziy — (9i - y)xi.
Then we have the following Lemma,

Lemma 1.2.46. If h; = oo, then B(V) = K; ® Klz;], and if h; € N, then
B(V) 2K, ® K[z;]/(z!) as Z°-graded objects in 1YD.

7
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Proposition 1.2.47. For all i € I, K; = 0F is a coideal subalgebra of B(V).

Proposition 1.2.48. Let i € I. The following are equivalent.
(1) The algebra K; is finite generated.
(2) For all j € 1,7 # i, there exists my; > 0 such that (ad.x;)™i ™ (x;) = 0.
(3) For all j € I, j # i, there exists m;; > 0 such that

Ttgu+ g+ +a;" or g gy = 1.
For all i # j, m;; in (2) and m;; in (3) can be chosen to be the same.

Definition 1.2.49. Let ¢ € I. We say that B(V) is i-finite, if K; is a finitely

generated algebra. In this case, let

and af = 2.

Note that KoF = (Kx;)* €1} YD.

Theorem 1.2.50. Let i € 1. Let B; be the subalgebra of End(B(V)) generated

by the endomorphisms
oF and L, : y— zy, = €K,

Then the elements (OF)™L,., where m > 0 and x € K;, spans the vector space B;.
If B(V) is i-finite, then B; is generated as an algebra by V; €1 YD, where

V; = KoF @ @j#iK(@dcmi)_a?j(:Uj).
In this case, B; = B(V;) as graded braided Hopf algebras in 2YD.

Theorem 1.2.51. Let i € I. Assume that B(V) is i-finite. Let s¥ defined by
s (o) = aj — aj5(ay) for all j € I. Then s{(A(B(V))) = A(B(V;)).

Now we calculate the bicharacter corresponding to V;. For all w € Aut(Z"),
letw*y be the bicharacter on Z" defined by

wx(e, B) = x(w (@), w™(B)).
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Proposition 1.2.52. Let i € I. Assume that B(V') is i-finite, and let V; be as in
Theorem [1L.2.50

Let x denote the set of bicharacters on Z". For all i € T let

~ (sX)*x if ¥ is i-finite,
riix =X, i) =9 ‘ (1.2.3)
X otherwise.

Then r? = id, and hence the map r; are bijections for all i € I. Let G be the
subgroup

g = <’l"l|’l c I[>
of the group of bijections of y. Let G(x) = {r(x)|r € G} be the G-orbit of x in
X.
Theorem 1.2.53. Assume that Y is i-finite for all Y € G(x) and i € 1. Let
X =G(x),ri: X = X fori €l asin (1.3), and AX = (afj)m@ for x € X such
that a = 2 for all i € T and

al = —min{m € No|(1 + G + - - + @) (@ G535 — 1) = 0}

foralli,j € l,i# j, where Gy = X(ag, aq) for allk,l € 1. Then G = G(I, X, r;, A)
is a Cartan graph. Then R = R(G, (AX)xea) is a root system of type G, where
AX s the root system for X defined in Def. [1.2.43

Definition 1.2.54. Let (V,¢) be a finite dimensional braided vector space of
diagonal type and let ¢ = (g;;); jer be a braiding matrix of V. We say that q is of
Cartan type if there exist a Cartan matrix A = (a;;); jer such that for all 4,5 € L,

Proposition 1.2.55. Assume that V is of Cartan type with bicharacter x, then
B(V) is i-finite for all i € 1 and a;; = a;;. In addition, for all i € 1, V; with

bicharacter X' is also of Cartan type and aﬁ»’ = a;j.
Example 1.2.56. Let V be a braided vector space of dimension 2, od diagonal

type with braiding matrix <q q) . If ¢ is a primitive Nth root of unity, then V
q q
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2 2— N
is of Cartan type 5_ N 5 ) . Thus if N = 3, then is of Cartan type As

and dim B(V)=27.

Example 1.2.57. Assume that s = 2,¢1; = g2 = —1 and ¢12 = ¢21 = ¢, when
qe K>, ¢*#1. Let x1 = 11(X), x2 = r2(x). Explicit calculations show that

AXT — AX2 — AX — 2 -1
-1 2/’

(Tl(X)(Oéi,Oéj))i,jzl,Z = —11 —q;I)

—q q
2

-1
q —q
(ra(x) (v, )i j=1,2 = g -1 ) ;

and ror1(x) = r1(X), r1ir2(x) = r2(x). Hence & = {x,r1(x), r2(x)}. This example
corresponds to the Lie superalgebra sl(2|1) with three different choices of the

Cartan subalgebra.

1.2.8 Affine Nichols algebras

Now we are ready to define affine Nichols algebras of diagonal type.

Definition 1.2.58. Let G = G(I, X', r, A) be a Cartan graph. Assume there exist
a root system R over G. Let X € X be an object. Assume that there is exactly
one imaginary root in Rf and that there is no root system of type G with more
than one positive imaginary root at X. Then we call G affine Cartan graph and
the Weyl groupoid W(G) an affine Weyl groupoid.

We talk about rank 2 case. Let V be a two dimensional braided vector
space of diagonal type with a braiding matrix (¢;;)1<i j<2. Define the triple g by

q = (q1,9,42) by qu1 = q1,22,9 = q12q21. We say q is an affine triple if B(V) is
an affine Nichols algebra.

Theorem 1.2.59. If ¢ = (q1,4, q2) is an affine triple, then up to permutations

a q 4
of labels, its Dynkin diagram o———o is one of those listed in Figure in the
next page.
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1.2 Affine Nichols algebras

| generalized Dynkin diagram | parameters | period

1 gg_g ¢ € s (2)

2 g2<—5€2 ¢ € e (2)

3 gg—4€4 ¢ € 1 (2)
1§ §EC T Sl @)

5 gg%mgﬁx ¢ € 112 (2)

6 g§—4g4 ¢ € us (1,4)

7 g4§—4g ¢ € us (1,4)

8 gg—gg ¢ € o (1,4)

g| 0S¢ CE o (2.3.1,3)
o SEEEC TS L | wuss

TRITRy
| s e e ¢ € ms (6,1,3,1)
1| &8 g€ C\{£1} | (2)
13| 4”01 g€ C\{+1} | (2)
PRIACAL S 0 ¢ | (0
q# =+l

Figure 1.2: Generalized Dynkin diagrams of affine bicharacters of rank two.
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1.3 Quantum affine algebra Uv(szg) and quantum affine superalgebra
U,(A(0,2)™)

1.2.9 Braided vector space V, the Nichols algebra B(V) and
the root system of B(V)

Next we consider the following rank 2 affine Nichols algebra B(V) in Figure
L2

Let V be a 2-dimensional braided vector space of diagonal type with braiding
-1
matrix < ?1 1 ), q is not a root of unity. B(V) is the main research object
q —q
in this thesis. We will prove B(V) is isomorphic to U,(A(0,2)®)* with ¢ = v2.

-2 2

Then the real roots of B(V) are just the positive real roots of sly, namely (n +

2 =2
It is easy to see B(V) is of affine Cartan type with Cartan matrix < ) .

1)a 4+ nag and nag + (n+ 1)ag for n > 0. B(V) also has imaginary roots. The
only possible imaginary roots are nd, 6 = a; +as and n > 1 but the multiplicities

are in general unknown.

Note that if 5 is an imaginary root, then we have x (8, a)x(a, 8) = 1 for all
« € N2, and hence (1.2.1) holds.

Remark 1.2.60. For U,(sly)* when v is not a root of unity, the corresponding

g
-1

q q

Nichols algebra is B(V'), where V' has braiding matrix and g = v2.

1.3 Quantum affine algebra U,(sl,) and quantum
affine superalgebra U,(A(0,2)™)

In this section we first introduce the definition of quantum affine algebra
U,(sly) when v is not a root of unity. We give two realizations of U, (sly): The
Drinfeld-Jimbo type realization and the Drinfeld second realization. Then we

introduce the quantum affine superalgebra U, (A(0,2)®).
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1.3  Quantum affine algebra Uv(szg) and quantum affine superalgebra
Uy(A(0,2)")

1.3.1  Uy(sly)

Let v € C* is assumed not to be a root of unity. For any integer r» > 0 define

v —v"

[r]y = PYp—

Definition 1.3.1. The quantum affine algebra U, (sl,) is the associative algebra

over C with generators efc, K iil,i =0, 1, and the following relations:

KZ'Kiil - K;le - 17
KoKy = K1 K,
Kief Kt = o*2et
Kie;tK;l = vﬂejc,i + 7,
K- Kt

e _,

67", €; v — -
[e(j):’ e:lF] =0,

(ei)’e; — [Blolei) ey ei + Bloeiej (e7)* — e (ei)* =0, (i #J).

Moreover, Uv(szg) is a Hopf algebra over C with comultiplication

A(ej) = e;"@KH—l@ej,

Al =e' @1+ K @e
and antipode
S(K;) =K', S(ef) = —ef K;7', S(ej ') = —Kie; .

Then we introduce the famous Drinfeld second realization.

Definition 1.3.2. The quantum affine algebra U, (sl,) is isomorphic to the as-
sociative algebra over C with generators i (k € Z), hy(k € Z — 0), K4, central

elements C*! and the following relations:
CCl'=C"C=KK'=K'K =1,
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1.3 Quantum affine algebra Uv(szg) and quantum affine superalgebra
U,(A(0,2)™)

1 ch—Cc*
hi, h) = 0k 1= |2k, ——————,
R

Khy, = hy K,
K:ch 1—vi2x,f,

1
[, 27 = :‘:E[Qk]vC’jF(é)(ka\)xiLl’

+ 4+ 12 4+ + +2 + + + 4
L1y =V Ty g =V T Ty — Ly L s
1
+ -1 k—1
[z, 2] = P— (C" Yryr — Prert),

where the ¢, and ¢y, are defined by the following equalities of formal power series:

Zl/zku = Kexp((v —v~ thu
iw_ku_k = K exp((v — v~ Z h_pu~
k=0

The isomorphism between these two realizations is given by:
Ko CK™' K| — K, ef — af,
e T K1Y eg = C K™,

It is well known that the positive part of U,(sly) is isomorphic to B(U).
Then we can rewrite the relations in the Drinfeld second realization in B(V) as

following.

For degree reason We give new notation X; and Y; of the two Chevalley
generators Fy and E; of Uv(322)+ or equivalently the two base vectors z; and
xo of the braided vector space U. Let [, | be the braided bracket. Define
L, = [X4,Y1]. Define

Xn = [ o [Xl,Ll],L1]7 o ']7L1]7Yn = [Lh [ o 7[L1; [Lla}/i] o ']7

where Ly appear n — 1 times for both cases. Define L,, = [X7,Y,]. Then rewrite

the relations in the Drinfeld second realization, we have the following relations
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1.3  Quantum affine algebra Uv(sz2) and quantum affine superalgebra
Uy(A(0,2)")

hold in B(U):
Let = ¢ — q~'. Define

i OL,u" = exp(i OL,u")
n=0 n=1

then Vm,n, k > 0,
(a) [Lm, Ln] = 0 = [Lyn, Ly,

(b) [Xk’ Em] = Xk+m7 [Lm, Yk] Im] Yk+m7
(C) [XTH X n+k ] [ n+k—1, Xn+1]a [Yn—‘rk’a Yn] = _[Yn—i—la Yn—l—k—l]a
(d) [Xma Yn = Lm+n 1-

1.3.2  U,(A(0,2)™)

U,(A(0,2)®) is defined by Hiroyuki Yamane in [Yam99]. In this paper, first
Yamane defined the quantum affine superalgebras abstractly, i.e. by the radical
of the standard bilinear form. Note that under this definition, the positive part
of U,(A(0,2)™) is just B(V) by definition.

Then Yamane determined the defining relations satisfied by the Cheval-
ley generators of all the quantum affine superalgebras except A(m,m)?® and
A(m, m)® case. This means if we view v as an element in C, then when v

is transcendental, the defining relations satisfied by the Chevalley generators of
U,(A(0,2)M)* is

[E(J? [E0> [E07 Elm =0, H[EO> El]v El]? El] =0,

where Fy and FE; are the Chevalley generators. In other words, the defining
relations of B(V) satisfied by the Chevalley generators are exactly these quantum
Serre relations. Moreover, the root multiplicities of U,(A(0,2)®) are also known

by [EG09], when v is transcendental. However, no PBW basis was given till now.

In addition, when v is not a root of unity, the defining relations satisfied
by the Chevalley generators, the root multiplicities, PBW basis are all unknown.

The reason is at A(0,2)™® and the quantum case, there exist odd imaginary roots
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1.3 Quantum affine algebra Uv(szg) and quantum affine superalgebra
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and imaginary root vectors do not necessarily commute with each other, which

is introduced in the following several paragraphs. In the following parts of this
thesis, we overcome this difficulty. For U,(A(0,2)®)* or equivalently the Nichols
algebra B(V), we give all the commutation relations among the distinguished
imaginary root vectors and give the defining relations satisfied by the Chevalley

generators, determine the root multiplicities, and give a PBW basis.

By the reflection theory of Nichols algebras of diagonal type we conclude
that B(U) and B(V) share the same real roots, that is, nd + oy and nd + ay for
n > 0, where § = a; + as. The imaginary roots of B(U) are well known to be
nd, n > 0, and the multiplicities are all 1. The only possible imaginary roots of

B(V) are also nd, but the multiplicities are in general unknown.

One can define X,,,Y,,, L, in the same way for B(V). It is easy to prove
X, and Y,, are still real root vectors. However, when one looks at the relations
in the imaginary root space, a big difficulty appears. At degree 30, we have the

following relations:

-1
L3 - T[LQ, Ll] -+ 9[;1[42 - HL?, (131)

and Lo, L; do not commute any more. In general, it was unknown how to describe

these relations. In the present thesis, we give a solution.
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Chapter 2

The Nichols algebra B(V) and the

relations

2.1 Some notations in B(V)

Definition 2.1.1. Let X,,, Y,, be the real root vector candidates corresponding
to Lyndon word zj(x122)" ! and (z172)" 'zo. Define L, by [X1,Y,], L) by
[X5,Y,_1] (it is convenient to define L; = L} = [X1,Y1] and Ly = Lj = 3).

Remark 2.1.2. We can also define L,, in the same way in Uq(322)+, then L,, are
essentially the same as ¢ in [CP91]. We have [L,,, L,] = 0 in U,(sl) by Drinfeld
second realization. However, we will see in our case L,, and L,, do not necessarily
commute, for more details, see e.g. Prop.[2.2.2] This is the main difficulty in this

thesis.
We have the following order in terms of super-letters
Xi<Xo< - <X, <o
< o< L,< Ly 1<Lp_o<--<lLly
< < Moy < Moz < --- < My < M3 < My
< <Y, <o <Y<Y

Lemma 2.1.3. If X,, and Y,, are not 0 in B(V), then they are root vectors at

corresponding degrees.
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2.2 Main Relations in B(V)

Proof. Note that X,, and Y,, are the biggest super-letters at corresponding degrees.
Then it follows from the definition of root vectors and degree reason. O]

Lemma 2.1.4. In B(V) we have
AY,) =Y, ®1+1®Y, mod B>; ® B(V)

and we have Xn c KZI; Ln S KZD Yn ¢ K217 Xn € K>1, Ln ¢ K>1.

Proof. A(Y,) follows from Prop. [1.2.39, Since L,, = [X7,Y,], then by the expres-
sion of A(Y,), we have L, € K>;. In particular L; € K>, then immediately

X, € K>;. Other conclusions are obvious. O

Definition 2.1.5. Define L, = [Ly, L1], L, = (L, + L) (It is convenient to
define L, = 0 for n < 0). Define My = Ly, My, = ad},(L1), where adX (Y')
means [X,Y] in B(V).

2.2 Main Relations in B(V)

Lemma 2.2.1. B(V) has the following basic properties,
(a) [Xn, L3] = Xpio and [L2)Y,] = Y, 4o
(b) L/2n+1 - L2n+1 + [L2na Ll]; L/2n+2 - L2n+2 - [L2n+1a Ll]

(¢) Fiz n, if Vi <n, [Liy, L] = 0, then [Xops1, Ynok] = Ln, VO < k < 254
ke NO and [X2k+27Yn—(2k+1)] = L;u Y0 S k S nTJ, ke No.

(d) [MgnJrl,MQn,l] = [LQ,MQanl] fOT all n Z 1. [f [LQ,MQQnil] = O, then
[Mapys, Man 1] = —2M3, ..

We will use this lemma frequently and will not refer to it.

Proof. 1t follows from the braided Jacobi identiy and skew derivations and defi-

nitions directly. O]
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2.2 Main Relations in B(V)

2.2.1 Relations in root space with degree < 44

We have known quantum Serre relations holds in B(V): [X;, X,] = [, Y]] =
0. In degree < 49, we have the following relations. These relations are prepared

for getting the central elements in next subsection and as the starting of the

induction proof of Prop. [2.2.16]

Proposition 2.2.2. In B(V), the following relations hold.

[Xl, LQ] (q + 2)X3 — 6’L1X2 (221&)
[Xh L/] QX3 — 0L XQ (221}3)
[LQ, 1] = qY}) + 9}/2L1 (221C)
(L, Yi] = (¢ — 2)Ys + 0Ys L, (2.2.1d)

2L3 - 9L1L/2 = 9L2L1 - [LQ, Ll] (222&)

LY — OLYLy = 0Ly Ly + (Lo, L] (2.2.2b)

~ 1 ~ 1 -

L3 = §9L1L2 + 59[;2[41 (222C)
[XQ, LQ] qX4 -+ 9L1X3 (223&)
(X, L] = (q — 2) X4 + 0L, X; (2.2.3b)
L2, Ya] = (g + 2)Ys — 0Ly (2.2.30)
Ly, Y] = q¥y — 0Y3 L, (2.2.3d)

[Lo, Li] = 0 ([M3, M;] = 0) (2.2.4a)
[L3,L3] =0 (2.2.4b)

Proof. [ X1, L] = [X1,[Xo,Y1]] = ¢XoLly + ¢ L1 Xy = ¢X3 — 0L1Xy. Then
(X1, Ls] = (¢ +2)X3 — 0L1X5. Now we have proved (2.1a),(2.1b). Similarly
(2.1c), (2.1d) also hold.
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2.2 Main Relations in B(V)

On one hand,
[[X17 L2]7 Yi] = [(q + 2)X3 - 0L1X27 }/i]
= (¢+2)Ls — (L1 Ly — ¢ 'Y, X5).
On the other hand,

HXh L2]7 YI] - [le [L27 Yl]] - [L27 Ll]
= (X1, qY3 + 0Y2Ly] — [La, L]
= qL3 + 0(LaLy + ¢~ 'YaXs) — [Lo, Ly].

Compare two sides we get (2.2a) and equivalently (2.2b). (2.2c) is the sum of
(2.2a) and (2.2b).

Use [X;, ] act on (2.2b) we can get
(q+q "+ D)[Xo, Lol =qlg+q "+ )X+ 0(qg+ ¢ " + 1) L1 X5.

Since q is not a root of unity, we get (2.3a) and then immediately (2.3b).
Similarly we can get (2.3c) and (2.3d).

Use [ ,Y5] act on (2.1a), by similar calculation we can get

(q+2)[Ly, L) = 0L, Ly — 0L3L.

Use [ ,Y1] act on (2.3a) we can get

Q[LQ, L%] = HLng — 0L1L3 — [LQ, L/2],

1.e.

Take the sum of these two equations we can get

2q[ Lo, L?) = 0[Ly, L?).

Since q is not a root of unity, we have [Lo, L?] = 0 or equivalently [M3, M;] =
0. Then (2.4b) holds by (2.2a).

]
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2.2 Main Relations in B(V)

Remark 2.2.3. We will use the technique in this proof frequently later, to produce

new relations in imaginary root space from known relations.

Remark 2.2.4. Comparing to the case of U,(sl), (2.2a) tells us L is no longer
a root vector in terms of Lyndon word theory. We will see for n > 1, Lg, 1 are

also no longer root vectors later.

2.2.2 Central elements in K>/K-4
We will first prove M3, ., ¥Ym > 0 commute with L,, Vn > 0 in B(V).

Lemma 2.2.5. Suppose there is a number sequence {an}, 5, in C and a,4o =
Aay, + Ba,, for A,B € C. Suppose the roots x1, xo of > — Ax — B = 0 are
different, then

5 Hag — 1101) — 27 ag — 2001)

Ay, =
To — T

The following proposition plays an important role in this thesis. There are
several very useful corollaries after it. Moreover, in next subsection, we will write
this proposition and its corollaries in the form of series, which will be used to

determine the root multiplicities completely.

Proposition 2.2.6. For k > 0,we have the following relations in B(V).

(@) Lypis = %9L1E4/§ + %Hf%k[/l + i[i4k—2, Ms).

(b) [i4k7 L] = %9M3£4k2 + %9i4k2Ms + i[fuxkzx, Ms).

(€) [Laksa, L] = %QMSI/% + %QIJ%MB + %[iuc—z, Ms).

(d) I14k+3 = %8L1E4k+2 + %91~14k+2L1 + }l[fuum M.

(€) [Ln, L?] = 0 = [Ly, L?] for n = 4k, 4k + 1,4k + 2,4k + 3.
(f) [Lg, Lay] = 0 and [La, Lagss] = 0.
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2.2 Main Relations in B(V)

Proof. We have known it holds for £ = 0 from Prop. [2.2.2l Suppose it holds for

k, we consider the case of k+1. We denote anti bracket by [ , ], i.e.
[z, y]" = meo (id + c)(z @ y).

We have known [L;, L3] = 0 for ¢ < 4k + 3 from induction hypothesis. Then

by Lemma [2.2.1} [X3, Yagy3] = Lagys and [Xo, Yapys] = L. Use [, Yipys] act
on (2.1a), on one hand we have

[ X1, La], Yagss) = [(g + 2) X5 — L1 X5, Yigss)
= (¢ +2)Lapss — (L1 Ly — ¢ Yarra Xo).

On the other hand, from Lemma [2.2.1} (2.1c) and induction hypothesis we
have [Lo, Yarts] = ¢Yakss + 0Yapyraly, then

[[X1, La], Yarts) = [X1, Yarss + 0YagpraLln] — [Lo, Lajts)
= qLuj+5 + 0(Lagyaly + q*1Y4k+4X2) — [La, Lyg+3].

Compare two equations we get
2L4py5 = 0Ly Ly, 4 + OLapraly — [Lo, Lyjys).

Similarly, use [, Yirio] act on (2.3a), on one hand we have

HX?’ LQ]’ YZH@-&-Q] = [qX4 + 0L, X5, YZLIH-Q]
= qLYyys5 + 0(Ly Lagrs + ¢ YargsXs).

On the other hand we have

[ X2, Lo, Yakao] = [Xo, (¢ 4+ 2)Yagra — OYary3Lq] — [Lo, Lilk+3]
= (q+2)Liy 5 — 0Ly gLy — ¢ YapysXs) — [La, Ll ).

Compare both sides we get
2Ljyy5 = 0Lk gLy + 0Ly Laga + [Lo, Ly 5]
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2.2 Main Relations in B(V)

Take the sum of the last equations of these two paragraphs we get

- 1 ~ 1 ~
Lyjys = 5‘9L1L4k+4 + §9L1L4k+4 + [La, [Lag+2, L1]]

1 - 1 - .
= §9L1L4k+4 + §0L1L4k+4 + [La, [Lag+2, L1]]

1 ~ 1 - -
= §9L1L4k+4 + §9L1L4k+4 + [Lags2, Ms).

Then (a) holds.
Take the difference of the last equations of these two paragraphs we get

[Lagsa, L1] = [La, Lajess]

1 ~ 1 - 1 -
= [Lo, §9L1L4k+2 + §9L4k+2[/1 + Z_l[L4k’ Ms)]

1 ~ 1 - 1.~
= §9M3L4k+2 + §9L4k+2M3 + Z[L4k:7 M;).

Then (b) holds.

Now we have

[I:4k+4> L%] :[[E4k:+4a L1]7 Ll]

1 ~ ;1.
59[]\/[3, [Lag+2, Ln]] + ZHL%’ Ms), L]

1 ~ 11 -
(59)2[]\4:?, La) + 591[1\437 [La—2, Ms]]

1 - 1 1 ~ 1 - 1 -
— §[L4k, M32] - Z[MEM §9M3L4k72 + 59[/41%2]\/[3 + Z[L4k74a M|

—_

~ 1 - 1.5 =
=(0) M, Lax] = 5[ Lax, M5] = (3)°[Lan—a, M)
1 1, - 1., ~
:(—192 - 5)[L4k, M3 - (1)2[L4k747 MZ).

(for k = 0, we have [Ly, L?] = $0[M;, Ms)' = 0.)
Define A=—26* — 1, B=—()?, we have

[Zl4k+4, L%] = A[Lk, M32] + B[£4k—47 Mg?]

More over similarly we have
[La, M) = AlLyy—a, MZ] + B[Luj,—s, MZ]-- -
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2.2 Main Relations in B(V)

and the last one is
[LB? M22k71] = A[L47 M22k+1]'

(L4, M311) = [[La, Mog1], Mog 1]
= [§0M2k+3i2 + 59[~12M2k+3> Moj1] = 0.

So now we have proved [Lay 14, L3] = 0 = [Lag14, L3] and moreover [Laga_ai, M3,,] =
0 for ¢ > 0. Then automatically [L4k+5, L% =0 = [Lypys, L3].

Using induction hypothesis and the same technique in the proof of (a) and
(b), we can get
[L27 L4k+4] = 9L1L2k+5 - 9L4k+5L1

and
(L2, Ligra] = OLjy 5 L1 — OL1 Lagys.

Since we have known [Lygis, L] = 0 = [Laj4, L?], then
(Lo, Lakia] = 0 = [La, Laka].

Also using induction hypothesis and the same technique in the proof of (a)
and (b), we have (c),(d) holds for k+1.

The last and most difficult part is to prove [Lygys, L3] = 0.

We have known

[z4k+6; Ll] = [L27 £4k+5]

1 ~ 1 - 1. -
= §0M3L4k+4 + §9L4k+4M3 + Z[L4k+2a Ms],
then we have two equations about [Lyy¢, L3]:

1. [Lags, L] = [[Laprs, L1], Lr]

1 -
=—0[Ms;, [L4k+4> L] + Z[[L4k+2a Ms), L]

—_

[\.’)
—_

=(0)[M3, Lun.2] + 20 4{M3, [Lag, Ms])
1 - N
+ Z[L4k+27 —2M3] — ~[Ms, [Lajs2, L1]]

\}
—

e
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2.2 Main Relations in B(V)

1 5 11 ~ /

= — 1 (0® +2)[Laryo, M3) + 567 [Ms, (L, M)
11 = Loz

= 130D My, [Ms, Lur]) = (5)[Lae—s, M)

1.e.

[£4k+67 L%] = A[f/4k+2; M§] + B[f}4k_2, M52]

Similarly we have
[Lapya, M2) = A[Lap_9, M2) + B|Lyp_¢, M2 - --
and the last one is
(Lo, M) = —}1(92 + 3)[La, M35

So we have

[Lagrs, L3] = agi2]La, M3, 5],

where the sequence of number a,,n > 1 satisfies
Lo
ay = 1,@2: —1(9 —|—3),an+2 :ACLnJrl—l-BCLn.

Similar to the proof of [Ly, L3] = 0, we have
(q + 2)[L4k+67 L%] = 9L1L2k+7 — 0Ly 7Ly — [LQ, L4k+6]>

q[Lak+e, L?] = 9L?4k+7L1 — 0Ly Lupsr — [Lo, Lilk%’]
then we have
. . . 1 .
[Lapre, L3) = OLy Lygr7 — OLgpy 7Ly — §[L2, [Lag+s, L1]].
We have known
~ 1 ~ 1 - 1 -
L7 = §9L1L4k+6 + §9L4k+6L1 + Z[L4k+4a Ms).
So we have

~ 1 ~ 1 =
2. [Lakye, L] :959@%, Lagv6] + 91[[11, [Lagra, M3))'
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2.2 Main Relations in B(V)

1 - ~
— 5([L4k+6, L%] + [Lagts, Ms))

1 ~ 1 -
=— 5(92 + 1)[Lagre, L3] + 0= (L1, [Lagsa, M3])'

4
1.1 ~ 1 - 1 -
— —[50L1Lagya + 50Lapyaln + —[Lajyo, Ms], Ms]
2°2 2 4
1.c.
. 1 -
(3 4 0)[Lans, LY] = — [Lakse, M3
1.e.

- 1 ~
(3 + 0%)[Lanro, L] = —Jarr[La, My ).

In summary we have

[f/4k+6a L%] = Q42 [f/% M22k+3]7

N 1 N
(34 6*)[Lagse, LT] = _Zak—H[LQa M3y, 5],

Ag42
3+6% —lakn
0. With Lemma [2.2.5] we can easily see this holds when ¢ is not a root of unity,

soif £ 0, then we have [Lyy6, L3] = 0 and then [Lygyq, L3] =

hence [Laxy6, L] = 0 and moreover [Lay 45, M3,,] = 0 for i > 0.
Then automatically [Lyzy7, L] = 0 = [Lypi7, L?] and similar to the proof of
[LQ, L4k+4] =0= [LQ, L4k+4] before, we can get [LQ, L4k+6] =0= [LQ, L4k+6}-
[

m—n

Corollary 2.2.7. [M2m+1, M2n+1] =0 zfm+n 18 Odd, [M2m+17 M2n+1] = (—1) 2 2M731+TL+1

if m—+n is even and Mj,, ., commute with all L,.

Proof. By an easy induction on m +n we can get the formula of [My,,11, Mo, 11].
Then we can see [Ly, M3, ] = 0 for all n. By the proof of Prop. 2.2.6, we know
M3, ., commute with all Lom. Then by Prop. [2.2.6 M3, ., commute with all L,

and this is equivalent to M3, ; commute with all L,,. O
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2.2 Main Relations in B(V)

Corollary 2.2.8. The comultiplication of L, and L! in Ksi/K~, are as the
following.

A(Lgy) =Lon @1 —60Ly, { @ Ly +60Lo, o® Ly — 6Ly, 3@ L3+ ...
— 0L, ®@ Loy 1 +1® Ly,

A(LS,) =Ly, @1 —0Lo, 1 @ L] +60L5, o ® Ly —0Lg, 3@ Ly + ...
— 0L, @ Ly, | +1® L.

A(Lgpt1) =Lons1 ® L+ 0Ly, @ Ly + 0Ly @ Ly +6L5, o @ Ly + -+
+0L; ® Loy +1® Lopiq

A(L’QnH) :L’QnH Q1+ 60Ly, @ L} + 0L, | @ Ly+0Loy o® L+ -+
+0L ® L, + 1®L’2n+1

Proof. Since L, = [X1,Y,], we consider the comultiplication of Y,, first. For our
purpose, we only care about the terms whose left tensor factors have degree nd
and (n — 1)ag + nas. We use “ =7 to describe these terms.

We have A(L)) = Li®1+ (1 —¢ %)X, ®Y, +1® L;. Then by induction, it
is easy to get

A(Yon) =Yo, @1 —0Ly, @Y1+ 0Ly, 2 @Yy —0L5, 3@Y5+ -+ 0Ly ®
Y’2n72 - 9L/1 ® Yv2n71 + 1 ® }/2n7

A(Yopi1) = Yony1 @1 +0L5, @Y1+ 0Lop 1 @Yo +0L5, sQ@Ys5+---+0L5®
}/Qn—l + 9L1 & }/én +1 ® Yén—i—l-

By these two formulas we can get the expressions of A(Lg,) and A(Lg,11).
Then we can get the expressions of A(L5,) and A(L5, ;) by Lemma[2.2.1] [

Remark 2.2.9. The comultiplication formula in the subquotient K>;/K<q of L,
in U,,(SZQ)+ is A(L,) = Y 1 0L, _; ® L;, corresponding to a result of Prop. 4.3
in [CPI].

Corollary 2.2.10. L, and L, are not 0 and linearly independent in B(V), for
n > 0.

Proof. Follow Corollary 2.2.8 and an easy induction. O
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2.2 Main Relations in B(V)

Lemma 2.2.11. We have the following results using differential operators.

(a) 051(LY) = —q '0X>, 05'(Yons1) = 0L, 05'(Yon) = —0LY, 1, 05 (Lan) =
—0(X1 Ly — q 2Ly 1 X1), 5% (Lons1) = 0(X1Lh, — ¢ 2Ly, X1).

(b) OF(L3) = q7'0Ya, OF(Xont1) = OLan, O (Xon) = 0Lb, 4, OF(Lh,) =
O(Ly, Y1 + ¢ *Y1Ly, 1), Of (Lan+1) = 0(Lan Yy — ¢~ Y1 Lay,).

Proof. By Lemma [2.2.1] Prop. [2.2.6| and induction. O

Corollary 2.2.12. In terms of Lyndon word, X, and Y, are the root vectors in

corresponding degrees.

Proof. By Lemma [2.1.3] Lemma Corollary 2.2.10 O

Corollary 2.2.13. As an algebra K>1/K~; is isomorphic to the subalgebra of
B(V) generated by L,, for n > 0. Then M3, ., are central elements in K1 /K~1.

m

Proof. By Corollary 2.2.12) we have X,, and Y,, are real root vectors, then the only
possible imaginary root vectors are L,, for n > 1 and their iterated commutators
by Lyndon word theory. By the expression of A(Y,,) in Lemma , we get K54
is the subalgebra generated by X,, and L, and K>; = K.; & K_; where K_;
is the subalgebra generated by L, and K., is the subalgebra K>; N Bs;. This
means as an algebra K> /K~ is isomorphic to the subalgebra in B(V) generated

by L,.
O

Remark 2.2.14. In summary, K>;/K~; is a braided Hopf algebra whose algebra
structure is nothing new but having a manageable coalgebra structure.

2.2.3 Relations in the form of series

In this subsection we will describe the relations in B(V) in terms of series,

which will be powerful in proofs of main theorems in this thesis.

Let @ :=q+q ' a= %q, B = iq;.
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2.2 Main Relations in B(V)

Let a1 = 1, ay = %9, Gpio = %Qanﬂ + ian, then by Lemma we have
(39)"—(—3¢~ )"

3(a+a~1)
Let

Ay —

_ i ezzann Z 20 M. 2n+1 4n+2

Au Z 0a,, 1 Moy 1u*™ ™ B(u Z Oa, Mo

n=0 n=1

1
A'(u) := =~ A(iu), B'(u) := iB(iu).
i
Sometimes for convenience we just write A, B, A', B’, X.

Proposition 2.2.15. We have the following relations in the form of series.

(a) A(u)L(u) = L(u)A'(u) = > Loy qu .

(b) B(u)L(u) = L(u)B'(u) = > _ Loy v

(0) [A,B] =0 =4, B].
(@) 42 = X (0w~ X (pu), 75 = Lx(ou) - L
(¢) 5[A(w), Lie] = 5(;B% + A7)

X (au).

Proof. (a), (b) follow from Prop. and (c), (d), (e) follow from Corollary[2.2.7]
[

2.2.4 Relations between X, and L, and Y,, and L,,.

In this section we will use differential operators to get the expressions of
(X1, Lonls [X1, Ly, [Xa, Logl, [Xo, Ly,] and
[L2n>}/1]7 [LanyiL [L2n7}/2]7 [L }/'2]

In general, by Lemma, and L? lies in the center of the subalgebra gen-
erated by all L, one can get [ X}, Lo,] for k£ > 3 and others immediately.

2n»
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2.2 Main Relations in B(V)

Define two sequences of polynomials P, and @Q,,:
PO = 17 Pn = qn + qnil + (_1)n71Pn—17

Qo=1,Q,=q¢"—q¢" '+ (-1)"Q,-1. We have

n (g2 G
P, = 2@@% + (=1)"Hgm,

n1—(—g—2)L31+1
Q, = (_1)n2q2L§J% 4 (_l>n+1qn and Py, = Qo

The next proposition is for the proof of [Lan, Lom] = 0, Yn,m > 1 in
Prop. [2.2.19

Proposition 2.2.16. We have the following relations in B(V).

n—1 n—1
/

[Xla LQn] = E Py 1-9i0L9; Xop11-2; — E P2n—2—2i9L2i+1X2n—2i7
i=0 i=0
n—1 n—1

! In—1-2ipn7/ 2m—2-2i

[X17L2n] = E q 0L2iX2n+1—2i - E q 0 Loit1Xon—2i,
i=0 i=0
n—1 n—1

(X, Lay] = Z ¢ 0Ly Xontoai + Z q2n7272i9L/2i+1X2n—21;+17
i=0 i=0

n—1 n—1
[Xs, Ly,] = Z Q2n—1-20L5 Xopio-2; + Z Qon—2-2i0L2i+1Xon_2i11,
i=0 i=0
n—1 n—1
(Lo, Y1] = Z " P 0Y 1 i Lo + Z " 0Ys, giLoii,
i=0 =0

n—1 n—1
[LIQna le] = Z Q2n7172i91/2n+172i[/2i + Z Q2n7272i9}/2n72i[/2i+17
=0 =0

n—1 n—1
[LG,YQ] = E Pon—1-2i0Yon 0 0iLo; — E Pop—9_2i0Yon_2i41L2i41,
i=0 i=0
n—1 n—1
/ 2n—1-2; / 2n—2—2i ’
[L%,Yg] = E q" 29}/271—#2—21'[/21‘ - E q" ZQYZn—2i+1L2Z‘+1-
i=0 i=0

Proof. We use induction. By Prop. we know the proposition holds for n = 1.

Suppose the proposition holds for n, we consider the case of n + 1.

20



2.2 Main Relations in B(V)

We have [Lg,11, Li] = 0. Hence in B(V), by Lemma [2.2.11| we have

0 = 05 ([Lan+1, L3])
= Lonp1(—q'0X3) + 0% (Lopi1)L? — (L0 (Lonsr) + ¢ 0 X Loni1)
- _q_le[X% LZn—i—l] + [af(L2n+1), L%],

1.e.

[X27 L2n+1] - Q[[Xb Ll2n] + q_leL/QnXla L%]

Using induction hypothesis, we have

n n—1
[Xo, Lopt1] = Z an_zi@leinnH—Qi — Z "0 Lyi 1 Xon_2ira-

=0 =0

Then

[Xb L/2n+2] = [X17 [X27 S/QTL‘F].]] = CI[X2> L2n+1] - 9L2n+1X2

n n—1

_ 2n—2i+1 ! 2n—21

= E q ‘9L2¢X2n+3—2i - E q OLoi1 Xon—2i42 — 0Lop1Xo
i=0 i=0

n n

_ In—2i+1lp71 2n—2i

= E g T 0L, Xopys—0i — E g~ "0 Loip1 Xon—2it2-
i=0 i=0

[Xl, L2n+2] = [Xl, Ll2n+2]+[X1, [L2n+17 Ll]], so we need to calculate [Xl, L2n+1]-

(X1, Lonta] =[X1, Ly, 1] — [ X1, [Lon, L1]]
:[le [X27 }/271]] - [[le L2n]7 Ll] + [X27 L2n]
=(q + 1)[ X2, Lop| + 0L2, X5 — [[X1, Lay], L4]

_ (an—Zi + q2n—1_2i)eL2iX2n+2—2i
3 AL X i

1=0

n—1
+ 0Lo, Xy — (Z Py 1-90(Loi Xopyo—o;i + i2¢+1X2n+1—2¢)
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2.2 Main Relations in B(V)

= Pana2if(Ly Xon-nig1 — EQHQX%_%)) :

by the definition of P,, we have

n—1 n
(X1, Lonto] = g Py —2i0L9; Xon19-9; — E Py, 2,0L9i Xonto-0; + L2y Xo
i=0 i=1
n—1 n—1
) .
+ Py 190 Lo; 1 Xopy1-2i — E Py 1-9i0L9; 11 Xon1+1-9i
=0 i=0
n n—1
/
= Py 20 Lo, Xon 199 + E Py 1-9i0L9i 11X on1+1-9i.
=0 i=0

Then

[X1, Lonta] = [ X1, Loy, yo) + [X1, [Lony1, La]]
= [X1, Ly, o) + [ X1, Lonsa], Ln]] + [X2, Lanyd]
= (¢ + 1)[Xs, Lopt1] — 0Lop1.Xs + [[X4, Lont1], L1]].

All the terms are computable now and after similar computation to last

paragraph we have
(X1, Lonsa] = Y Pont1-2i0L0iXon 159 — Y Pon2i L Xopya o
i=0 i=0

[XQv L2n+2] and [X2> L/2n+2] and [L2n+2> Yl]v [L/2n+27 Yl]v [L2n+2a YQ]? [L/2n+27 Y2]
follow from a completely similar argument, we omit the detail.

O

2.2.5 Imaginary root vectors satisfying manageable com-

mutation relations

Equation
[-Z/2m7 -Z/Qn] =0
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2.2 Main Relations in B(V)

is equivalent to
[L2m7 L2n] + [L/2m7 LQH] + [L2m7 LIZn] + [L,2m7 L,2n] = 0.
So we need to know the expressions of each summand.

Lemma 2.2.17. Suppose [Loj_z, Lan] = 0 for V2 < k < n and for VN > 0, then
[z2k—1; £2N+1] = [fzgk_l, £2N+1] fOT alll <k<nand VN > 0.

Proof. We only need to prove
[Lon—1, [Lon, L1]] = [[Lan—2, 1], Lon41)-
By Prop. [2.2.6]

1 ~ 1 - 1 - .
LHS = {59[/1[12712 + §6L2n72L1 + Z[L2n—4, Ms), [Lan, Ll]‘|

— %9 [Ll, [Lon_2, [EQN,Ll]]]/ - % [[zzn—4>M3]a [EQNaLl]] :

- 1 - 1, - 1 -
RHS = |:[L2n—27 L], §8L1L2N + EQLQNLI + Z[LQN_Q’ M3]]

= —%9 [Lh [[Z—/2n727 L], iQN]]/ + % [[fﬂn*% Ly], [f’?N*?’ M3]]

Since [Egn,g, igN] = 0, we only need to prove
|:[Z:J2n747 M3]7 [E2N7 Ll]i| = [[i2n727 L1]7 [z2N727 M3}:| .

Use the expressions of [Lyy, L1] and [La,_s, L] in Prop. and similar calcu-

lation, we get we only need to prove
[[Lans, Ms], (Lo, Ms]| = [ [Lan—s, Ms], [Lan 2, Ms] |
Repeat these steps this lemma will be proved. O

Lemma 2.2.18. Suppose [Loy, Lon] = 0 for k < n —1 and for all N > 0, then
[Zzn, EQN] =0 for all N > 0 is equivalent to

_[[i2n—27 L2N+1]7 L] + [[IN/2N+2; f/2n—3]7 L] =0 for all N > 0.
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2.2 Main Relations in B(V)

Proof. Consider [[X1, Lay,|, Yan], using the same technique as Prop. [2.2.6, we can
get

—

n—

[L2na LQN] =

Ing

I
s ©

P2n—1—2i9[L2n+2N—2i7 L2z]
-1

+ Y P9 2i0(Ly; 1 Loy on—9i—1 — Lonton—2i—1L2i41)-
i=0
Note that in this calculation we do not need to care about terms with form Y, L, X,
or Y,L; X.. All terms of this form would be canceled at last by Corollary [2.2.10

and Corollary [2.2.12]

Similarly consider [[ Xy, L}, ], Yan]| we can get

—_

n—

277,—1—22'0[

[Lyy,, Lan] = Lonyan—2i, Ly

™

Il
s ©

q

(2

|
—

2n—2-2i / !
+ q O(Lait1Lopyon—1-0; — L2n+2N—1—2iL2i+1)'

1=

[e=]

Similarly consider [[X2, Lay], Yoy _1] we can get

3
-

[Lon, Lyn] = ) a0

™

Il
s ©

q L/2n+2N—2i7 L2z‘]

%
1

2n—2—21i / !
+ ) q O(Lonon—1-9:Loiv1 — Loiq Lonson—1-2i)-

1=

o

Similarly consider [[Xs, L), ], Yan—1] we can get

n—1

(L5, Loy = Z Q2n-1-2i0[Lo, 225 La;]
1=0

n—1

/ /
+ § Qan—2-2i0(Lo,on—1-0:L0;11 — Loiv1 Lonyan—1-2i)-
i=0

Then by the construction of P,, ), and [sz, ZzN] =0for k <n—1 and for
all N > 0, we have

[Lan, Lan] + [Liy,, Lan] + [L,, Lan] + (Lo, Loy
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2.2 Main Relations in B(V)

i
L

Ing

I
s ©

(Pon—2-9i + ¢*" > 7*)0([Lanson—2i, Lai) — (Lo yon—2i> Ll

)
1

+ ¥ Pono 2i0([Ly 1, Loy on—9i1] — [Laiv1s Lonton—2i1])
=0

n—1

+ Z 0" 7P 0([Lairr, Ly san—ni1) = [Laisrs Lontan—2i-1]).
i=0

We have the following identities by definition and Lemma
[Lam, Lan) — [Lym, Lyl = [Lam, Lon] + [Lam, Lay], ¥m,n > 0.
[Lit1s Longan—si—1] = [L2is1, Lantan—2i-1]
=[Lois1, Lonsan—si—1] + [Lais1, Lonson—2i-1]
=2[Lai+1, Lonsan—2i-1),
[Loi+1, Lonyon—2i-1] = [Loip1s Lontan—2i-1]
=[Lois1, Lopsan—si—1] — [Laiv1, Lonton—2i1] =0, YO < i <n — 1.

Then

[Lon, Lan] + [Ly,,, Lan] + [Li,, Lan] + [L,,, Lyy]

n—1
=Y (Pon_9 9 + ¢ > )0([Lonron—2i, Lai] + [Lonson—2i, Lai])
i=0
n—1
+ 2 Z P9 9i0[Loii1, Loy ion—2i-1]
i=0

—_

3

(Pyp—2—9i + q2n_2_2i)9 (_[i2n+2N—2i—17 f/2z‘+1]

0

1=0

+[Ly, [z2n+2N—2i—1; EQ@H + Hi/2n+2N—2ia z?i—l]a L]+ [i/2z’—l> I:2n+2N—2i+l]>
n—1

+ 2 Z P2n—2—2i0[l~/2i+17 ﬁ2n+2N—2i—1]-
i=0

By the construction of P,, we get

2n—2—24 In—4—2i
Pon_o_9i =q —q — Poy_y_9;.
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2.2 Main Relations in B(V)

Then

[Lon, Lan] + [Lay,, Lon] + [Ly,, Lan] + [Li,, Loy
n—1

= (Pop—o—2i + q2n_2_2i)9([L1, [Z2n+2N—2i—1a Z22H + [[E2n+2N—2ia -ZQZ'—I]; Ly]).

=0

When ¢ is not a root of unity, it is easy to see (Pa, o 9 + ¢*" 2720 is not 0.

Then by induction hypothesis we can see
[Lan, Lan] + [Lop, Lon] + [Ly,, Lan] + [Lyy, Loy] = 0
is equivalent to
—([Lan—2, Lan11], L1) + [[Lan-a, Lans], L] = 0

for VN > 0.

Denote Dy, = _[[f/?,k; E2N+1], L] + [[E2N+2: szq], Ly].

Define Ly, by the following formal power series:

0 Z Lopu®" = exp(f Z Lonu®™).
n=0 n=1
Define Cy(P(u)) by the coefficient of u* in power series P(u).

Proposition 2.2.19. There exists a series of number Ry such that [Zzgk,Ll] =
Rop Moy 1 and [izm,izzn] =0 for k,m,n > 1. Ry, is defined by

k—1

1 1
ORop =Cop—s (59) + Cop—2 (59@(10(2:1 GRQnUQn)>

k—1 k—1
1
4+ Cor_4 (Z(GXM; O Ry, u®™) — 1)) — Oy (exp(z HRQnu2n)> )

n=1

1 [2k+1]4

Moreover, we have Ry = 0 and Rary2 = 55 T
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2.2 Main Relations in B(V)

Proof. We will prove by induction on n that [La,, L] = Ro,Ma, 1 for some Ry,
and [f}zn, EQN] =0 for VN > 0.

For n = 1, we have know in Section 1 that [Ly, L] = Mjz which means
Ry = 1 and coincide with the formula of Ry, when k& = 1, and [zg,ng] =0
for VN > 0. Now suppose this proposition holds for n = k, i.e we have known
[Lon, L1] = Rop Mo, 41 and [ign, ngN] =0 for n < k, we consider n = k + 1.

First we will prove [Logy2, L1] = RopioMoy, 3 for some Ry o.

By Prop. we know

0 Z LQnU :—9M30 Z Lgn Q’LL

n=0
1 X 1 = -
+ 590 Z L2n72u2nM3 —+ 1—1[9 Z [121174u2n7 M5]
n=0 n=0
i.e
0 Z Lgn’u = —9U2M39 Z Lgn 211,
+ §9U29 HZZ; I~L2n,2u2nf2M3 + ZU4 [9 ; ign,4u2”*4, M5]
i.e
lexp QZLgnu L] = —9u2M3eXp HZ Loy u®"
n=1 n=1
1
+ 6’u exp Q;Lgnu YMs + 4u [exp( GZLgnu , Ms].
Note that

exp(f Z Lonu®™) = exp( Z Lonu*)exp(0Lyu?),

n=2
we denote exp(0 Y 7, Lo, u®") by exp(2) and in general exp(6 > >", Lo,u®") by

exp(k) for convenience.

It is easy to get
exp(0Ly,u®) Ly = exp(adyp, u*") e Liexp(0La,u?).
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2.2 Main Relations in B(V)

Denote adyz, u*™ by My, for further convenience, where adyz, means the oper-
ator [0La,, .

Now LHS=
[exp(2), L1]exp(0 Lyu®) + exp(2) (exp(My) — 1) @ Lyexp(0Lyu?).

Keep doing similar calculation under our induction hypothesis, we will get LHS=

([exp(k +1), Ly + exp(k + 1) (exp(zfg:l M) — 1) . L1> [T, exp(0Lonu®).
Smilarly, we can get RHS=

k
1 1
<§9u2Mgexp(k +1)+ §¢9u2exp(k + 1)exp(z M, ) @ M;

n=1

+1u4([exp(/€ + 1), M5] + exp(k + 1)(eXp(Z Ms,) — 1) e M5)>

4
n=1
k
: H exp(0 Lo, u®™).
n=1
Cancel the ending terms of both sides and compare the coefficient of u?**2, we

will get
) k
0 Loks2, L1] + Corpo ((GXP(Z M,,) — 1) e L1>
n=1

k k
1 1 1
= Cgk (§9M3> + Cgk (596)([)( El Mgn) [ ] Mg) + OQk_Q (Z (exp( El M?n) — 1) [ ] M5> s

Hence we have
Q[E2k+2, Ll] = R2k+2M2k+37

where

k
1 1
Rojyo =Cyy, (59) + Oy, (596)(1)(21 9R2nu2n)>

k k
1
+ Cop— (4_1 (exp(; O Ropu") — 1)> — Copaa (exp(z HRQnu%)) )

n=1

o8



2.2 Main Relations in B(V)

Then we need to prove Dy, = 0 and we have known D, =0 for n < k — 1.

Consider the formal power series:

0 i DQn’U,2n.
n=0

03" Dy — - [[ezignu%,imﬂ],m .
n=0 n=0

- 1 ..
[Lon+o, §9U2L19 z% Lonu™

1 g 1 = -
+500%0 Y | Lonu™ Ly + 2u'l0 Y Logu™, Ms]], L1]
n=0 n=0

=—[A, L]+ [[E2N+27B]7L1] .
Now we calculate A and B.

The calculation is similar to the previous. We have

k
A = Agiyo H exp(QEQnuzn),

n=1

where

k
Aoiys = lexp(k + 1), Loni1] + exp(k + 1) (exp(z M,,,) — 1) o Loyt

n=1

k
B = sz+2 H GXp(HI/QnUQH),

n=1

where

k
1 1
Baka =50u" Liexp(k + 1) + S0uexp(k + 1)exp(_ M) ¢ Ly

n=1

+ —u ([exp(k + 1), M3] +exp(k + 1) (exp(z My,) — 1) @ Mg)

AN,

Then

9 i D2n == —
n=0

k
Aoy H eXP(GI_JanZn% Ly

n=1

+

k
[£2N+2> B2 H eXP(QZQnU%)], Ll]

n=1
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2.2 Main Relations in B(V)

k
A2k+2 H exp(@f/%u%), Ly

n=1

k
[Lon+2, Baka] [ [ exp(6Lanu™), Ly

n=1

+

n=1

k
(—Agki2 + [IN/2N+2, Bog+2]) H eXp(QEQnUQn), L1] .

We need to prove that the coefficient of u?* in 8 7 | Dy, u® is 0.

It is enough to prove

Cope ([@ ﬁ exp(0 Lo, u®™), L1]> =0,

n=1

where

k
) . 1
¢ =— eXP(Z My,) ® Loni1 + [L2N+27 §9U2L1
n=1

k k
1 1
—|—§0u26Xp(Z Mo, ) @ L1 + ZU4 (exp(z M,,) — 1) e M3] .

n=1 n=1

We claim that ®q; := Cy;(P) = 0 for i < k.
We have

1 ~ 1 - 1 -~
Dy = o (§9M2i+1L2N + §9L2NM2H-1 + Z[LQN—% M2i+3]> ;

where

k k
1 1
b =C2i< — exp( E 0 Ronu™) + §9u2 + §9u2exp( E 0 Ry u®")
n=1 n=1

+ %lu4(exp(z 0 Ropu™) — 1))

n=1

Then ®9; = 0 for ¢ < k holds by this and the induction hypothesis of Ry; for
1 < k.

It is not difficult to get the general formula of Rs,,, we omit the details.
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2.2 Main Relations in B(V)

Corollary 2.2.20. We have the following commutation relations in B(V).
(a) [I’2m7 I’Zn] =0= [[_/27717 Z/Zn]
(b) [Mami1, Mo 1] = 0 if m+n is odd, [Map i1, Mop 1] = (_1>%2M3@+n+1
if m+n is even.

(c) [Zém, Moy 1] = RomMomyans1, where Ry, =0 and Rypyo = QQLm [2;;;11]‘1-

By these relations, the only possible tmaginary root vectors are Ly, at 4nd,
Lypi2 and M3,y at (4n+ 2)0, Mo,y at (2n+ 1)4.

Proof. These relations hold immediately by Prop. [2.2.19 and Prop. 2.2.6] Then

by induction on degree we can get these possible imaginary root vectors. O]
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Chapter 3

Root multiplicities of B(V)

In this subsection, we will determine the multiplicities of all the roots and
give a PBW basis of B(V). The main tool is the subquotient K>1/K~;. In detail,
the key step is finding the primitive element at certain degree in K>1/K~q. At
Uv(szg) case, the Drinfeld generators defined by exponential are exactly these

primitive elements.

3.1 (2n+1)0

By Corollary [2.2.20, we know the only possible root vector at (2n + 1)4 is
M2n+1‘

It is easy to get the following formulas in the subquotient.
A(L)=Ly®1—0L® L1 +1® Ly

A(L) =L ®1+1® Ly,

(L) =Lix®l1+1® L3

(

(

> b

M;) = Ms®1—40*L3Q L3+ 2002 @ M3z —20M3Q L? —40?[2 @ L3 +1® M;

>

Let Q9,11 be the subalgebra generated by {Mas; 11,0 <i < n}.
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3.2 (4n + 2)0 and 4no

In general, by an easy induction we can get

A(Moyi1) € Mopy1 @1+ 1®@ Moy iq + 2013 @ Mo,y — 20My, @ L3
+ 02,3 @ Ogpp_s.

My, 11 is aroot vector if and only if My, 11 is a linear combination of Llfl Mé” M§3 e Mé}?ﬁl.
The comultiplication of My, has term 2012 ® Mo, — 20Ms,_; ® L? but the

comultiplication of L?Ms, 1 can only have term
L2 ® Mop—1 + May—1 @ L3,

Hence by induction we can see M, ;1 must be a root vector when ¢ is not a root

of unity:.

3.2 (4n+2)) and 4né

3.2.1 M2,

Since Ma,4+1 is a root vector and x((2n + 1)d, (2n + 1)d) = —1, we should

consider M3, .

Define M2, ., +1 by the following power series,

arctan(20 E g ut ) =26 E M, utt,

Proposition 3.2.1. M2n+1 is primitive in K>1/K>1 The leading term of [ Xy, M3, . ,]
is (—1)m22" [22"111}")(4%3, which means M2, | 41 s not 0 in B(V) when q is not a

root of unity.

Proof. We have arctan(z) = Zlog(“””), Recall X = 2% 20M2, . u*2. We

have

X
log Z i Z 20 M3, , ju'" 2.
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3.2 (4n + 2)0 and 4no

Then it is equivalent to prove Zf§ is group-like. Zfi(( =7 fz.X — 1, i.e. we want to
prove
2 2 2
A —-1)= -1 —1).
Grx V=Grx - Veaoax Y

Let Y = V20 >0 M, qu®™ ™. We have Y2 = X by Corollary
By induction it is not difficult to prove that

1
AY)=(Y®1+1QY)———
¥)=Fel+loV)i—ay
in K>1/K~1, we omit the detail. Then
AX) =AY =Y ®1+1QY)——— (Y R1+1QY)————
(X)=A0T) =¥el+leY)— oy Vel+leY)—rry
1 1
=(Y®R1+1®Y)*- :
VeltloY) ey T-wey
1
—YV?’®1+1QY?) ———
VeoltloYy) 15503
— (19X +X®1) ——.
(leX+Xol) 1-X®X
Then
: : 1 (1+4iX)® (1+4iX)
AQl+iX)=14+i(1®X+X®1)- =
+iX)=1+illeX+Xel) —vo~ - XwX

Now A(2% — 1) = (%% — 1) ® (5% — 1) holds immediately.

For the leading term of [Xi, M3, 4], it is easy to get the leading term of
Xy, 2002, u'™+?] is
29(_ 1>n22nX4n+3u4n+2

by Prop. Then the leading term of Xy, M3, ] is

1 o0
%04%2 (arctan (29 Z(— 1)k22ku4k+2) ) Xinys3,

k=0
Le
1 , 1
%047%1—2 arctan(%’u m) X4n+3‘

Let 2 = 2u?, then the coefficient of Xy, 3 is %04%2 (arctan(@lJfT)) .
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3.2 (4n + 2)0 and 4no

a z 0(1 —a?) q q'
—arctan(f )= _ .
Iz el e P R W T W
=q Z(_l)nq2nw2n _ qfl Z(_l)nq72nx2n' (3'2'1)
n=0 n=0
Take integral we get
e S I2n+1 0 o1 x2n+1
tan(6 = 1)t —— — —1)tqg " ———.

arctan( 1—1—1:2) ;( )"q M1 nzo( )"q ——

Then we have

1 T
2—004n+2 (arctan(9 2

)) _ (1) [2n + 1],

2n+1°

Corollary 3.2.2. M, ., are root vectors when ¢ is not a root of unity.

Proof. Suppose M3, , is not a root vector. Then the only possibility is M3, ., is a

linear combination of products of M3, ,; in B(V), where k < n—1. Equivalently,

M3, is a linear combination of products of M3, , where k < n—1, denoted this
linear combination by II. Then M3, ., — I is 0 in B(V) and must be primitive

in K>1/K~;. Then it is easy to see the only possibility is IT = 0, since M3, ,, are

primitive in K>;/K~, and are root vectors in B(V) for k <n — 1. Then M3, 4
is 0 in B(V), contradiction. O

3.2.2 Lo,

Lemma 3.2.3. The leading term of [ X1, Loy is (q2”+(—1)")(qn+(—1)n+1)X2n+1.

g™ (=1

Proof. We have
log(1+ 60 Logu®™) =0 Loju™.
n=1

n=1

By Prop. 2.2.16 we get the leading term of [X;, 6 Lo,u?"] is

n— 11— _q_2 " n— n
(i )
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3.2 (4n + 2)0 and 4no

9 - - - — n — n
1+q722((q YT ()" = (1)) Xonga
n=1

Then we have the leading term of [X1, Lo,] is

07" Cay, <log<1 e ; (" +a 2+ ()" - q‘Q(—UQ)”)>) Xops1,
i.e

1 1
1, 2, -3\ 2 2 2,2
+ + - _ - X Pt
((q q q )q (¢ 1 q2U2 q ( Uu )1 U2)>) 2n+1

610y, (1 (1
CQ (Og +1+q_2

Then by the same technique as in Prop. we have the leading term of [ X1, Lo,

(@ +(=D")(¢"+(-1)

1 (@T) n+1)X2n+1 and we omit this detail.

18

O

Define Ly, by the following, recall o = %q, B =4/ iq; =

f: 20i4nu4" = f: 20E4nu4"
n=1 n=1

2
1 oo .
+ 51og 1+ (§ 20M;,, . (o)’ +2>

n=0

2
1 [e.9] .
+ 51og 1+ <§ 20My, . (Bu)* +2>

n=0

Proposition 3.2.4. i4n is primitive in the subquotient K>1/K-1. The leading

term of | X7, [c/4n 18 [4n}qX4n+1, which means Ioj4n 18 not 0 in B(V) when q is not
4n

a root of unity.

Proof. Recall L(u) := 0% 0Ly,u®, let L(u) := Y OLy,u®", i.e. we have

L(u) = exp(L(u)).
By Corollary [2.2.8] in the subquotient, we have
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3.2 (4n + 2)0 and 4no

A(Egn) -
Loy @1 —=0Lyy 1 @ Ly +0Loy 9@ Ly— -4+ 0Ly ® Loy_5 — 0Ly @ Loy 1 +1® Loy,

1. 1. 1. 1. 1. 1. 1. 1.
+9§L2n72 & §L2 + 9§L2n73 & §L3 +-+ 9§L3 X §L2n73 + 9§L2 X §L2n72

1.e.

A(L(u)) =

Z 9fj2nu2n ® Z «9[~/2nu2" . Z 9E2n+1u2n+1 ® Z 6i2n+1u2n+1
n=0 n=0

n=0 n=0

00 1. 00 1. 00 1. 00 1.
+ Z §6L2nu2n ® Z §9L2nU2n + Z 519[12n+1u2wrl & Z §9L2n+1u2n+1
n=1 n=1

n=1 n=1

= x(u). )

We have A(L(u)) = *(u), A(L(iu)) = *(iu), so
A 20 L u'™) = log(x(u) * (iu)).
By Prop. (a), (b) and (e) it is easy to get

*(u):(l—A®A+%B®%B

+(8‘1(}132 + A%+ A- %B) ® (9‘1(232 + A%+ A- %B))
cexp (L(u) @ 14+ 1@ L(u))

= #(u) - exp (L(u) @ 1 +1® L(u)) .
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3.2 (4n + 2)0 and 4no

and
*(u) =exp (L(u) ® 1+ 1® L(u)) - (1 —A oA+ %B’ ® %B'
_i_(efl(lBIQ —|—Al2) 4 A/ . EB/) ® (971(13/2 4 A/2) 4 A/ . EBI)>
4 2 4 2
=exp (L(u) @ 1+ 1@ L(u)) - # (u).
So
k() - x(iu) = cexp (L(u) ® 1+ 1® L(u)) - exp (L(iu) ® 1+ 1 ® L(iu)) - # (iu)
- exp (Z 20Lpu " ®1+1® Z 20 Lypu* ) - # (i),
then

log(x(u) * (iu)) = i 20L4u" @14+ 1® i 20 Lynu™™ + log(#(u)# (iv)),

n=1 n=1
since Ly, commute with all My, by Corollary [2.2.20]
Recall that A'(iu) = iA(u), B'(iu) = i 'B(u). Then log(#(u)# (iu)) is all
about A and B and their products.

We have
"(; 1 1 Ny 2 1
#)# (i) = (1 - A® A+ B@ B+ (07(;B + A%) + A- 5 B)

®(07(

1 o 1 1
B A+ A 23))

1 1
1 _BQ+A2)+A.§B>

3

1 1
-(1+A®A—§B®§B+(—9‘

1 1
— 07N (=B*+A)+A-=-B)|.
(=67 (B + A+ A ))
Denote a = A, b= 3B, T = §~*(; B* + A?) for convenience.

Then

#w)# (iv) =(1—a®a+b@b+ (T +ab) ® (T + ab))
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3.2 (4n + 2)0 and 4no

(14+a®a—-b®@b+ (T —ab) ® (T — ab))
=l+a®a—-b®b+ (T —ab) ® (T — ab)

- (a@a—a2®a2+ab®ab+(aT—a%)@(aT—aQb))

+b®b—ba®ba+b*@0b*+ (bVT + ab*) @ (bT + ab®)
+ (T4 ab) ® (T + ab)
+ (Ta — a®b) ® (Ta — a®b)
— (Tb+ ab®) ® (Tb + ab®)
+(T? + a®?) @ (T2 + ab?)
=14a®a—-bRb+TRXT —ab®@T —T @ab+ ab® ab
—(a®a—-a*®a*+ab®@ab+al ®al — a*b ® al — aT ® a*b + a*b ® a’b)
+b®b—ab®ab+ b ®b* +bT @ bT + ab® @ bT + bT ® ab® + ab® ® ab®
+TRT+ab@T +T ®ab+ ab® ab
+Ta®Ta—a*bh®Ta—Ta® a’b+ a*b® a®b
—(Thb@Tb+ ab® @ Th+ Th ® ab* + ab® @ ab?)
(T 4 a??) @ (T2 + a2?)
=14+TRT+a*®Ra*+V* >+ TRT + (T? + a*V*) ® (T? + a*b?)
= (1 = X(ou) ® X(aw)) - (1 = X (Bu) @ X(fu))

The last equation is by Prop. [2.2.15((c), (d).
Recall that by definition we have

23 20Lyu™
n=1
=2- (Z 20 L4, u'") 4 log (1 + X*(au)) +log (1 + X*(Bu)) .
n=1

We have known )

AX)=(X®1+1®X) ————
(X)=(Xel+1eX) -
then

1+X?®1)(1+1® X?)

AL+ X = xgxy
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3.2 (4n + 2)0 and 4no

Now

A2 20Lyu™) =23 20Lyu" @ 1+1®2 Y 20Lu™ + 2log(#(u)# (iu))
n=1

n=1 n=1

1+ X?*(au)®1
“Og< (1= X(au
1+ X?(Bu)®1
e (R

1+1® X2(au))>
® X(au))?
(1+1® X2(ﬁu)))
® X (Bu))?

~— | ~— | —

- <2§: 20 L™ + log (1 + X2 (au)) + log (1 + X2 (BU))> ®1

n=1

+1® (2 Z 20 L4, u" +log (1 + X? (au)) +log (1 + X? (Bu))

n=1

which means Ly, is primitive in our subquotient.

For the leading term of [Xi, Ls,], by Lemma we have the leading
term of [X7, Egn] is (q2n+(;q12i)l((’q2t(1;1)n+l)X2n+1. Recall that the leading term of

(X1, M2, ] is (=1)"2%" X, 45. Then we have the leading term of [X7, Lyn] is

1 (ypld" + (g = 1)
20 2ng®>1(¢? — 1)

1 1
+C4n <§10g(1 + (2«9(ﬁu)21+4—54u4)2)>> X4n+1

+ Cyy, (llog(l + (20(cu)?

;)2))
2 1+ 4otu?

Then by the same technique as in Prop. we can prove the leading term of

(X7, lol4n] is [447;]‘1 X4ni1, we omit this detail. O

Proposition 3.2.5. Let O be the subalgebra in B(V) generated by My, 1 for
n € N. Then in the subquotient K>1/Kx1,

A(Ls,) € Loy ®1+1® Lo, + 0 ® 0.
Proof. Following the notations in the last proposition, we have
A(L(u)) = log (A(L(w)) = log(+(u))
= log (#(u) - exp(L(u) ® 1 +1® L(u))) .
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3.2 (4n + 2)0 and 4no

= log (exp (log(#(u))) - exp (L(u) ®1+1® L(u))> (3.2.2)

To deal with this type of formula, we have the famous Baker-Campbell-Hausdorff
formula, see Chapter 3 of [Hall5|. By BCH formula and Corollary [2.2.20| (¢), this
proposition holds immediately. n

Corollary 3.2.6. Ly, are root vectors for n > 1 when q is not a root of unity.

Proof. We prove by induction on n.
Ly is a root vector because [Ly, L1] = M3 and Mj is a root vector.

For L4, suppose L, is not a root vector, then
Ly = Z ki1,i2,j1L§1M§2Lél>

or equivalently
Ly=) ki, LY MPL
By Prop. and L, is a root vector, L2 and L?L, cannot appear in this linear
combination. Then L, can only be a linear combination of L; M5 and L{. Then
use [Ly, | act on Ly, we get M2 + L M5 = 0, contradict to My, ; are root
vectors for n € N. Then Ly can only equal to kL%, equivalently Ly = k(L?)2.
Since L, and L? are primitive in K>;/K~1, then the only possibility is L= 0,
but by Prop. L, is not 0. Then L, must be a root vector.
Suppose it holds for n, we consider n + 1.

If n is even, then 2(n + 1) = 4m + 2 for m = . Suppose Ly, is not a root

vector, then
_E o LA LL Nfemt I [ J2m
L4m+2 - k111127---712m+17]1 ----- j2mL1 M3 M4m+1 L2 L4m )
or equivalently

T _ E ! i1 rio 12m+1 T J1 T J2m
L4m+2— k le M3 "'M4m+1L2 "'L4m.

11,82, 582m+ 1,015+ +,J2
By Prop. and induction hypothesis, Lo, ..., Ly, can not appear. Then
T _ § 17 i1 12 12m+1
L4m+2 - ki1,i2,...,i2m+1L1 M3 T M4m+1 .
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3.2 (4n + 2)0 and 4no

By Corollary m L4m+2, 1] = RamioMymys. When q is not a root of
unity, we know Ry,,.0 is not 0 and My, 3 is a root vector, contradiction. Then

Lym+o must be a root vector.

If n is odd, then 2(n + 1) = 4m for m = % Suppose Ly, is not a root

vector, then
_ E i fi2 12m Ji Jom—1
- kil’Z'2’~~~)i2m7.j1a~-~»j2m71Ll M M4m lL o 'L4m72
or equivalently

; - / i1 7 fio iom T J1 T J2m—1
Lym = E K it Ly My Mgy Ly’ - L= -

11,225--502mJ15--+,J2m—1

For the same reason as last paragraph, Lo, ..., Ly,_» can not appear. Use [Lo, |

act on i4m, similar to the case of Ly we get

7 " i1 7 fi2 i2m
Ly, = g k. o Lyt M3 - M2

11,82,---,12m

where i1, 15, ..., 12, must be even. Then equivalently
" i1 2 ig 2— 2m
§ kzl,zz, ,22m ) 2 (M ) 2o (M4m+1> 2.

Since L4m,L%,M§, ...,M4m+1 are primitive in K>;/K~;, the only possibility is
L4m = 0, but by Prop. [O/4m is not 0. Then L, must be a root vector.

]

Now we have the following theorem immediately.

Theorem 3.2.7. Suppose q is not a root of unity, the multiplicities of 4nd and
(2n 4+ 1)d are 1, of (4n + 2)d is 2, which coincide with the root multiplicities
of the Lie superalgebra A(0,2)®. The set of decreasing ordered products of ele-
ments in {X,, Yy, Lan, Mon_1,n € N} from a PBW basis of B(V). The order in
{ X, Yn, Lop, M, _1,n € N} is
Xi<Xog<-o <X, <
<o < Loy < Lopo < Lop_yg<--- <Ly
< < Moy < Moy 3 < -+ < My < M3 < M,

<Y, <o <Yy <Y
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Chapter 4

The isomorphism between B(V) and
Un(A(0,2))*

4.1 Some information about commutation rela-

tions between real root vectors

We first consider the commutation relations in B(V) between real root vec-
tors. By definition, [X,,,Y,] is just Ly4,—1 or LI .., so we do not need to
care about this case. We only care about the relations between X,, and X,,, Y,
and Y,,. We will talk about the concrete form of these commutation relations
in Chapter 5. First we recall the Uv(322)+ case because they have some common

properties.

Lemma 4.1.1. In Uv(522)+ when v is not a root of unity,
[Xna Xn—‘rr] = _[Xn-‘rr—lv Xn—‘rl]

and
[Yn+ra Yn] = _[Yn+17 Yn+r71]

forn > 1,7 > 0. Moreover these two relations can be derived from quantum Serre

relations.

)



4.1 Some information about commutation relations between real root vectors

Proof. They are part of the relations in Drinfeld second realization, see [CP91].
The second conclusion can be derived from [HKO0S], or follow from a similar proof
of the lemma about the case of B(V) below. O

Lemma 4.1.2. We have the following relations among X,, and Y, in B(V).
(X0, Xoi1] =0, and [Y,11,Y,] =0,
forn > 1.

Proof. We deal with the first one, the second one is completely similar. In fact
we claim:

(@) [Xn, Xny2] = (=1)" [ Xng1, Xoi],

(b) [Xn7Xn+3] = _[Xn—i-QaXn—i—l]v

(¢) [Xnt1, Xna] =0,

for n > 0. We prove this claim by induction on n. First [ X3, X5] = 0 holds, which

is one of the quantum Serre relations.

n=1:
0= HX1,X2],L1] = [X17X3] - [X27X2]7

then (a) holds. Then
0 = [[X1, Xs] = [Xo, Xo], Ln] = [ X1, Xu] + [Xo, X5] — ([ X, Xs] — [X3, X5)).
ie
[X17X4] - _[X37X2]7
which is (b). We also have

0 =[[X1, X5], Lo]
=[X1,qXy + 0L X3] + [(¢ + 2) X3 — 011 X5, X5
—=q[X1, X4] + 0(Xo X5 + L[ X1, X3))
+ (q + 2)[ X3, Xa] — 0(Ly[ Xy, Xo] — ¢X35X5)

which implies [X5, X3] = 0, which is (c).
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4.2 The isomorphism

For general case, the induction step follows from a completely similar argu-

ment as the case of n = 1, using a fact that
[Xoki1, Lo] = (¢ + 2) Xogys — 0L1 Xog o

and
[Xokt2, Lo] = q¢Xopra + 0L Xogis.

Note that all of these formulas come from quantum Serre relations. m

Then the following corollary holds immediately.

Corollary 4.1.3. All [X,,, X,,)] and [Y,,,Y,,] can be expressed as linear combina-

tion of decreasing product of root vectors by quantum Serre relations.

4.2 The isomorphism

Theorem 4.2.1. B(V) is generated by Chevalley generators X; and Y, with
quantum Serre relations when q is not a root of unity, which implies that B(V)

and U,(A(0,2)")* are isomorphic, where q = v?.

Proof. According to previous sections, we have determined all the root vectors
of B(V). It is equivalent to prove that all the commutation relation between
these root vectors come from quantum Serre relations. By Corollary [£.1.3] it is
enough to prove that the relations in Prop. [2.2.16| can be derived by quantum
Serre relations. We will only prove that first half because the other half is com-
pletely similar. We omit some tedious details. The main difficulty is to prove the
expression of [ Xy, La,| for n > 1 in Prop. can be derived by quantum Serre
relations. Relations in Prop. [2.2.6] are all come from quantum Serre relations,
and we know 2L5, | — 0L5 Ly = 0Ly Ly, + [Lo, L, _]. We use [ X, ] act on
this equation, we will get the result of (¢4 ¢~')[Xs, La,] and since q is not a root
of unity, we will get the expression of [X3, Ls,| in terms of ordered products of
root vectors by Prop. 2.2.6] On the other hand, also by Prop. [2.2.6] it is enough

to use

(X5, Loy) =" Xopin + QQn_zeLainH +¢*" 0Ly Xo,

7



4.2 The isomorphism

+ .+ QHLZn—2X4 + QLIQn_ng

to get the expression of [Xs, Lo,] in terms of ordered products of root vectors.
Then these two expressions must be the same. This means the expression of
[ X3, Loy, in Prop. [2.2.16] also come from quantum Serre relations. O
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Chapter 5

Drinfeld second realization for

Up(A(0,2) )+

We choose X,,, Y, for n > 0, My,1, M22n+1, Z4n+2, [D/4n+4 forn > 0 as
root vectors at each root. We give all the commutation relations between them

concretely in the following three sections.

5.1 Commuatation relations between imaginary root

vectors

This is exactly Corollary [2.2.20] i.e. we have

(a) Zol4n+4 and M3, ., commute with all the imaginary root vectors, L 4o

commute with all the Luyiq and Liy.io.

(b) [M2m+17 M2n+1] = O lf m—l—n iS Odd7 [M2m+17 M2n+1] = (—1)%2]\421_’_”_’_1

if m + n is even.

(C) [I/4m+27 M2n+1] - 22Lm [227;—:11]{1 M4m+2n+3-
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5.2 Commutation relations between real root vectors and imaginary root
vectors

5.2 Commutation relations between real root vec-

tors and imaginary root vectors

In the Drinfeld second realization of Uv(szg), there are L,, defined by

i 0L, = ea:p(i 0L,).
n=0 n=1

These L,, are primitive in K>;/K-; and satisfy

[Xna Em] = [m]an+m
m

in U, (sly), they are called Drinfeld generators.

Similarly, in Prop. and we get the leading term of [Xi, M3, ] is

(—1)"22”%)(4%3 and the leading term of [X7, z4n] is %X%H. In fact, we

claim that the following two relations hold,

[Xla M22n+1] = (_1) 22 271—_’_1[1 4n+3
and 4n]
o n
(X1, L) = 4an4n+1-
If these hold, then
— neaon 1210+ 1
[XkaMzgnH] = (—1) 2 % An+2+k

and

[4n]q

[Xk:a f/4n] = WXZITL—Fk?

Vk > 1. There are also similar formulas for the real root vectors Y,,.

Denote the subalgebra generated by L,,n > 1in B(V) by £. We identify £
with the subquotient K>1/K~1. Denote the subalgebra generated by X,,n > 1,
Y,,n>1by X and Y. We have B(V) =2 )Y LR X.

Let T € L. Define d(T) by deg T" = d(T")6. Define fx, (1) = X and
fx,(T), T € L by the leading term of [ X}, T], i.e. some scale of some Xjqcp).
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5.2  Commutation relations between real root vectors and imaginary root
vectors

Define gy, (1) = Yy and gy, (T'), T € L by the leading term of [T}, Y}], i.e. some
scale of some Y4 q(r).

First we show some information about f and ¢ is similar. Suppose T =
T, € L, then fx, = fx, (Tl)ka+d(T(1)>(T2)- It is easy to see fi does not rely on
the decomposition of 7. We have known

le (M2n+1) = 2nX2n+2

then by [L?, Ly] = 0, we have

fX2k+1 <M2n+1) = 2n)(2n+2k+2-
We also have known
fxo(Mapt1) = (—2)" Xonts

, then similarly
fX2k+2 (MQTH—I) = (_2>nX2n+2k+3-

We also have known fx,(Ls,) and similarly we can get fx,(Ls,). Then we are

able to know all the information about f and similarly g, we omit the details.

Lemma 5.2.1. A(X,) € X, ®1+1® X, + B(V)® YL, i.e. no X; appears in
the right tensor factor.

Proof. This follows from the comultiplication of the super-letter, i.e. Prop.|[1.2.39

O
Lemma 5.2.2. Let T € L. A(T) € Ty ® T{) in the subquotient + LX @ VL.
Proof. This also follows from Prop. [1.2.39| O]

Proposition 5.2.3. Let T € L. We have
X T = Ty (1) T £ (T,

and
TY, = (=1)F @) gy, (Th)) o).
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5.2 Commutation relations between real root vectors and imaginary root
vectors

Proof. We only prove the first one because the second one is similar. It is easy
to see for T' € L,
k+d(T)
X, T = Z k;T; X;, for some T; € L. (5.2.1)
i=1
Consider the terms of type B(V)®X; for some i, in the comultiplication of (5.2.1).
We use the two lemmas above. For LHS, all the terms of this type are
Ty (=1 ) k=1 @ £y (Ty). For RHS, all the terms of this type are k;T; @ X;.
Then we have
XiT = Ty (=)™ 0D fy (T)).

Corollary 5.2.4. In B(V) we have

arctan(20 Z My, u'?) =20 Z M3, u't?

n=0 n—0

and
X0, M = (12 B B,

and
[erh Vi = (_1)n22n%y4n+2+k-

Proof. By Prop , M3, are primitive in the subquotient K>;/K~; and the
leading term of each commutation relation is known. Then by Propl5.2.3| these
relations holds. O

Denote M(u) = Y07 ) Mo, 41u®™ ™, then [X, May,41] and [Ma,41, Y] are de-

scribed in the following proposition.
Corollary 5.2.5.
XM = M) (= 1) E=D fy (M),

and
MYy, = (1)) gy, (M(1))Ma).
where )
My @Mpy = M®1+1 ®M)m.
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5.3 Commutation relations between real root vectors

Proof. M1y ® M) is known in the proof of Prop)3.2.1} O]
Define Ly = "7, 20 L,,u™ and Ly = S 0 20 Ly out™ 2,

Corollary 5.2.6. In B(V) we have the following commutation relations.

[ Xy, Li] = Z 29 qX4n+k

and
L1, Yy = Z 29 qY4n+k
XL = L, (—1) o) =D g (Li1gyy )
and
LuYi = (1)@ gy (L, L,
where

L,y ® Lir, = log(#(u)exp(Ln ®1+1® LH)#(iu)’l),
#(u) is defined in Prop)3.2.4.

Proof. We have known L is primivitve. It is easy to get L, ® L, from the
proof of Prop. [3.2.4] Then by Prop [5.2.3] these relations holds. O

Remark 5.2.7. LH(l) ® LH(2) should be simplified to a better form, however the

author did not get a good solution.

5.3 Commutation relations between real root vec-

tors

5.3.1 Commutation relations between X,, and Y,

First we recall some notation and relations before. 8 := q¢+ ¢!, a = \/g ,

_ Jig! GO (=3¢ H)"
p= Un = Ca e
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5.3 Commutation relations between real root vectors

= i 0Lyu™, X Z 20M2,, u'"t?,

Au Z a1 Moy 1u*™ ™ B(u Z Oa, Moy qu
n=0 n=1

X(u) = 20Mj, , ju*+
n=0

Corollary 5.3.1. According to the relations in Chapter 3, we have the following
relations.

> 20Lyu™ = 20Lyu' + %log (1+ X (au)?) + %log (1+ X (Bu)?).

n=1

0 i Lopu™ = exp(# f: Lopu®™)
n=0 n=1

(X541, Y2n+2—(2i+1)] = Lopt1,
[ Xoi, Yonyo_oi] = L,2n+17

> Laveri"! = SAML () — o B E(w),

Z Lyt = S A@)L () + o5 Bu)L(w),

[X2i+1,Y2n+3—(2i+1)] Lonyo

[ Xoi, Yonis—0i] = Lb, +2

> g™ = () = 1)+ g5 AWBOLG) + g (X(a) + X(5)
Z Lyt = (L) ~ 1) = 52 A B(u) () — 2z (X () + X (50)

5.3.2 Commutation relations between X,, and between Y,

The following is an immediate corollary of Lemma [4.1.2] we omit the calcu-

lations. Define a sequence of number s, by s; = 1,50 = —1,83 = —1,s4 = 1 and
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5.3 Commutation relations between real root vectors

Sp — STL+4-

Corollary 5.3.2. In B(V) the following relations holds.

[X2n+17 X2n+1+2k+1] = _[X2n+1+2k7 X2n+2]7
k
[X2n+17 X2n+1+2k] = 51[X2n+2k7 X2n+2] + 2 Z Si[X2n+1+2k—i7 X2n+1+i]
i=2
[X2n7 X2n+2k+l] = _[X2n+2k7 X2n+1]
k
[ Xon, Xontor] = s2[Xontok—1, Xont1] +2 Z Sit1 [ Xont2k—i, Xont1]
i=2
and
Yont1tok+1, Yont1] = —[Yont2, Yontort1],
k
Yont1+2k, Yont1] = So[Yonto, Yontok] + 2 Z Si+1|Yon+1+is Yont1+26—i)
i=2
D/2n+2k+1a }/Qn] - _[YQn-‘,—la YVQn—&—2k]7
k
[Yoniok, Yon] = s1[Yont1, Yontok—1] + 2 Z 8ilYonti, Yont2k—i]
i=2
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Deutsche Zusammenfassung

In dieser Arbeit untersuchen wir die quantenaffine Superalgebra U, (A(0, 2)®),
deren Struktur ein lange ungeldstes Problem darstellt. Die Schwierigkeit liegt
darin, dass sich die imagindren Wurzelvektoren der affinen Lie-Superalgebra A
nicht notwendigerweise miteinander vertauschen. Im quantisierten Fall ist dieses
Problem noch ausgepréigter. Wir analysieren die Algebra U, (A(0,2)™), die durch
die quantisierten Serre-Relationen definiert ist, wobei v keine Einheitswurzel ist.
Wir zeigen, dass U,(A(0,2)®)* isomorph zur Nichols-Algebra ihres Grad-1-Teils
ist. Mit anderen Worten, U,(A(0,2)™®)* kann #quivalent durch das Radikal der
standardméfigen bilinearen Form definiert werden. Wir bestimmen alle Wurzel-
multiplizititen und geben eine PBW-Basis von U,(A(0,2)*)* an. Imaginire
Wurzelvektoren, die bestimmte handhabbare Vertauschungsrelationen erfiillen,

werden angegeben.

Die Arbeit besteht aus fiinf Kapiteln. Im ersten Kapitel fithren wir grundle-
gende Notationen und Theorien ein, darunter die Theorie der affinen Kac-Moody-
Algebren, die Theorie der quantenaffinen Algebren und quantenaffinen Superalge-
bren sowie die Theorie der Nichols-Algebren, einschlieflich Definitionen, Cartan-
Graphen, Weyl-Gruppoide und Wurzelsysteme der Nichols-Algebren vom diago-
nalen Typ, die Lyndon-Wort-Theorie, affine Nichols-Algebren und einen wichtigen
Unterquotienten. Das erste Kapitel enthélt auch einige grundlegende Ergebnisse
iiber das Hauptforschungsobjekt dieser Arbeit, U, (A(0,2)®).

Im zweiten Kapitel besprechen wir die Nichols-Algebra B(V). Zunéchst
erortern wir einige grundlegende Eigenschaften von B(V) und das Wurzelsys-
tem von B(V). Dann leiten wir die Schliisselrelationen in B(V) her, insbesondere

im Raum der imagindren Wurzeln, und schreiben diese Relationen in Form von
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Reihen. Wir erhalten auch einige zentrale Elemente und Informationen zur Ko-

multiplikation im Unterquotienten, die im dritten Kapitel verwendet werden.

Im dritten Kapitel bestimmen wir alle Wurzelmultiplizitdten vollstdndig,
wobei wir die Lyndon-Wort-Theorie und den Unterquotienten verwenden. Der
entscheidende Schritt besteht darin, die primitiven Elemente in bestimmten Graden
im Unterquotienten zu finden und festzustellen, dass sie in B(V) ungleich null
sind. Fir die Primitivitdt verwenden wir Exponential- und Arkustangensfunk-
tionen, was eine Erweiterung der Exponentialfunktion im klassischen zweiten
Drinfeld-Ansatz darstellt.

Im vierten Kapitel beweisen wir, dass B(V) isomorph zu U, (A(0,2)®)* ist.
Der Hauptschritt besteht darin, nachzuweisen, dass alle Vertauschungsrelationen
zwischen den Wurzelvektoren in B(V) aus den quantisierten Serre-Relationen

folgen.

Im fiinften Kapitel bestimmen wir alle Vertauschungsrelationen zwischen
den reellen Wurzelvektoren und den ausgezeichneten imagindren Wurzelvektoren,

wodurch die zweite Drinfeld-Darstellung fiir U,(A(0,2)®)* gewonnen wird.
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