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Preface

The notion of a Nichols system is quite new and appeared naturally while
studying Nichols algebras B(@V}) of direct sums of Yetter-Drinfeld modules
Vi ([HS20], sections 13.2-13.3). This notion proved to be useful when looking
at reflections of such Nichols algebras ([HS20], sections 13.3-13.4) and it helps
studying right coideal subalgebras of Nichols algebras ([HS20], chapter 14).
Our first goal is to give an equivalent definition of a Nichols system, which
does not require as many prerequisites (section . We will study reflections
of Nichols systems without constructing the necessary functors explicitly, but
rather using only some important properties of such functors (section
section [2.2). This approach differs from the one in [HS20] and interestingly
it turns out, that the only required properties will be about how the functors
changes Z-gradings, see Proposition [1.2.1]

We can also use these functors to quite intrinsically construct reflection func-
tors for Yetter-Drinfeld modules over Nichols systems. These functors are
new and therefore we will discuss their fundamental properties in detail (sec-
tion , section . Using the roots of a Nichols system, we will obtain
some properties about the geometry of the support of Nichols systems and
their Yetter-Drinfeld modules, by looking at iterated reflections (section
section . For example we will show, that if a Yetter-Drinfeld module
satisfies specific properties, then any proper subobject must reside in the
interior of the Yetter-Drinfeld modules support (Proposition . These
geometric properties will be used in the following sections quite often and
allow one to develop an intuition about the discussed assertions.

Having done the necessary preparations our next topic will be the description
of the maximal subobject of Yetter-Drinfeld modules over Nichols systems
(section [3.5)), which also describes the irreducibility of the modules. Given a
Yetter-Drinfeld module we will find a special morphism, that we name Shapo-

valov morphism (Definition [3.5.1)), whose kernel coincides with the maximal
subobject of the Yetter-Drinfeld module (Proposition [3.5.6|). This morphism



will prove to be incredibly useful, as it behaves well under reflections (Propo-
sition and it can even be used to characterize properties about the
reflections of the Yetter-Drinfeld module, by looking at how it behaves on
specific components of the support of the module (Corollary , Corol-

lary |3.5.11]).

We then calculate an explicit formula of the Shapovalov morphism (Theo-
rem in the case where the Nichols system is of group type (section.
The formula relies on some special variant of braided shuffles, described in
section that unexpectedly have a commuting relation with the braided
symmetrizer (Theorem [£.1.17). We will use the formula to calculate the
maximal subobject of Yetter-Drinfeld modules over Nichols systems of group
type, i.e. the kernel of the corresponding Shapovalov morphism, in the com-
ponents of degree 2 (Proposition . Finally, we will use the results of
this chapter to calculate the maximal subobject of some examples of Yetter-
Drinfeld modules over Nichols algebras of group type (section , namely
the Fomin-Kirillov algebras of dimension 12 and 576 ([Venl2]), as well as a
1280-dimensional Nichols algebra of nonabelian group type given by a quan-
dle of 5 elements appearing in the list of [Ven21].

With the explicit formula of the Shapovalov morphism, not much more is
needed to ascribe the theory of reflections of Yetter-Drinfeld modules over
Nichols systems of diagonal type (section with the reflection theory of
Dynkin diagrams (section [5.1]).

Throughout we will also apply and specify the theory to the Yetter-Drinfeld
modules over Nichols systems that are obtained by inducing comodules of the
Nichols systems (section [3.4)), a construction that is reminiscent of Verma
modules in the representation theory of Lie algebras. In particular, for
Nichols systems of diagonal type we will obtain the result, that such an in-
duced objects irreducibility can be characterized by a polynomial that is given
by the positive roots of its Nichols system (Theorem , Theorem .
This polynomial (Definition [5.1.25|) also appears in [KM99)], [BK02], [LLOS],
but most notably in a similar context in [HY10], and is known as the Shapo-
valov determinant. While in [HY10] a similar result was obtained with a
lot of technicality and explicit calculations, here, in a more general context,
we will obtain this polynomial from the Shapovalov morphism, which is the
reason we chose this name. We will explain how to calculate the roots and
the polynomial (Algorithm and in section we will do so for some
examples that appear in [HecO8] and [Hec07].

Keywords: Hopf algebra, Nichols algebra, Yetter-Drinfeld module, Braided
monoidal category, Shapovalov determinant.
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1 Introduction

We start in section by laying a foundation of definitions, notations and
fundamentals necessary for this theory. Proposition [1.1.22] turned out to be
especially important, as it is used throughout this work in multiple occa-
sions.

Then in section we define and discuss reflection functors of categories of
Yetter-Drinfeld modules in general. These are the primary building blocks
of the following chapters.

1.1 Preliminaries

Let C be a braided strict monoidal category and let k be a field.

Notation. Let M be any braided monoidal category. We denote ¢™ for the
braiding of M. For a algebra A in M we denote n4 for its unit morphism,
pa for its multiplication and 4 M, My for the category of left and right A-
modules, respectively. For a coalgebra C' in M we denote e for its counit,
A¢ for its comultiplication and ¢ M, MY for the category of left and right C-
comodules, respectively. The antipode of a Hopf algebra H in M is denoted

Moreover for a algebra A € M and an A-module V in M we denote v{} for
its A-action. For a coalgebra C' € M and a C-comodule W in M we denote
6§, for its C-coaction.

Definition 1.1.1. Let R be a Hopf algebra in C and V € C. Then V is
called a left Yetter-Drinfeld module (abbreviated Y D-module) over R
in C, if V is a left R-module, V is a left R-comodule and

(1r @ 1) (idr ® cg p @ idy) (AR @ )
=(ur ®idy)(idg ® ¢§ 5) (671 @ idg)(idr ® 1) (AR ® idy).



1 Introduction

We denote ﬁyD(C ) for the category where objects are left Y D-modules and
where morphisms are R-module and R-comodule morphisms. Additionally if
H is a Hopf algebra over k, then we denote H YD := #YD(My), where M,
is the category of vector spaces over k.

Remark 1.1.2. Let R be a Hopf algebra in C. Then EYD(C) is a braided
category with braiding given by

R
@ = (U ©idy)(idg @ ) (R @idw) VW - WV

for objects V, W € EYD(C), see [HS20], Section 3.4.

Lemma 1.1.3. Let R be a Hopf algebra in C and let V' € C be a left R-module
and a left R-comodule. Then 'V is an object in EYD(C) if and only if

vy =(ur @ i) (R ® Choy,p) (idr @ ¢ p @ idy ® Sg)
(Ar® C%,R@V)(AR ® 07).

Proof. Assume V is an object in BYD(C). Let

f Z:(MR & ldv)(ldR ® C$/7R)(6§V5 & ldR)<ldR & C(}ZE,V)(AR & ldv)
=(nr @ 9)(idr @ ¢ g @ idy) (AR @ 67).

Then starting with the left hand side of f and then replacing it with the
right hand side we obtain

vy =(ur @idy)(idr ® ¢, ) (f @ Sg) (idg @ iy ) (Ag @ idy)
=(1r © ) (R @ Chayp)(idr ® ¢ p ® idy © Sg)
(Ar® C%,R@V)(AR ® 7).

Now conversely if this relation holds for V, it is straight forward to prove

(ur ®@idy)(idg @ 7 ) (S @ idg)(idr ® ¢k y) (A @ idy)
=(ur ® 1) (idg ® ¢ ® idy) (Ar ® 6})),

and thus V € £yD(C). O

Lemma 1.1.4. Let V € EYD(C), and let U € C be a sub R-comodule of V.
Then R -U is a subobject of V in RYD(C).

Proof. Clearly R - U is a sub R-module of V. By Lemma we obtain
that it is also a sub R-comodule of V. [



1.1 Preliminaries

Definition 1.1.5. Let H € C and R € #YD(C) be Hopf algebras in the
specific categories. We denote R#H for the Hopf algebra in C with unit
NruH = NRANH, counit epyy = e r®e i, multiplication and comultiplication
pren =(ur ®idg) (idg ® vigy),
AR#H :(ldR X 5§I®H)<AR X ldH)
and antipode pren(NrEr ® Sy @ Sk @ NMuen)Aron-

Remark 1.1.6. To see that R#H from Definition is indeed a Hopf al-
gebra in C refer to [HS20], Theorem 3.8.10.

Proposition 1.1.7. Let H € C and R € $YD(C) be Hopf algebras in the
specific categories. Then the functor

RYD(HYD(C)) — #ERYD(C),
(Vo™ 6™) v 6%) = (VR (id @ v, (id @ 67)8%)

and where morphisms are mapped onto oneself, is a braided strict monoidal
isomorphism. The inverse is given by the functor

(V, o R#H GREHY (v, 0H 67) | R, 51)

for all (V,yB#H §E#IY ¢ gﬁgyD(C), where

I/H = VR#H(’I]R X ldH (029 idv), 5H = (€R X ldH X idv)éR#H,
I/R = VR#H(idR X N X idv), 5R = (1dR XReg X ldv)(SR#H
Proof. Refer to [HS20], Theorem 3.8.7. O

Proposition 1.1.8. Let D be a braided strict monoidal category. Moreover
let (,w) : C — D be a braided monoidal functor and let R € C be a Hopf
algebra. The induced functor

S o~ QR
(2.3) : BYD(C) = oY D(D)
is braided monoidal. If ) is an isomorphism, then so is Q.

Proof. Indeed € is well defined and for X, Y € EYD(C) canonically wy .y is

a morphism in gég;yD(D) and thus (€, &) is a monoidal functor. One can
than check that

Q(R)
2YD(C) ar)YP(D)
Q(Cl)?(,y Jwx,y = Wy xCo(x)a)>

hence (Q,®) is also a braided functor. O
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Definition 1.1.9. Let A be an algebra in C and C be a coalgebra in C. An
A-bimodule is a triple (V, v, 1), such that V € C, v, : AQV — V is a left
A-module structure for V., v, : V® A — V is a right A-module structure for
V and v,.(v, ® ida) = v (ida ® v,.).

Similarly a C-bicomodule is a triple (W, d;,d,), such that W € C, ¢, : W —
C ® W is a left C-comodule structure for W, 9, : W — W ® C is a right
C-comodule structure for W and (ide¢ ® 9,)0; = (§; ® id¢ )0,

The category of A-bimodules is denoted 4C4 and the category of C-bicomo-
dules is denoted FCE.

Definition 1.1.10. Let R be a Hopf algebra in C. For an R-bimodule
(V,u,v,) € gCr and an R-bicomodule (W, d;,4,) € fCT define

ady :==v, (1, ® Sp)(idr ® G )(Ag ®idy) : R®V =V,
CO&dW I:(,U,R & ldw)(ldR & C%/’RX(;[ & SR)(ST W —=RQW.

Proposition 1.1.11. Let R be a Hopf algebra in C. The following are well-
defined functors, where Morphisms are mapped onto oneself:

B(rCr) — EYD(C), (V,u, 1), 6) = (V,ady, §),
r(iCt) — EyD(0), (W, 0,0,),v) — (W, v, coady).
Proof. Refer to [HS20], Proposition 3.7.8 and Proposition 3.7.9. O

Remark 1.1.12. Let R be a Hopf algebra in C. Let V € zC and W € fiC.
Since (R, pir, ur) € rCr and since (V)i (idy ® er)) € rCr we have an
R-bimodule structure on R ® V, which is an R-comodule via Ar ® idy.
Similarly since (R, Ag, Ag) € BCT and (W, 6%, (idw @ nr)) € BCT we get an
R-bicomodule structure on R® W, that is an R-module via pug ®idy,. Hence
Proposition induces functors

rC — BYyD(C), (V.u, 1) = (R®V,adgey, Ag @idy),
e — EyD(C), (W,8;,0,) = (R®@ W, ug ® idy, coad pew ),

where morphisms f are mapped to idg ® f and where

adrey =(r © W) (1R ® C%@V,R)(idR ® C%,R ® idy ® Sg)
(AR ® ¢ pov ) (Ar ®idgey),
coadrew =(ur ® idggy ) (g ® ng@v,g)(idfe ® c%R ® idy ® Sgr)
(Ar® C%,R@V)(AR ® 67)).



1.1 Preliminaries

Definition 1.1.13. Let I' be a monoid. An object X € C together with
objects X(v), v € I' is called I'-graded, if X = @®,erX(v). For two I'-
graded objects X,Y € C a morphism f : X — Y is called graded, if for all
v € I there exists a morphism f, : X (y) — Y (), such that the diagram

commutes, where ¢, : X(7) — X is the canonical inclusion and where 7, :
Y — Y() is the canonical projection.

An algebra A € C is called I'-graded algebra, if A is a graded object in C
such that 4 and n4 are graded morphisms. If A € C is a I'-graded algebra,
then V' € 4C is called I'-graded A-module, if V' is a graded object in C
such that v{} is a graded morphism.

A coalgebra C € C is called I'-graded coalgebra, if C' is a graded object
in C such that A¢ and e¢ are graded morphisms. If C' € C is a I'-graded
coalgebra, then W € ©C is called I-graded C-comodule, if W is a graded
object in C such that 6, is a graded morphism.

Moreover a bialgebra B € C is a I'-graded bialgebra, if B is both a I'-
graded algebra and coalgebra. A Hopf algebnra R € C is a I'-graded Hopf
algebra, if R is a graded bialgebra and Sg is graded.

Finally for a I'-graded Hopf algebra R € C an object V € EYD(C) is called
['-graded YD-module, if V' is both a I'-graded module and comodule in C.

Definition 1.1.14. Let I' be a monoid and V' € C be a I'-graded object. For
["CT let

V() i= @perV (7).
Moreover let Sup(V') := {y € I'| V() # 0} denote the support of V.

Remark 1.1.15. Let I',T” be monoids and let f : I' — I” be a monoidal
morphism. If V' € C is a I'-graded object, then V is also a I'-graded object
via V() =V (f~(v)) for all vy € f(T') and V(y) =0 for all v € T\ f(T).

The rest of this section assumes that C is a subcategory of the category where
objects are sets and morphisms are maps between sets.

Definition 1.1.16. Let I' be a partial ordered monoid with partial order
denoted by <. Let R be a I'-graded Hopf algebra in C and let V' be a left

9



1 Introduction

R-module. We call V' a rational R-module, if for all v € V' there exists
70 € I', such that R(y)v = 0 for all v € T', 79 < . Moreover we denote
BYD(C),a; for the category of YD-modules which are rational R-modules.

Definition 1.1.17. Let § € N, C € C be a Ni-graded coalgebra and Y € C
a left C'-comodule. We denote

FY)=6CC0)®Y)={yeY|5(y) € C(0)aY).

Lemma 1.1.18. Let § € N, C € C be a N)-graded coalgebra and Y € C a
left C-comodule. Let T’ be an abelian group, such that Z° C T'. Then

(1) 6 (FO(Y)) c C(0) @ FO(Y).

(2) If Y #0, then F°(Y') # 0.

(3) FO(Y) is a sub C-comodule of Y.

(4) If Y is T-graded C-comodule, then F°(Y) is a graded sub C-comodule

of Y.
Proof. (3) is implied by (1). (4) is then given by definition, since §¢ is a
graded map and C(0) ® Y is a graded subobject of C ® Y in C.
(1): By definition we have §(F°(Y)) € C(0) ® Y. Since A¢ is graded, we
have A¢(C(0)) € C(0) ® C(0). Then
(ideo) ® 67)d% (FO(Y)) = (Ac ® idy)dy (FO(Y)) = C(0) ® C(0) ® Y.

Applying ec yields 6% (F°(Y)) € C(0) @ FOY).

(2): Let p: Z° — Z, (ny,...,ng) — Zle n;. We view C' as a Ny-graded
coalgebra via C'(n) = C(p~!(n)) for all n € Ny. Let 0 # y € Y. Moreover
let n € Ny and let y; € C(i) ® Y for all 0 < i < n, such that y, # 0 and
65 (y) = >, vi. Since Ac is graded, we have

(Ac ®@idy)(y:) € @Zﬁ;gﬁ)C(u) ®C(i2) ®Y

for all 0 < ¢ <n. Thus

(ide ® 0y)(yi) = (ide ® 67)07 (y) = (Ac @ idy)dV (y)

:WM:
=

=) (Ac@idy)(y) € ®, &3 5y, C(i) @ Clia) @Y
0

3
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1.1 Preliminaries

Since by definition (idg ® 0%)(yx) € C(k) @ C @Y for all 0 < k < n we
conclude

(ide ® 6 () € B, Ck) @ Cli — k) QY

In particular (ide ® 6%)(y,) € C(n) @ C(0) @Y. As y, # 0, let m € N,
di,...,d, € C(n) be linear independent, z,...,2, € Y \ {0}, such that
Yp = > d; @ z;. Then by above §%(z;) € C(0) ® Y for all 1 <i < m, ie.
21y 2m € FOY). O

Definition 1.1.19. Let # € N, I' be an abelian group such that Z° c T’
and let R be a NY-graded Hopf algebra in C. Let V € £YD(C) be a I'-
graded object, where there exists ng € I' such that V(ng) generates V' as an
R-module. We say V is well graded, if V(ng) = F°(V).

Remark 1.1.20. In Definition [1.1.19] we have Sup(V) C ng + N§ and thus
always V(ng) C F°(V), since the R-coaction &{ is graded. Moreover if R is
connected, i.e. R(0) coincides with the unit object of C, then

FWV)y={veV|iiw) =1},

that is F°(V') coincides with the coinvariant elements of V.

Remark 1.1.21. Let § € N, T' be an abelian group such that Z¢ C ' and let
R be a Ni-graded Hopf algebra in C. Let V € gyD(C) be a I'-graded object.

Then for ally € ', V(v) € ggg;yD(C), where the action is the by v{f induced

action and the coaction is the by &{f projected coaction. This is well defined,
since 1! and 6% are graded.

Proposition 1.1.22. Let § € N, ' be an abelian group such that Z° C T
and let R be a N3-graded Hopf algebra over k. Let V € EYD be a T-graded
object. Then the following are equivalent:

(1) V is irreducible in £YD.
(2) V isirreducible as an object of the category of I'-graded objects ofﬁyD.
(3) There exists ng € I' such that

(a) V(no) is irreducible in §§8§y1>.
(b) V(ng) generates V' as an R-module.

(c) V is well graded.

11



1 Introduction

Proof. The following is a generalisation of the proof of [HS20], Proposi-
tion 13.1.2.

Clearly (1) = (2) holds. (2) = (3): With Lemma[1.1.18(2), (3) and (4)
we obtain that 0 # F°(V) is a graded sub R-comodule of V. Let ny € T,
such that F°(V)(ng) # 0. By Lemma [1.1.18(1) we know that

0 (F(V)(no)) € H(0) @ F(V).

Since 0% is graded, this implies 63(F°(V)(ng)) € H(0) ® FO(V)(ny), i.e.
that F°(V)(ng) is a sub R-comodule of V. Then Lemma implies that
R - F°(V)(ng) is a graded subobject of V in EYD. Thus by (2) we obtain
R-F%V)(ng) =V, in particular V(y) = R(y—ng) - F*(V)(ng) for all v € T.
This means that V is generated as an R-module by F°(V)(ng) and that

Sup(V) C ng + N

Morover ng € Sup(V), as V(ng) = R(0) - FO(V)(ng) # 0. Since ny € T
was an arbitrary element, such that F°(V)(ng) # 0 we can conclude that
if n; € T, such that F°(V)(ny) # 0, then n; € Sup(V) C ng + N and
ng € ny +NY, implyingt ng = ny. Hence F°(V)(y) = 0 for all ng # v € " and
thus FO(V) = FO(V)(no) C V(ng). Considering Remark we conclude
FOV) = V(ng), implying (3)(b) and (3)(c). Finally let 0 # X be a subobject
of V(np) in ) VD. By (3)(b) We have 6%(V (np)) C R(0) ® V(np), i.e. the
R(0)-comodule structure of V'(ng) coincides with the R-comodule structure
of V restricted to V(ng). It follows that X is a sub R-comodule of V| hence
R- X is a subobject of V in ®YD by Lemma[l.1.4 Then R- X =V by (2).
In particular V(ng) = R(0) - X C X, i.e. V(ng) = X. This implies (3)(a).

(3) = (1): Let 0 # X C V be a subobject in 2YD. Then we get F°(X) # 0
by Lemma/l.1.18(2). By Lemma/l.1.18|(1) we know that 6%(F°(X)) C R(0)®
FOUX). Let z € FY(X) and r € R(0). Then by Lemma [1.1.3] since Ag, Sg
are graded and since §fi(z) € R(0) ® X, we obtain

S (r-x) = r)T(—1)Sr(rE) @ re) - o) € R(0) ® X.

This implies R(0) - FO(X) C F(X), hence 0 # F°(X) is a subobject of
FOV) = V(ng) in 1 ¥D, using (3)(c). Thus V(ng) = F°(X) C X by
(3)(a). With (3)(b) it follows that X = V. O

For the rest of this section let H be a Hopf algebra over k. We view H as
No-graded with the trivial grading H = H(0).

12



1.1 Preliminaries

Corollary 1.1.23. Let§ € N, I be an abelian group such that Z° C T and let
R be a N)-graded Hopf algebra in BYD. Let V € RYD(EYD) be a I'-graded
object. Then the following are equivalent:

(1) V is irreducible in SYD(EYD).

(2) V' is irreducible as an object of the category of I'-graded objects of
#YD (VD).

(3) There exists ng € Z such that

(a) V(no) is irreducible in ggg;ﬁgjﬂ).

(b) V(ng) generates V' as an R-module.
(¢) V is well graded.

Proof. The claim follows with Proposition [I.1.7} Proposition [I.1.22] and the
fact that (R#H)(n) = R(n)#H for all n € N§. O

Definition 1.1.24. An algebra A over k equipped with a linear form A :
A — k is called Frobenius algebra with Frobenius element A, if A\u4 :
A ® A — k is a non-degenerate pairing.

Remark 1.1.25. Let A be a finite dimensional Frobenius algebra over k with
Frobenius element A. Then

¢:A— A" ¢(a)(b) = A(ba), for all a,b € A,

is an isomorphism of left A-modules, where A* has A-module structure given
by af(b) = f(ba) for all a,b € A, f € A*. In particular A = ¢(1) is a
generator of A* as an A-module.

Proposition 1.1.26. Let R be a finite-dimensional Ny-graded Hopf algebra
in BYD. Let N € Ny, such that R(N) # 0 and R(n) = 0 for alln > N and
7wy : R — R(N) be the canonical projection. Moreover let 0 # A € R(N).
Then R(N) = kA and R is a Frobenius algebra with Frobenius element X :
R — k given by

for allr € R.

Proof. This is proven in [HS20], Theorem 4.4.13(3). O

13



1 Introduction

Corollary 1.1.27. Let R be a finite-dimensional No-graded Hopf algebra in
BYD. Let N € Ny, such that R(N) # 0 and R(n) =0 for alln > N and let
0# A € R(N). Then the following hold:

(1) R(N) = KA.
(2) For all 0 # x € R there exists some y € R, such that yx = A.
(3) R(N) is contained in every non-zero left ideal of R.

Proof. By Proposition|1.1.26| we obtain (1) and that R is a Frobenius algebra
with Frobenius element A : R — k given by

v (r) = A(r)A,

for all » € R, where my : R — R(N) is the canonical projection. Let
0# 2z € R and let m € Ny, x; € R(i) for all m <i < N, such that z,, # 0
and x = Zfim x;. Since A\ug is non-degenrate, there exists y € R, such that

Myz,) # 0. Let y; € R(i) for all 0 <i < R, such that y = Zf\io y;. Then
YN-mTm = TN(YTm) = Nyzm)A.

Observe that yy_,z; € R(N —m+1i), in particular yy_,,x; = 0 for all i > m.
Thus

YN—m T = YN—mTm — A
Myam) AMyzm)
and (2) is proven. Finally (3) is implied by (1) and (2). O

1.2 Reflection functors

We define reflection functors in Definition [1.2.6, They are constructed by
using a functor between the categories of rational Yetter-Drinfeld modules of
dual pairs of locally finite Ny-graded Hopf algebras (Proposition , that
reverses Z-gradings. We will discuss in detail how gradings are preserved
when applying these functors.

Let H be a Hopf algebra over some field k and denote C := #YD. Let A, B be
a dual pair of locally finite Ny-graded Hopf algebras in the category C.

Proposition 1.2.1. There is a braided monoidal isomorphism
(Q7w) : gyp<c)rat — gyD(C)ratv

such that

14



1.2 Reflection functors

(1) For each Z-graded object V. € BYD(C),ay the object Q(V) is Z-graded
with Q(V)(n) = V(—=n) for all n € Z. In particular QV) =V as
vector spaces.

(2) If V,V' € BYD(C).ay are Z-graded and f : V — V' is a Z-graded
morphism, then Q(f) = f as linear maps. In particular Q(f) : Q(V) —
Q(V') is a Z-graded morphism.

Proof. The functor discussed in [HS20], Section 12.3 has those properties,
see Corollary 12.3.6. []

Remark 1.2.2. Remarkably the properties of Proposition [I.2.1| are the only
ones which we need in this theory. At no point we require to know explicitly
how the functor changes the action and coaction.

Let (€2, w) be a functor with the properties from Proposition [1.2.1]

Lemma 1.2.3. Let V € BYD(C).a; be an irreducible object. Then Q(V) is
irreducible in s YD(C);at.

Proof. If U is a subobject of Q(V) in SYD(C)ra, then since Q is an iso-
morphism, U can be viewed as a subobject of V in 5YD(C),. Since V is
irreducible this implies U =0 or U = V. O]

Let I" be an abelian group where there exists some o € I' and a subgroup
[ C T, such that I' = Za @& I". We view B as a ['-graded Hopf algebra with
B(na) := B(n) for all n € Ny and B(y) = 0 for all v € I' \ Nga. Moreover
we view A as a ['-graded Hopf algebra with A(—na) := A(n) for all n € N
and A(y) =0 for all v € I\ No(—a).

Proposition 1.2.4. Let V € 5YD(C)rar be a I-graded object. Then Q(V) €
AVD(C)ray is T-graded with QV)(y) = V(v) for v € T. Moreover if K is a
I-graded Hopf algebra in BYD(C), then Q(K) is a T-graded Hopf algebra in
AYD(C) with Q(K)(y) = K(y) foryeT.

Proof. Let v € I'. By assumption v = ma + «' for some m € Z, v € T".
Now V' € BYD(C),a is Z-graded with

V(n) =V(na++")

for n € Z. By Proposition M(l) we obtain that Q(V) € 4YD(C),a is
Z-graded with

Q(V)(n) =V(—na+7v)

15



1 Introduction

for n € Z. This implies for n € Ny

A(=na)V(v) = A(n)V (ma + ) = A(n)Q(V)(-m)
CQV)(n—m)=V((=n+m)a+7)=V(-na+7),

hence by construction A(5)V(y) C V(8 + ) for all § € I'. Now the above
also implies

56‘(\/)(‘/(7)) = 56‘(\/)(‘/(7”0Z +9) = 53(\/)(9(‘/)(—7”))
C @mMTm2Z=m A(my) @ Q(V) (ms)

mi,mo€Z

= @M A(—mya) @ V(—maa + )

m1,mo€Z

C @V A1) ® V(me),

hence the first claim is correct. Now if K is a I'-graded Hopf algebra
in 5YD(C), then since Q is braided monoidal, Q(K) is a Hopf algebra in
ﬁyD(C), with the same unit, multiplication, counit and comultiplication by
Proposition (2) Since the grading is also the same, as discussed above,
these structure morphisms remain I'-graded. O]

Proposition 1.2.5. Let K € BYD(C),a; be a T-graded Hopf algebra. Then
(1) K#B is a I'-graded Hopf algebra in C with

(K#B)(7) = @), 25 K(n) © B(7)

Y1,72€l
= Ot e K (i + ') @ B(na),

wheren € Z, v € I, y =na++" €T.
(2) Q(K)#A is a I'-graded Hopf algebra in C with

(QUE)#A)(7) = &3, D& K (1) @ A(v)

Y1,72€l
= O ez meny K (Mo +7') @ A(ny),
wheren € Z, v €I, y =na++ €T.
Proof. (1) follows quickly when using that the B-action and B-coaction of
K are I'-graded and by the construction of the I'-grading of B. (2) is implied
by Proposition and (1), as well as considering the construction of the
['-grading of A. m
Definition 1.2.6. Let K € BYD(C),a be a Hopf algebra. We denote
(.5, wien) * 1nYD(Car = i YD (C)ran

16



1.2 Reflection functors

for the braided monoidal isomorphism defined such that the diagram

K#B (Qk,BwK,B) Q(K)#A
KiByD(C)rat — QEK 24V D(C)rat

} ]

Q@)

KYD(EYD(C)rat) — o) YDAVD(C)rar)

commutes, where (€, %) is the by (,w) induced functor of Proposition
and the two vertical isomorphisms are given by Proposition [1.1.7, We call
(Qk B, wk ) the reflection functor induced by (Q,w).

Remark 1.2.7. Let K € 5YD(C)sat be a Hopf algebra and V € A7 YVD(C)yar.

Then the Q(K)# A-action and coaction of Qg g(V) € ggﬁ ﬁjyp( )rat are
QK )#A B
Vo) =10 (i @ 15 ® Vi),

K)#A
Spu B8 = (idk ® e ® 630,))00 7,

where I/S(V) AV — V and 59(\/) :V — A® YV are the A-action and

coaction of Q(V) € 4YD(C)rar, where V. € BYD(C),y has B-action and

coaction
vE = vl #P (g @idp ®@idy), 08 = (ex ®idp ®@idy)oh 7.

Lemma 1.2.8. Let K € BYD(C).a be a Hopf algebra and V € ﬁﬁgyD(C)rat.
Let U C V be a subset, such that U is also a subobject of Qi p(V) in

Q(f)iﬁyD(C)mt. Then U is a subobject of V in I’ﬁﬁgyD(C)m.
In particular z'f V' is an irreducible object in gigyD(C)m, then Qi (V) is
irreducible in gi‘:)ﬂ)( )rat -

Proof. The claim follows since Q2 p is an isomorphism. O

Proposition 1.2.9. Let K € JYD(C)ay be a I'-graded Hopf algebra. More-
over let V € IlgﬁgyD(C)m be a T'-graded object. Then the object Q (V) €

Q(?ﬁﬁyi)(C)m is I'-graded via Qg g(V)(7y) := V(y) fory € T.
Proof. Let v,~',7" € I'. Using Remark and Proposition we obtain

(QUE)M#AN) V(") = (K()#kl)(ARY)V ("))
CEKMVE +9") C K(y++"+9").

17



1 Introduction

Moreover, since ep : B — k is I'-graded, where k(0) = k, k(8) = 0 for all
g €'\ {0}, considering Remark we obtain

S EAV(3)) = (idxk @ 25 @ 631))07 # P (V (7))
Clidx ® £5 ® 6y1y) (BN TUETK (1) @ B(y2) ® V(7))

Y1,72,73€D

=l T K () @ k® 8g0y(V(73))

Y1,73€L

C @71+72+73:7 Q(K) (,-),1) ® A(fh) ® V(’Y:})

Y1,72,¥3€l

The claim follows. O

Remark 1.2.10. Let s € Aut(T"). If K € C is a I'-graded Hopf algebra, then
K(vy) := K(s(v)) for v € I', defines a new I'-grading for K. Moreover if
V € BYD(C) is TI'-graded in regards to the standard I'-grading of K, then
V(v) :=V(s(v)) for v € T', defines a I'-grading for V' in regards to the by s
shifted I'-grading of K.

18



2 Nichols systems

In section we define Nichols systems. They also appear in [HS20], sec-
tion 13.5, however our definition is a bit different, as it requires less prereq-
uisites. We will also discuss how the two definitions are equivalent.

Then in section [2.2| we discuss how and when we can reflect a Nichols system.
An important difference between this work and [HS20], section 13.5, is the
underlying functor that we obtain by Proposition[1.2.1] In [HS20] this functor
is defined explicitly and proofs make use of its explicit structure. The goal
here was to prove similar results, using only the properties of the functor
in Proposition [I.2.1] The main result of this section is Proposition [2.2.8]
where we discuss when a reflection of a Nichols system is again a Nichols
system.

Finally in section[2.3]we look at iterated reflections of Nichols systems. Doing
so, we will also define the set of roots of a Nichols system, which coincides
with a set of real roots of an associated semi-Cartan graph. We will use the
roots to discuss the geometry of the support of a Nichols system, i.e. the set
of indices of non-zero components regarding the grading.

Let € Nand I = {1,...,0}. Let ay,...,as € Nf be the unit vectors. Let H
be a Hopf algebra over some field k with bijective antipode and C := £YD.
We view H as Ni-graded with the trivial grading H = H(0).

2.1 Nichols systems

Definition 2.1.1. Let () € C be a Hopf algebra and Ny,..., Ny € C be
finite-dimensional subobjects of @ in C and N := (Ny,..., Ny). The tuple
N :=(Q, N) is called a pre-Nichols system, if

(1) The algebra @) is generated by Ny, ..., Ny.
(2) Q is an Ni-graded Hopf algebra in C with Q(«;) = N; for i € L.
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2 Nichols systems

For i € I we denote

A morphism f : NN — N’ of pre-Nichols systems N and N’ is a
Hopf algebra morphism f : N° — N°, such that f induces an isomorphism
fiN; = Njforalljel

Remark 2.1.2. Some categorial properties of the category of Nichols systems
are discussed in [HS20], Remark 13.5.23.

Notation 2.1.3. Let N' = (Q, (Ny,..., Ny)) be a pre-Nichols system and
i € I. We denote k[V;] for the subalgebra of @) generated by N;. Moreover
denote

2 k[N = Q, T Q — k[Nj]
for the canonical Nj-graded maps, which are the identity on N;. Finally let
K; = QCOk[Ni],

where the right k[N;]-comodule structure on @ is given by (idg ® 7°)Ag :
Q= Q®Kk[N].

Remark 2.1.4. Let N' = (Q, (Ny, ..., Ny)) be a pre-Nichols system and i € L.
Since Ag is graded, we obtain that k[N;] is a Ni-graded sub-Hopf algebra of
@ in C, where the grading is such that k[N;|(na;) = N for n € Ny and all

other components are zero. Now K; is a Hopf algebra in E%’:}Jﬂ)(@, where
the action is the adjoint action

ad = 1o (1o @ Sq) (idiv, ® iy k) (A @ idg,) - KIN;] @ K; — K;
and coaction
(7 ®id)Aq : K; = k[N;] ® K.
Moreover we have a Hopf algebra isomorphy
K#k[N;] - Q, x ® a — za, x € K, a € kK[V].

For more details refer to [HS20], Corollary 4.3.1. Since the algebra @ is
generated by N, ..., Ny, it follows that the algebra K; is generated by

(ad k[N])(N;), j € I\ {i},
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2.1 Nichols systems

see [HS20], Lemma 2.6.25. Moreover K; inherits the Ni-grading of @ and
thus is an NY-graded Hopf algebra in Em)}D(C), where

(ale)”(N]) = Ki(aj + nai)
for j € I\ {i}, n € Ny. In particular K;(no;) =0 for all n € N.
Proposition 2.1.5. Let N' = (Q,(Ny,...,Ny)) be a pre-Nichols system,
i €L, j €I\ {i} and V := (adk[N;])(N;). Then V is a Nj-graded subobject
of K; in E]NVZ})/D(C). Moreover if we view k[N;] as No-graded Hopf algebra in
C, then V' is an Ny-graded object in E%jyl)(C) via
generated as a k[N;]-module by V(0) = N;.

Proof. Let dk, : K; — k[N;]® K; be the graded k[N;]-coaction of K;. Observe
that

V = @kENo (ad Nz)k(N]) = @keNoKi(ozj + ]{7041)
Then for k € Ny we have

1+B2=aj+ka;
Orc,(ad Ni)(N;)) € @ e M k[N (81) © Ki( o)
= G ETIKING (ko) @ Ki(kaai + o)

= @ TR (k1aw) ® (ad NP2 (IV;).

In particular, g, (V') C k[NV;]®V, hence V is a subobject of K; in E%ﬂjﬂ)((}).
Clearly the Ng-grading of V restricts to a Ny-grading as claimed. O

Lemma 2.1.6. Let N = (Q,(Ny,..., Ny)) be a pre-Nichols system, i € 1,
Jj € I\ {i} and V := (adk[N,])(N;). Then the primitive elements of Q in V
are given by F°(V).

Proof. By Remark [1.1.20] we have
FV)={veV|r?eid)Ag() =1 v}

Q

Assume v € V' is a primitive element. Since 7;*(v) = 0 we have

2 @id)Ag(v =1®uwv,
i Q
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2 Nichols systems

hence v € FO(V).

Conversely assume v € F°(V). Let k € Ny, u € (ad N;)*(N;). Since Ag is
graded we have

Bolu) € &, 5™ Q(8) © Q)

For 1,3, € Nf, such that 8, + (3, = o + kay, there exist ki, by € Ny, such
that ki + k = k and we either have 81 = o + k1, B2 = koo, or 81 = ki,
62 = Q;y -+ k‘QOéZ'. Let Q/ = @ZGNOQ(QJ' -+ ZCYZ) Then

Aq(u) € & 2T Qo + krow) ® N2 & NI' @ Q(oyj + kac)
C Q' @K[N;] & k[N, ® Q'.

Since v is a sum of such elements u, we obtain

Since K; = Qi we have Ag(v) € Ag(K;) C Q® K; and we can conclude
Agv) € @@k dk[N,]®@V, ask[N,)N K; =k and Q"N K; = V. Hence there
exist w € Q', v € k[N;] ® V, such that Ag(v) =w ® 1+ x. As eq is graded
we get (id ® eg)(x) = 0. Thus

= ([d®@eg)(w®1+1z)=(id®eg)Ag(v) =v

Since 72 (w) = 0, (72 @ id)(x) = & and v € FO(V) we have
r=m?@id)(w®1l+z) = (72 ®@id)Ag(v) = 1®w.

Combining the above we get Ag(v) =v®@1+1® . O

Proposition [2.1.5] allows the following definition.

Definition 2.1.7. Let A be a pre-Nichols system, i € I. For j € I\ {i} we
call N j-well graded over i, if (adk[N;])(N;) € t%bﬂ)(é’) is well graded.

Remark 2.1.8. Let N be a pre-Nichols system, ¢ € T and j € I\ {i}.
(ad k[NV;]))(N;) € kN]yD( ) is irreducible, then N is j-well graded over i by

Corollary [1.1.23]

Proposition 2.1.9. Let N' = (Q,(Ny,...,Ny)) be a pre-Nichols system,
i€l and j € T\ {i}. The following are equivalent

(1) N is j-well graded over i.
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2.2 Reflections of Nichols systems

(2) The primitive elements of Q in ®r>o(ad N;)*(N;) are given by N;.

Proof. By definition N is j-well graded over i if and only if
N; = F((adk[N;])(N)).
With Lemma 2.1.6] the claim follows. O

Definition 2.1.10. Let N be a pre-Nichols system and 7 € I. We call N a
Nichols system over i if

(1) k[N;] is strictly graded.
(2) N is j-well graded over i for all j € T\ {i}.

Remark 2.1.11. Definition [2.1.10[(1) holds if and only if k[N;] = B(N;). In
Proposition we showed that our definition of a Nichols system is equiv-
alent to the one in [HS20], see also [HS20], Lemma 13.5.5.

Lemma 2.1.12. Leti € T and N be a Nichols system overi and let j € T\{i}.
The following are equivalent:

(1) Nj is irreducible in C.
(2) (adk[N))(N;) is irreducible in 1\ VD(C).

Proof. By assumption (adk[N;])(N;) € tm}yl?((f) is well graded. Thus by
Corollary [1.1.23| the claim is implied. O

2.2 Reflections of Nichols systems

Let NV be a pre-Nichols system. Moreover let @ := N? and N; := N for all
jel

We will construct the reflection of N step by step using the functor we ob-
tained in Proposition[1.2.1 To do so, we must first talk about the rationality
of K; € [\ 1VD(C).

Definition 2.2.1. Let ¢ € I. We denote for j € I\ {i}
ay =2, a == —max{n € Ny | (adN;)™(N;) # 0}.

ij

We say N is i-finite if for all j € T\ {i} we have —af\j[ € Ny, that is there is a

number m € Ny, such that (adN;)™(N;) = 0. In this case let s} € Aut(Z’)
be such that for all j € I we have

sV (o)) = a; — a{}/ai.
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2 Nichols systems

Proposition 2.2.2. Let ¢ € I. We have that N is i-finite if and only if
K[N;
K; € {n1VD(C)sar.

Proof. Follows with Remark and since N is finite-dimensional for all
jel O

Let 7 € T and assume N is a Nichols system over 7.

Remark 2.2.3. We have N € C with H-action and H-coaction given by

(h - f)(©) = f(Su(h) - v), fenfo (v) = Sy (ven) f )
for all h € H, f € N}, v € N, for details refer to [HS20], Lemma 4.2.2.

(2

Denote k[N/| for the Nichols algebra of N/, i.e. the Ny-graded Hopf algebra

)

generated as an algebra by N with primitive elements N;}. Then k[/N;] and
k[V;] are a dual pair of locally finite No-graded Hopf algebras in C. For details
refer to [HS20], Corollary 7.2.8. In particular for k& € N we have NF = 0 if
and only if N;* = 0.

Definition 2.2.4. Assume N is i-finite. We denote

[N7]

; K[V
(Qi7 wi) : E%z}yp(c)rat - k[Ni*]yD(C)rat

for the braided monoidal isomorphism from Proposition [1.2.1 Moreover let
ad® : k[N}] @ Q(K;) — Q(K;) be the k[N/]-action on Q;(K;). Finally

denote
Ri(Q) == Qu(K;)#Kk([N]]
and let
(R, wWr,) = (K, k[N.]s WK, K[N)]) CYD(C) et — gzgg;yp(c)rat

be the reflection functor induced by (€2;,w;), see Definition |1.2.6]

Lemma 2.2.5. We view k[N}| as Z°-graded via k[N}|(—nca;) = N;™ for
n € Ny and where all other components are zero.

(1) Q(K;) € Ex{}yp(c%at is a NY-graded Hopf algebra with components
(K (a) = Ki(a) for all o € N§.
(2) The algebra Q;(K;) is generated by the spaces

Ki(aj + noy) = (adN;)" (N;), jel\{i},0<n< —af}/.
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2.2 Reflections of Nichols systems

Pr’oof ( ) is implied by Proposition [1.2.4] (2) is implied by (1), Proposi-
tion [1.2.1[2) and Remark [2.1.4] O

Notation 2.2.6. If AV is i-finite, then denote R;(N;) := N;* and for j € I\ {i}
let

Ri(N;) = (adN;) ™ (IV;).

Finally let Rl<./\/’) = (RZ(Q), (Rz(Nl), ey RZ(NQ)))

Lemma 2.2.7. Assume N is i-finite and let j € I\ {i}. If N; is irreducible
in C, then R;(N;) is irreducible in C and for n € Ny we have

| dN;)~*5 (N, < —ajf,
(adQZNZ-*)”(Ri(Nj)) = {(()a ) ) ZZ > —aV.

Proof. Let V := (adk[NV;])(V;) C K;. By Lemma [2.1.12) we obtain that

V e k{]NV}yD( ) is irreducible. Then (V) € kN*]yD( ) = E]N\é}igyp is

irreducible and Z-graded via ©;(V)(n) = V(—n) for all n € Z by Propo-
sition and Lemma [1.2.3 - Smce the Component of smallest degree is
Q(V)(a) = V(—aw) = R;(N;), Corollary m 3) yields that

v]

R;(Nj) is irreducible in C and
(ad® N7 )" (Ri(N;)) = (V)@ +n) = (adN;) = ~"(I;)

forallOSnS—aé}/. L]
Proposition 2.2.8. Assume N is i-finite. Moreover assume that N; is ir-
reducible in C for all j € I\ {i}.

(1) R;(N;) is irreducible in C for all j € T\ {i}.

(2) R;(N) is a pre-Nichols system, that is

(a) The algebra R;(Q) is generated by R;(Ny), ..., Ri(Ny).

(b) Ri(Q) is a Nb-graded Hopf algebra in C, where the grading is given
by Ri(Q)(a;) = Ri(N;) for j € L.
(3) Ri(N) is a Nichols system over i.

(4) Ri(N) is i-finite.
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2 Nichols systems

Proof. (1) and (4) are implied by Lemma |2 - . Let Q be the sub-
algebra of R;(Q) generated by R;(Ny),..., R;(N, ) Slnce Ny = Ri(N;) € Q
and for a,b € k[N}| we have

pri@(1®a,1®b) = eyn+(an))l ® apb=1® ab,

we obtain that k[N7] € Q. Now it remains to show that €;(K;) C Q. By
Lemma (2) this narrows to showing (adV;)"(N;) C Q for all j € I\ {i},
0<n< —af\j/. For n = — thls is given, as R;(N;) C Q So assume
(adN;)"(N;) € Q for some 1 § n < —a. We show (adN;)""'(N;) C Q.
Now for z € (adV;)"(N;) C @, a € N; we obtain since a is primitive

éauRiQ(1®a,x®1):(adﬂia)(x)®1+a,1 ST ® aq-
(@) (-1 (0)

Since a(_1y-x®a() € Q we obtain (ad%a)(z) € Q. Then Lemma yields

(ad™ N7) =5 (Ri(N))
(2d™N7) ((ad™ N;) =5 (Ri(;)))
(ad™ ;) (ad(N)" (M) © @,

(adN;)" "1 (IV;)

implying (1) inductively.

(2)(b): K; is an Z’-graded Hopf algebra in C by extending the N§-grading
with zero components. Hence using Proposition [1.2.5(2) we obtain that
Ri(Q) is a Z’-graded Hopf algebra in C by

Ri(Q)() = @ity Kilmiai + Y njoy) @ N;™,
JeN{i}

where ny,...,ng € Z, v = Zjd nja; € 77 (observe that this is not NY-
graded, as R;(Q)(—«;) = N #0). Observe that

sN( ) = —na; + Z ni(o; — a; az))
JeN{i}

Hence by applying sV to that grading as in Remark [1.2.10] we get that R;(Q)
is a Z%-graded Hopf algebra in C by

R1<Q)(’y) — @Ziegfnzegg ZJGH\{ }nja7.j K (m]_aZ + Z n]OéJ ® N*m2
JeN{7}
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2.2 Reflections of Nichols systems

By substituting m; in the sum above with —m; — Zje]l\{i} n;a;; we obtain
that R;(Q) is a Z’-graded Hopf algebra in C by

Ri(Q)(7) = @ity Ki(—mioi + Y njlay — aljoy)) @ Ny™.
Jel{i}
For this grading we have R;(N;) = K;(0)®N; C R;(Q)(«a;) and for j € I\ {i}
we have

Ri(N;) = (adN;) ™5 (N;) = Ki(a; — ;) @ N7° € Ry(Q)(ay).

Thus by (2)(a) we obtain R;(N;) = R;(Q)(cy) for all j € I and that this
ZP-grading on R;(Q) is in fact a Ni-grading on R;(Q).

(3): The primitive elements of k[R;(N;)] = k[N}] are given by N;* by def-
inition. Now let j € T\ {i}. By Lemma [2.1.12] we know that the object
V = (adk[NV;])(N;) € E%ij(C) is irreducible. In Lemma [2.2.7| we see
that (ad“k[N;])(Ri(N;)) = Qi(V). Now (V) € E%{}yl)((,’) is irreducible
by Lemma and as discussed in Remark we obtain that R;(N) is
j-well graded over i. O

Definition 2.2.9. If NV is i-finite and N; is irreducible in C for all j € T\ {i},
then we call the Nichols system R;(N') over ¢ the i-th reflection of N.

Remark 2.2.10. The notations for Nichols systems and its reflections are
consistent: Indeed if AV is i-finite and N is irreducible in C for all j € I\ {7},
jel

Notation 2.2.11. For j € I let

m? = max{m € Ny | Q(ma;) = Nj™ # 0}

j .

Proposition 2.2.12. Assume N is i-finite, mf\/ € Ny and that N; is irre-
ducible in C for all j € I\ {i}. Then

Sup(Q) = m} i + 57 (Sup(Ri(Q)))-

In particular Sup(Q) C mN a; + sV (N9).
Proof. Let ny,...,ng € No, v = >, nja; € NJ and let

. N N
ni=m; —n; — Z n;ja;
SN
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2 Nichols systems

Then
mN o + s (v) = nla; + Z nja
JeN{i}

and by construction we have

Q(mNa; + N () = @™ M i ~Ki(myo; + Z nja;) @ N/™.

m1€Z,0<ma<m;
Jen\{i}

Now substituting m; with —m; — deﬂ\{ ) nja and mey with m —my yields

Q(mY a; + SN(’Y))
:@’n’h—}—mz Uz m10{2+ Z nj a Oéz))®Nmz 7m2

m1€Z,0<ma< <m
JeN\{4}

Moreover as we worked out in the proof of Proposition [2.2.§|2)(b) we have

R(Q)() = eyt Ki(—mioi+ Y njla; — allo;)) @ N;™.
Jel\{i}

Considering Remark [2.2.3, N™2 # 0 if and only if 0 < my < mY. We
conclude that Q(ma; + sV (7)) = 0 if and only if R;(Q)(v) = 0. We obtain

m) o + s (Sup(Ri(Q))) C Sup(Q).

If v € Sup(Q), then since v = mNa; + SN(mNozl + sV (7)) we obtain that
mNa; + sV () € Sup(Ri(Q)) and v € mPMa; + s (Sup(RZ(Q))) O

2.3 Iterated reflections

In this section we will study what happens if we reflect a Nichols system
multiple times. Here we will come across the set of roots of a Nichols system
and will discuss how they can be used to describe the geometric shape of the
support of a Nichols system. In particular we will describe the edges of that
shape.

Let A be a pre-Nichols system, @ := A and assume that N is irreducible
in C for all j € IL.

To look at iterated reflections of A we first have to make sure the precondi-
tions of Proposition 2.2.8 are met after each reflection.
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2.3 Iterated reflections

Definition 2.3.1. Let k € Ny, i1,...,1; € L.

(1) We say N’ admits the reflection sequence (iy,...,i), if £k =0 or
N is a Nichols-system over iy, N is i;-finite and R;, (N') admits the
reflection sequence (s, .. ., ).

(2) We say N admits all reflections, if for all n € Ny, i € I", N/ admits
the reflection sequence 7.

Remark 2.3.2. Let k € N, i = (iy,...,4;) € I¥ and assume N admits the
reflection sequence 7. Then by definition we have

R(N); = Ry ..oy N iy . it j =i,
’ (adR(ilv--wikfl)(N)ik)_ai’j(R(i1r~~:ik—1)('/\/)j> if j # ig.

We extend our notation to handle iterated reflections.

Notation 2.3.3. Let k € Ny, i = (i1,...,1;) € I*. We abbreviate
Ri=R; - Ry

to describe the iterated reflections of Nichols systems, starting with the ;-
th reflection, up to the 4;-th reflection. Assume N admits the reflection
sequence (i, ...,i;_1). Denote mé\)f =0 and if £ > 1 denote

Riiygooi_N) m
mV = m,, Prtkod = max{m € Ny | R(ilz--~7ik—1)(N)ik #0}.

(2

Moreover let a; =2 and for j € I\ {ix} define

Y Riiy,.iy_N)

= - max{a € No ’ (adR(il,u-,ikﬂ)(N)ik>a(R(i1w-7ik71)(N)j) 7£ 0}

IfHR'(Z-l,.,]_I,ikl)(J\/') is ij-finite, then let S'E\i/;,“.,ik,l),ik € Aut(Z°) be such that for
all 3 €

N — N
St yeein—1)ik (aj) = QG T G Q-

; N _ N N N
Finally define s;' = AP A AWIRERY:

(1) 20 sj(\)f = idge.

Definition 2.3.4. Let k € Ny, i € I*. If N admits the reflection sequence 1,
then for j € T the element s (o) € Z? is called a root of A'. The set of all
roots is denoted AV, Furthermore we denote AY = AN NN for the set of

positive roots of N\

29



2 Nichols systems

Remark 2.3.5. In Lemma [2.3.8(2) we will give an explicit formula for the
roots of . In the proof of Proposition [2.3.6] we will see, that the set of roots
coincides with the set of real roots of a semi-Cartan graph.

Proposition 2.3.6. Assume N admits all reflections. Then
N _ AN N
A =AY U-AY.

Proof. Let M = @Y N; € C. As discussed in Remark , we know
that (adgN;)™(IV;) = (adpanN;)™(N;) for all 4,5 € I, i # j, where adg :
k[N ® K; — K; and adg(ar) : B(N;) @ B(M)®©P™N) — B(M)*©P™N) are the
adjoint actions. In particular

aV =— max{a € Ng | (adganN;)*(N;) # 0}

]
Inductively repeating this argument for all & € N, (iy,...,i;) € I*¥ and
Ri(M) = &9_ | Ri(N); € C we obtain for j € I, j # i

ap; = —max{a € No | (ads(r,) Riir i) N)i)* (Rii iy (N);) # 0}
Hence the Cartan matrices of the semi-Cartan graph of M ([HS20], Definition
13.6.3) are given by (afé(N))lgj,kgg, i € I¥, k € Ny and thus the set of real
roots of this semi-Cartan graph at M coincides with AN. Then [HS20],
Theorem 14.2.12 implies the claim. O

Lemma 2.3.7. Let k € N, i = (iy,...,i) € I¥ and assume N admits the
reflection sequence i and mﬁ\/ € Ng. Then

Sup(Riy....ip_) (@) = m¥ i, + s, i1y (SUD(Ri(@Q))).
Proof. Follows from Proposition [2.2.12] O]

Lemma 2.3.8. Let k € Ny, i = (i1,...,i) € I¥ and assume N admits the
reflection sequence i. For 1 < r <71’ let

Cr={(by,...,ba)|a>2,r=b <...<by,=1"}.

Then for 1 <1 <k —1 we have

l

k=1
k—1

S/(\i/; ..... ik,l)(aik):aikJFZ Z H—a@fl ..... ive)sin,, | Yir: (2)
r=1 —
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2.3 Iterated reflections

Proof. (1): Follows inductively for [: The claim is given if [ = 1 by definition.
Moreover

N N N
Sir, i) (i) = SGir, g (Qi = Gy, i) i @)
N N N

- S(il,-n,iz—l)(aik) = A(4y,..., il)7ik8(i17~-7iz—1)(ail)’

(2): We do induction on k. The claim is given for £ = 1. For k > 2 using
(1) we obtain

N 2 N
S(i1,...,’bk 1)(0[% = QG + 11, i), )S(il,...,ik/fl)(aik/)‘
k'=1

Using the induction hypothesis we get

k—1
N N
§ (_a(il,...,ik,),z’k)S(z’1,...,ik/71)(aik/)
k'=1
k'—1
- E : 21, ,lk/ Zk) Oéik/ _'_ : : : : H all: 774176 lbe_‘_l aiT
k'=1 r=1 (b1, 1ba) ECk' c=1

The coefficients for «;,, 1 < r < k — 1 in this sum (by differentiating the

indices iy, . .., 1, even if they are not necessarily pairwise distinct) are
N
T Miyein) i + Z 217 i )ik Z H (117 e )stbgy g
k/=r+1 (b1,..,ba)ECH =1

D | A

(b1,...,ba)ECE c=1

This finishes the induction. O

Notation 2.3.9. Let k € Ny, i = (i1, ...,i;) € I¥ and assume N admits the
reflection sequence i. For m = (my, ..., my) € NE let

= ZmT inlai) € Z3.

Moreover if m/\if i) € Ng for all 1 <r <k —1, then for 0 < m < mf\/ let
B{Y = BN )m)’ where 58[,0 = 0. If also m) € Ny, then let

(1)’ ST (il aaaaa ig—1)""

N . N
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2 Nichols systems

Remark 2.3.10. Let k € Ny, i = (iy,...,i) € I¥ and assume N admits the
reflection sequence i and m{‘iflwir) € Ny foralll <r < k. By Lemma (2),

the vectors 6/\/ € 75, where m € Nf, rely only on the variables a(l,...,z‘r)7j7

1<r<k-1,j¢€ {2r+1, ..., i }. In Proposition [2.3.14] we will show that
BN € Nf and in Proposition [2.3.13| we will give an explicit description of ﬁﬁn

Lemma 2.3.11. Let k € Ny, i = (iy,...,1) € I¥ and assume N admits the
reflection sequence i. For m € Nf the following relation holds

@% = Béfl,...,ik_l),(ml,...,mk_l) — s (0,
In particular if m/(\[l’m,ir) €Ny foralll <r <k, then
BY = Bl iy — mi s (as,).
Proof. Follows directly from the definition. O]
Lemma 2.3.12. Let k € Ny, i = (i1,...,4;) € I¥, assume N admits the

reflection sequence i and m{‘ifl ) € Ny for all 1 < r < k. The following
relations hold

yeenslr
N _ N N _ N
m(il,...,’ik,ik) - m(il,...,’ik)7 ﬁ(il,...,ik,ik) - /B(il,...,ikfl)'

Proof. The first relation is discussed in Remark [2.2.3] Using Lemma [2.3.11

we get

N N N N N N
B(il)"wik’ik) /8 7’17 7Zk71k)8(i1"~')ikaik)(aik) - /87‘ + m S (azk)
and gV = ,BJYL i) —mM sV (). ]

Proposition 2.3.13. Let k € Ny, i = (i1,...,i) € I¥ and assume N admits
the reflection sequence i. For 1 <r <’ let

Cr ={(by,....ba)|a>2,r=by <...<by=1"}.

Moreover let m = (my,...,my) € NE. Then
k k
N
Biﬂn - E my + E : my 2 : H 11, b )by Qi -
r=1 l=r+1 (b1,.. 7ba)eCl c=1

32



2.3 Iterated reflections

Proof. By Lemma [2.3.8(2) we obtain

- Z mls (115000t Oé” Z mls (3150est1—1) Oé”)
k _
Z i + Z > H (v |

r=1 (b17 7ba)ecl c=1

The coefficients for «;,, 1 < r < k in this sum (by differentiating the indices
i1,-..,1k, even if they are not necessarily pairwise distinct) are

k
my + Z m Z H 117 be)sibgyy !
l:T+1 (b17 7ba)eol c=1
implying the claim. [

Proposition 2.3.14. Let k € Ny, i = (iy,...,i;) € I¥, assume N admits
the reflection sequence i and mf\ifl i €No forall1 <r <k. Then

Sup(Q) = B + s (Sup(R:(Q))).

In particular we obtain BN € Sup(Q) C N.

Proof. We do induction over k: For k = 0 the claim is trivial. Now assume
k>1 and

Sup(Q) - 6%,...,1@,1) + Sﬁ/’l,,Zkfl)(suI)(R(zly77/16—1)(Q)))
By Lemma [2.3.7| we have

Sup(Riy,..in)(Q)) = mP e, + T i i (Sup(Ri(Q)))-

N —

= _ N ) N
Now oy, = S(i17---7ik—1)7ik<a7’k) and s(”’ k) Sl in)in = S Hence

Sup(Q) = B,y — M st (i) + 57 (Sup(Ri(@)))-
Finally /Bégw-,ik—l) m) s (a;,) = BV by Lemma . ]

Corollary 2.3.15. Let k € Ny, i = (i1, ...,i) € I¥, assume N admits the
reflection sequence i and m’¥ € Ny for all1 < r < k. Then we have

()

B, € Sup(Q) for all 0 <m < mh".
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2 Nichols systems

Proof. By Lemma [2.3.12] we have m} = mj\[l ..... fsin)? hence by definition
(m) — m)ay, € Sup(Ri(Q)). Now Lemma [2.3.11 and Lemma [2.3.12] imply

that

N N N N N
5i,m :B(il ,,,,, i) VS (i) = 5(1‘1 ..... ivin) TS (i)

N N N N
=0; T MGy igin) S (it ik,ik)(aik) —ms; (ay,)
=6 +ms¥ (i) —ms (as,)
=pN + s ((m} —m)ay,)
Finally gV + s¥((m — m)a;,) € Sup(Q) by Proposition [2.3.14] O
Corollary 2.3.16. Let k,l € Ng. Moreover let i = (iy,...,ix) € I¥, j =
(j1, .-, 5) € I' and assume N admits both reflection sequences i and j.

Moreover assume mé\[l ’’’’ i € Ny for 1 <r <k as well as mf\jfl 7777 i € Ny for

1<y <L I ¥ (Sup(Ry(Q)) = s¥(Sup(Ry(Q))), then we have 5Y = 5.
In particular if s (Sup(Q)) = Sup(Q), then BN = 0.

Proof. By assumption and Proposition [2.3.14] we have

BN + s (Sup(Ri(Q))) = Sup(Q) = BY + s (Sup(R;(Q)))
= 8 + s (Sup(R;(Q))).

Applying sV ! to that equation yields
sV BY = BY) + Sup(Ri(Q)) = Sup(R;(Q)).

Since 0 € Sup(R;(Q)) and Sup(R;(Q)) C N§ we obtain sﬁv_l(ﬂ{\/ - 55\/) €
N§. Since 0 € Sup(R;(Q)) as well as Sup(R;(Q)) C N we can conclude
sV BY = BY) =0, ke Y =Y. m

Proposition 2.3.17. Assume N admits all reflections and m € Ny for all
i €I¥ ke Ny Let M € R? be the convex hull spanned by BN € Sup(Q),
i €l* keNyandlet M := M'NNY. Then Sup(Q) C M. In particular the
convez hull of Sup(Q) equals M’.

Proof. For k € Ny, i € I¥ let M; = 3V + sV(NY). By Proposition [2.3.14] we
have Sup(Q) C M;. Now for all j € I we have

N N N N % N N
Blring) = Bi = M) St () = B+, 583 (a).
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2.3 Iterated reflections

In particular for j = iy we obtain 58[1 ..... ) = BN + mNsN(a,,), using
Lemma [2.3.12] Thus we obtain that M is the intersection of all M;, i € I*,
k € Ny. Since Sup(Q) C M; for all i € I*¥, k € Ny, we can conclude that

Sup(Q) C M. O
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3 Y D-modules over Nichols
systems

In section we will quickly discuss some properties of Y D-modules over
Nichols systems that are important when it comes to reflections.

In section [3.2] we will then use our previously defined reflection functors to
the full extend to define reflections of such Y D-modules. We will discuss how
some important properties are preserved when reflecting, the most important

result being Proposition |3.2.8|

Moreover in section |3.3| we look at iterated reflections. We will again describe
the geometric shape of the support of a reflectible Y D-module using the roots
of the Nichols system. We will see how the vertices of that shape are actually
the generating components of given reflections. Finally in Corollary
we will discuss how there is a graded maximal subobject in the interior of
that shape of such an Y D-module.

Now in section we will do a construction of induced YD-modules over
Nichols systems that is similar to Verma modules in representation theory of
Lie algebras. We will also study how reflections behave on these induced YD-
modules. In particular in Corollary we will characterize irreducibility
via reflectiveness, if the Nichols system if finite dimensional.

Finally in section we will study the maximal subobject of homogeneously
generated Y D-modules over Nichols systems. We will do so by defining a
special morphism, whose kernel gives the maximal subobject. We will also
see that this morphism behaves well with reflections and actually tells us a
lot about what reflection sequences a Y D-module admits.

Let H be a Hopf algebra over some field k with bijective antipode and C :=
HBYD. Let N be a pre-Nichols system and let @ := N° N; := N for all
j €. Let I' be an abelian group, such that Z¢ c I'. We view Q as I'-graded
by continuing the NY-grading with zero components.
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3.1 Y D-modules over Nichols systems

3.1 YD-modules over Nichols systems

Definition 3.1.1. Let V € gyD(C) be a I'-graded object. We say V' is ho-
mogeneously generated, if there exists an v € I, such that V' is generated
by V() as a @Q-module. We denote vy := vy and Vj := V(7).

Remark 3.1.2. Let V € gyD(C) be a homogeneously generated I'-graded
object. Then Sup(V) C vy + N§ and

V(w +may) = Q(may) - V(w) = N*- Vo

for all j € I, m € Ny by definition of Q.

Proposition 3.1.3. IfV € gyD(C) is a irreducible I'-graded object, then V
s homogeneously generated and Vy is irreducible in C.

Proof. By Corollary [1.1.23(1) = (3) there exists ny € I" such that V' (ng) is
irreducible in C and generates V' as a (-module. m

Lemma 3.1.4. Let i € I and let V € g)}D(C) be homogeneously generated
[-graded. Then W := Kk[N;] - Vi is a No-graded object in E%ij(C), where
the k[N;]-coaction is the restriction 6 onto W and with W (n) = NI*-Vy for
n e No.

Proof. Indeed for 0 < k < m; we have since 53 is ['-graded

SP(NT - Vo) =60 (V(w + kaw)) C @2 72074 Q (1) @ V(72)

Y1,72€0
_ 69711-1-7"02:k k[NZ](nloéz) (] V(n205i + FyV)

n1,n2€Ng

— g@ntne=k Ni"™ @ N;"* - Vo Ck[N;] @ W,

n1,m2E€Ng
hence 6%(W) C k[N;] ® W and we obtain W € E%ﬂ)ﬂ?(é’). O

Lemma [3.1.4] allows the following definition.

Definition 3.1.5. Let i € [ and let V' € 8)7D(C) be homogeneously gener-

ated I'-graded. If k[N;]-V; € E%ﬂ)}D(C) is well graded, then we call V' i-well
graded.

Remark 3.1.6. Let i € T and V € 8322)(6) be homogeneously generated
[-graded. As discussed in Remark [1.1.20] the following are equivalent:

(1) V is i-well graded.
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3 Y D-modules over Nichols systems

(2) {vek[N]-Vo|02(w) =10} =V,

Lemma 3.1.7. Leti € T andV € 8)22?(8) be homogeneously generated i-well
['-graded. The following are equivalent:

(1) Vg is irreducible in C.

(2) k[N;] - Vi is irreducible in E%ij(C).

Proof. ITmplied by Corollary [1.1.23] ]

Proposition 3.1.8. Let i € T and V € gyD(C) be a I'-graded irreducible
object. Then V is i-well I'-graded.

Proof. By Proposition [3.1.3| we obtain that /' is homogeneously generated.

Regarding Corollary it is enough to show that k[N;] - V4 is irreducible
in ﬁ‘;{ﬁij(C). Let p : I' = Z be a group homomorphism, such that p(«;) =0
and p(a;) =1 for all j € I\ {i}. Then Q is Ny-graded by Q(n) = Q(p~*(n))
forn € Ngand V' € gyD(C)rat is Z-graded by V(n) = V(p~!(n)) for n € Z.
In particular Q(0) = k[N;] and the component of V of smallest degree is
V(p(v)) = k[N;]-Vo. Then Corollary [1.1.23|(1) = (3) implies that k[N;]-V,

is irreducible in ggg;yD(C) = ﬁjﬁjy@((z). O

3.2 Reflections of Y D-modules over Nichols
systems

We start this section with the definition of a reflection of a Y D-module over
a Nichols system and by discussing how that changes the grading, where
the main work was already done in section [I.2l We will continue by dis-
cussing how the important properties regarding reflections are preserved in
Proposition [3.2.8) and what happens if we do the same reflection twice in
Lemma

Let ¢ € T and N be a Nichols system over i. Moreover let ) := N° and
N; :=Nj for all j € I. Assume that N is i-finite and that all N;, j € I'\ {i}
are irreducible in C. Let I' be an abelian group, such that Z? C I'. Finally
let t; € Aut(T) be such that t;(a) = sV (a) for all a € Z? and ? = idp. We
view both @ and R;(Q) as I'-graded by continuing the Nj-grading with zero
components.

If needed recall Definition [2.2.4 where the reflection functor Qp, is de-
fined.
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3.2 Reflections of Y D-modules over Nichols systems

Definition 3.2.1. For V ¢ gyD(C)rat we denote

R;(V) is called the i-th reflection of V.

Proposition 3.2.2. If V € gyD(C)rat is irreducible, then R;(V') is irre-
ducible in 1" YD(C)at.

Proof. This is implied by Lemma [1.2.8| [

Remark 3.2.3. If V € 837D(C)rat, then R;(V) = V as vector spaces, hence
Qp, defines a R;(Q)-module and comodule structure on V.

Proposition 3.2.4. Let V € 8)/D(C)rat be a I'-graded object. Then R;(V') €
gzgg;yD(C)rat is I'-graded with R;(V')(y) =V (ti(7y)) for v € T.

Proof. By Proposition|1.2.9) R;(V) € gjggin(C)rat is I'-graded with grading
R;(V)(a) = V(a) for a € I'; where the I'-grading of R;(Q) is given by
as in Proposition M(Q) Now the Nf-grading on R;(Q) that we use is

given by shifting this grading by the the automorphism s, see the proof of

Proposition 2.2.8(2)(b). Hence with concerning Remark [1.2.10] the claim is
implied. O

Notation 3.2.5. For j el and V € 8372?((7) we denote
m) = max{m € No | NJ* - V; # 0}.

Remark 3.2.6. Let j € Tand V € g)/D(C). Clearly m;/ < mé\/ for all j € I.
If V € §VD(C)rat, then by definition we have m) € Ny.

Lemma 3.2.7. Let V € gyp(c)m be homogeneously generated i-well T'-
graded. Moreover let m; := m) and let

W i=KIN] - Vo € {3 vD(0).

Assume Vy is irreducible in C. Then

(1) N™ - Vy is irreducible in C.
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3 Y D-modules over Nichols systems

(2) (W) € Exg)ﬂ?(c)m is generated by N™ - Vy, that is we have for

n € Ny
N™™" Vo ifn <my,

N = {0 if n>m;

(3) (W) =Kk[N}]- (N -Vy) is well graded.

Proof. By Lemma |3.1.7| we know that W is irreducible in E%ﬂ)}D(C). Hence

QW) € t&i}yD(C) is irreducible and Z-graded by Proposition |1.2.1] and

Lemma via Q;(W)(n) = W(—n), n € Z. Observe that the component
of smallest degree is

Thus Corollary [I.1.23(1) = (3) implies (1), (2) and (3). O

Proposition 3.2.8. Let V € 8yD(C)rat be homogeneously generated i-well
[-graded and let m; = m) . Assume that Vy is irreducible. Then the object
Ri(V) € B AYD(C),ay is homogeneously generated i-well T-graded, such that

€ Ri(Q)
Yri(vy = ti(yw) — mia; and
Ri(v>0 =V(yw +mey) = N;™ - V.
Moreover R;(V'), is irreducible in C.

Proof. Recall the I'-grading of R;(V') as described in Proposition and

observe
R, (V) (ti(vw) — micw;) = V(v + myay) = N™ - V.
Below we are going to show for g € I’

R;(V)(B) = Ri(Q)(B — ti(yw) + micw) - Bi(V)(ti(yw) — mias). (i)

Then R;(V) is homogeneously generated with yg,(v) = t;(yv) — ma; and
R;(V), = N;™ - Vi. From here Lemma [3.2.7(3) implies that R;(V') is i-well
graded and Lemma [3.2.7(1) implies that R;(V'), is irreducible in C, finishing
the proof.

It is enough to show (i) for 5 € Sup(R;(V)). Let v := t;(5). Now to show
(i) is to show

V() = R(Q)(t:(7) — tilw) + maaq) - (N;™ - Vg) .
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3.2 Reflections of Y D-modules over Nichols systems

As 0 # R(V)(8) = V(3) = Q(y — w)Vo and Q(v) = 0 for 7/ € '\ N§, we
can conclude v = vy + Zj€H nja; for some nq,...,ny € Nyg. Now recall that
the Nj-grading of @ is given by Proposition m(l), ie.

Q('Y - ’YV) = @ﬁi;’;g’glf(l(hal + Z njOéj) X NikQ.
jeN{s}
Observe that
ti(ti(7) — ti(w) + mao) = v — v — mis = > nja; — mioy
jel
and recall from the proof of Proposition M(Q)(b) the NY-grading of R;(Q),
which yields
Ri(Q)(ti(v) — ti(w) + mic)
= BN et K(kvon + ) | mjay) © NP2
jeN{s}
Thus by Lemma [3.2.7(2) we obtain

R%(Q)(tzW) - ti(’Yv) + miai) . (Nimi . Vo)
- @Zﬂfgﬂi_mi Ki(kia; + Z njo;) - (1\751~CZ (VT Vb))

JEN{i}
= Bl otk tn, Kilkioa+ D myay) - (N7 W)
JEN{d}
= Ol oot Kilkioi+ 3 mja) - (N )
JEN{d}
=Q(y=w) -Vo=V(),
where the second last equality uses NF -V, = 0 for all k > m;. [

Lemma 3.2.9. Let V € 83}D(C)m be a homogeneously generated i-well I'-

1% R;(V)

graded object and assume Vy is irreducible. Then we have m; = m; ,

YRi(R:(V)) = Vv and

Ri(Ri(V))g = Vo
Proof. Since with Proposition and Lemma [3.2.7(2) for m € Ny we have

mvfm .
NV iftm <mY,
v

i -

Ri(N)™ - Ri(V)y = N;™ - (N™ - V) =
) Vo ( 0> {0 ifm>m
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3 Y D-modules over Nichols systems

we obtain m! = m™ ") Thus by Proposition m

Yri(R;(v)) = ti( VR, (v)) — mY a; = t;(ti(w) — mY a;) —mY a; =y

and hence R;(R;(V)), = V. O

3.3 Iterated reflections

Similar to section we will study what happens if we reflect a Y D-module
of a Nichols system several times. We study the grading and the geometric
shape of the support of such a reflectible JD-module. As it turns out the
edges and in particular the vertices of that shape play an important role,
as the latter describes the generating components of given reflections of the
YD-module. We will show in Proposition and Corollary [3.3.16] that
a proper Y D-subobject of an object admitting all reflections cannot have an
area on any of the edges and therefore there must exist a maximal graded
subobject in the interior of that shape.

Let A be a pre-Nichols system, @ := A° and assume that N is irreducible
inC forall j €. Let 0 # V € 8)2D(C)rat be homogeneously generated

['-graded and assume Vj is irreducible in C. Again let I' be an abelian group,
such that Z? C T,

To look at iterated reflections of V' we have to make sure the preconditions
of Proposition [3.2.§ are met after each reflection.

Definition 3.3.1. Let k € Ny, i1,...,i; € L.

(1) Assume N admits the reflection sequence (i, ...,ix). We say V ad-

mits the reflection sequence (iy,... i), if £ = 0 or V is i;-well
graded and R; (V) € gfl Egin(C)m admits the reflection sequence
i

(9, .., ik).
(2) Assume N admits all reflections. We say V' admits all reflections,

if for all n € Ny, 7 € I", V' admits the reflection sequence .

Proposition 3.3.2. Let k € N, i = (iy,...,i;) € I*. If N admits the
reflection sequence i and V' is an irreducible object in gyD(C), then V' admits
the reflection sequence i.

Proof. By Proposition V' is 7;-well graded and by Proposition
R;, (V) is irreducible in gl Egiyp(c ), hence the claim follows inductively. [J

i
7
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3.3 Iterated reflections

Notation 3.3.3. Let k € N, i = (iy,...,i;) € I¥. Assume N admits the re-
flection sequence ¢ and assume V' admits the reflection sequence (i1, ..., ix_1).
Let m(j = 0 and denote

Vv Ry iy (V)

ml = mlk

:maX{m € Ny ’ R(il ~~~~~ ik71)<N)ikm ) R(il ~~~~~ ik71)<v)0 # O}'

For 0 <m <m) let

5‘/ = N A% \%
L By Mg iy )™

where 8, = 0 and let 8} := B} ..

€ Aut(T') be such that ¢?

(i1t s — idr and for all

Moreover let £,
jel

yeestl— 1),k

N
Elirrein)ie () = STy i 1) (Q5)-

Also let ti = t(),i1t(i1)7i2 . -t(i and t() = idp.

Loeensik—1) 0k

Proposition 3.3.4. Let k € N, i € I¥ and assume V admits the reflec-
tion sequence i. The reflection R;(V) € gzgg;yD(C)rat is I'-graded with

Ri(V)(v) = V(t:(7))-
Proof. Follows inductively from Proposition [3.2.4] O

Lemma 3.3.5. Let k € N, i = (iy,...,i;) € I*¥ and assume V admits the
reflection sequence i. The following hold:

VRi(V) = Eiroinor) i (fYR(il ,,,,, ik,l)(V)) - mz/&lk (1)
Ri(V)y = R ikfl)(v)<7R(i1 ,,,,, ey T myo‘lk) (2)
mY
= R(Zl ----- ik_1)(N)ikl . R(Zl ----- ik—1)<v)0'

Proof. Both (1) and (2) follow from Proposition |3.2.8| O

Lemma 3.3.6. Let k € N, i = (iy,...,i;) € I¥ and assume V admits the
reflection sequence i. The following relations hold:

7777 Zk,lk) (i17"'7ik7ik) (7:1,...,7;]@,]_)'

Proof. The first relation is given by Lemma [3.2.9] Then similar to the proof
of Lemma [2.3.12] the second relation follows from Lemma 2.3.11] O
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3 Y D-modules over Nichols systems

Proposition 3.3.7. Let k € N, i = (iy,...,i) € I¥ and assume V admits
the reflection sequence i. We have g,y = t; *(yw + 8Y) and

Ri(V)y=V(w+8")=Q(B) Vy
In particular, 8} € N§.

Proof. 1t is enough to show v,y = t; (v + BY), since then with Proposi-
tion [3.3.4] we have

0% Ri(V)y=Ri(V)(t7 (o + B) = Vi +87).

We do this by induction on k: If k = 0, then 3} = 0, t; ! = idr and the claim
holds. Assume k > 1. By Lemma [3.3.5(1) and by induction hypothesis we
obtain

1%
’YRz(V) :t(i17..~,ik—1)7ik (’YR(” ''''' 1/@*1)(‘/)) - mi Oézk
:t(il ik—1),tk (tgl ,,,,, g 1)('7\/ + /B(‘j1 .... ik—l))) — myaik
=t W+ Bl — M i) = 67 (v + ),

.....

where the last equality is given by Lemma [2.3.11} [

Corollary 3.3.8. Let k € N, i = (iy,...,ix) € I¥, assume N admits the re-
flection sequence i and assume V' admits the reflection sequence (iy, ..., ik_1).
For0<m< le we have

R(il ~~~~~ ik—l)(‘/\/)?): ’ R(il ----- ik71)<v)0 = V(P)/V + z‘,/m)
In particular, B}, € N
Proof. We conclude this from Proposition and Proposition |3.3.4f

Ry yWN)i " Ry, (V)
=Ry, i) (V )(’VR(” AAAAA iV vy + maoy,)
:Ri ~~~~~ i) (V) (11 ..... i 1)(7\/ + ﬁ ,,,,, ik,l)) + may,)
=V(yw + 5(11 ..... ie_1) T MGy, z-kfl)(oél.k)) =V(w + 5;/”1)’

since t(;, ..., ik,l)(aik) = —ti(a,). -

Corollary 3.3.9. Let k € N, i € I¥ and assume V admits the reflection
sequence i. The following are equivalent:
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3.3 Iterated reflections

(1) s(8)) =B
(2) By =0.
(3) Yriv) = ti_l(w') and R;(V), = W.

Proof. Clearly (2) implies (1). By Proposition we have

_ _ -1
Yrvy =t (v BY) = 67 (w) + s (B)).
Hence by Proposition [3.3.4] (2) and (3) are equivalent. Now

0% Viw) = R(V)(t (w) = R(V) (vryoy — s (BY)).

Since Sup(R;(V)) C vr,(v)+N§ it follows that —sN7H(BY) e NO. If (1) holds,
then this means —3) € Nf. We also have 3/ € N} by Proposition
hence 8} = 0. O

Definition 3.3.10. Assume V admits all reflections. For k € Ny, ¢ =
(i1,...,ik) € I" we call R{(V), = V(v + B)) the i-th vertex of V and

EBnmjiOV(’YV + f),,) the i-th edge of V. Moreover we define the following
subsets of N§

Ny :={n € Nj |7y +n € Sup(V)},
NG {8V |k € Ni = (i) €10 < m < m!),

m

Ng =Ny \ NJ.

Now define 0V := V (yy+N{), called the edges of V and V° := V (yy + N3,
called the interior of V.

Remark 3.3.11. Geometrically speaking the interior of V' contains all points
except the edges of Ny, i.e. it also contains the inside points of the faces of
Ny.

Remark 3.3.12. Assume V' admits all reflections. The following hold:
(1) Sup(V) = + Ny,
(2) Ny C Ny,
(3) V=VeaiV.

Indeed: While (1) and (3) are given by definition, (2) follows from Corol-
lary[3.3.8f For k € N, i = (iy,...,ix) € I¥,0 < m < m) we have by definition
of mY:

0# Ryt ) N - Riiyin ) (V) = VW + B1)-
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3 Y D-modules over Nichols systems

Proposition 3.3.13. Assume V admits all reflections, let M' C R? be the
convex hull spanned by the points Y € N{, i € I¥, k € Ny and let M =
M'NNY. Then Ny C M. In particular, the convex hull of Ny coincides with
M.

Proof. The proof is similar to the proof of Proposition [2.3.17 For k € N,
i€ IF let M; = BY + sV (NY). Considering Proposition and since for
n € N we have

Ri(Q)(n) - Ry(V)y = Ri(V)(t; ' (w + BY) +n) = V(w + B8 + 5V (n))
we obtain Ny C M;. Now for all 7 € I we have
N N
5(‘; ..... iend) @V - mzl ,,,,, i:7) S (i, ik,,j)(aj) = @V + mzl ..... i,d) S ().

In particular for j = iy we obtain B(‘; _____ ) = BY + mYsN(a;,), using
Lemma [3.3.6, Thus we obtain that M is the intersection of all M;, i € I¥,
k € Ny. Since Ny C M; for all i € I¥, k € Ny, we can conclude that
Ny C M. ]

Lemma 3.3.14. Let k € N, i = (i1,...,ix) € I¥, assume V admits the
reflection sequence i. Then the i-th edge of V

mY KRy iy )N )iy ]
DoV (W + Bim) € w7 v YD(C)

15 irreducible.
Proof. This is directly implied by Corollary and Lemma [3.1.7] [

Proposition 3.3.15. Assume V' admits all reflections. Let U C V be a
graded subobject in 8)71?((3). Then U C V°.

Proof. Assume U N oV # 0. We show that then U = V. Let k € N,
i = (i1,...,ix) € I", 0 < m < mY, such that UNV(y + 3},,) # 0 and

denote @' = (i1,...,ik-1). Observe that Ry(U) C Ry (V) is a subobject in
Ry (Q k[R; (V)i ] 1
Ri,EngD(C)rat- Moreover Ry (U) € g, (x5 YD(C) with 1Vnduced k[Ry(N);, ]-
action and projected k[R; (N);, ]-coaction. Now U N @V (v + V) # 0,
ie.
m!’ KRy (V)]
0 # Ry (U) V@,V (W + Blm) € i) (v YP(C),
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3.4 The induced YD-module

hence by Lemma (3.3.14 @ﬁio‘/@v + B¢m) € Ry(U). Now with Corol-
lary this implies Ry (V) = V(3w + 8}5) C Ry(U). Now since Ry (V),
generates Ry (V) as a R;(Q))-module, we can conclude that R;(U) = Ry(V),
ie. U=V. O

Corollary 3.3.16. Assume V' admits all reflections. There ezists a unique
graded subobject U C V° of V in gyD(C), such that every proper graded

subobject of V in gyD(C) is contained in U. Moreover V/U is irreducible in
SYD(C).

Proof. Let U be the sum of all proper graded subobjects of V' in gyD(C).
By Proposition [3.3.15 we obtain U C V°. Clearly V/U is irreducible in the
category of I'-graded objects in gyD(C). Then V/U is also irreducible in

gyD(C) by Corollary |1.1.23(2) = (1). O

Remark 3.3.17. We will discuss more about the maximal subobject of objects
in 83)1)(6) in section

Proposition 3.3.18. Assume V' admits all reflections. Moreover let U,/ W &€
g))D(C)rat be I'-graded objects such that

0—-U—=V-—->W-=0

is an exact sequence in the category of I'-graded objects in 8yD(C)rat and
W #0. Then Ny C N, Ny C Ny and Ny = Ny \ M, where

M ={n e Ny|U(n) = V(n) is bijective}.

Proof. First since W # 0, U can be viewed as a proper graded subobject of
V' and thus by Proposition we obtain Ny C Ny.. As the sequence is
exact, we know that Ny = Ny \ M. Since Ny N N{S/ = 0 we can conclude
N C Ny O

3.4 The induced YD-module

We now construct and study a special set of Y D-modules over Nichols sys-
tems that are obtained by comodules of the Nichols systems. These in-
duced objects can also be found in a different context in [HS20], Propo-
sition 4.5.1(1). We will see in Proposition that every YD-modules
over a Nichols system can be realized as a quotient of such an induced YD-
module. Finally in Corollary [3.4.14] we will study how reflections can be used
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3 Y D-modules over Nichols systems

to characterize irreducibility of induced YD-modules, if the Nichols system
is finite-dimensional. We will study these induced objects in more detail in
the case where the Nichols system is of diagonal type in section [5.2

Let NV be a pre-Nichols system and let Q := N” and N; := N for all j € L.
Let I' be an abelian group, such that Z¢ C T'.

Recall from Remark [[.T.12] that we have a functor
I, :9C — 3YD(C),

where a ()-comodule U € C gets mapped to Zo(U) = QU € gyD(C) with
Q-action pg ® idy and ()-coaction

coadgey =(1iq ® idsu) (g ® Cgae)(ide ® cgo ® idy @ Sq)
(Aq ® c§ o) (Ag ® 57),

and where a Q-comodule morphism f gets mapped to Zgo(f) =idgo® f.

Remark 3.4.1. The above construction of an induced YD-module is very
reminiscent of Verma modules in the representation theory of Lie algebras.
Remark 3.4.2. Let U € C and denote @ = Q#H. In [HS20], Propo-
sition 4.5.1(1) it is shown that @ oy U € gyD, where the @—aetion is
Q

V@@H

09 ((g#h) @ u) = (g#h) o) (1u1))Sa((g#h) ) @ (a#h) o) @ ugo

QeuU

N - . Q ..
y = Mo ® idy and the @Q-coaction 5§®HU is given by

forall g € Q,h € H,u € U. With Proposition we obtain that @@HU €

Q . . Q ) . - .
oYD(C) with Q-action Voo = V©®HU(1dQ ® i ® idgg,,;) and Q-coaction

6§®HU = (idg®ep ® id@®U)5g®HU' Below we show that Zg(U) and QeuU

are isomorphic in 8)227(6 ), where U has trivial left Q-coaction ng ® idy.

Proposition 3.4.3. Let U € C and denote CNQ =Q#H. WeviewU as a left
Q-comodule via coaction ng ® idy. Then

¢:QouU — IoU), (¢#h)@us q@h-u, qeQhe Huel

1s a well defined isomorphism in the category 837D(C). The inverse is given
by ¢~ (g ®u) = (¢#1) ®u for allg € Qu e U.
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3.4 The induced YD-module

Proof. 1t is straight forward to verify that ¢ is a well defined isomorphism in
C with claimed inverse. Now since

O(ug @ 1ide)((g#1) @ (¢'#h) @ u) = ((qq'#h) @ u)
=qq¢ @ h-u=(ug ®idy)(idg ® ¢)(q @ (¢'#h) @ u)

for all ¢,¢' € Q, h € H, u € U, we obtain that ¢ is a ()-module morphism.
Observe that

(idg ® em)S5(q#1) = Su(q(-1)) - Sr(q(0))-
Hence for ¢ € Q, u € U we have

Q 1 — 5@
5Q® p0 q@u) =065, (g#1 @ u)

o ((q@ 09 cucnSalas ) - Seldm o)) © (e #de-2) © u)
o ((eonaecsucnSulas-1)) - Selus o))
®(q o#l)®q (3)(—2) * U(0)

o (2 1 w-n) - Se(dm)0) @ (Ao #L) ® (ge)-1) - W)
:<1dQ o o) w(q ®u).
This proves that ¢!, and thus ¢, is a Q-comodule morphism. O

Proposition 3.4.4. Let U € °C and v € T. Zo(U) is homogeneously gen-
erated I'-graded via Zo(U)(y+n) = Q(n) @ U forn € N§ and V(7') =0 for
all ' € '\ v + No. Moreover vz,w) =~ and Zo(U), = U.

Proof. Clearly Zg(U) is T-graded with the claimed grading. For n € N} we
have Zo(U)(y +n) = Q(n) @ U = Q(n)(k @ U) = Q(n)Zo(U)(7)- O

Lemma 3.4.5. Let Ve QyD(C) and let U be a Q-subcomodule of V.. Then
the restriction of v3 to To(U) C Q@ V, i.e.
T IoU) =V, z— v (z),
is a morphism in 8321?(6).
Proof. Tt is elementary to verify that 7 is a ()-module morphism in C. For
q € Q,v € U we have by Lemma [1.1.3
87m(q ©v) =(1g @ 1Y) (g © ha)(ide © & g @ idy ® Sq)
(B ® & gev)(Bg @ 67) (¢ ® v)
~(dg ® V)02, (0 © ) = (idg © W%, (4 © v).

Hence p is a ()-comodule morphism. O
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3 Y D-modules over Nichols systems

Remark 3.4.6. Let V € gyD(C) be a homogeneously generated I'-graded
object. Observe that since (58 is graded we have for v € 1}

5 (0) € Q)@ Vo =k® 1,
hence 02(v) = 1 ® v. This implies that V; is a Q-subcomodule of V.

Proposition 3.4.7. Let V € gyD(C) be a homogeneously generated I'-
graded object. Then the restriction of 1/3 to Io(Vo) CQ®V, ie.

T:Io(Vo) = Vi q@v e v (g @),

is a graded epimorphism in 8:)71)((3). In particular V = Io(Vy)/ ker .

Proof. Lemma implies that 7 is a morphism in 8))2?(0). By definition
of V., 7 is a graded epimorphism. O

Remark 3.4.8. Let V € gyD(C) be a homogeneously generated I'-graded
object. If Zo(Vp) is irreducible in gYD(C), then 7 : Zo(Vy) — V from
Proposition [3.4.7|is an isomorphism.

Lemma 3.4.9. Let k € N, i = (iy,...,i;) € I¥ and assume N admits the
reflection sequence i. Let U € 9C be irreducible, assume Zo(U) € gyD(C)rat

and that Zo(U) admits the reflection sequence (i1, . .., 1,—1). Then m@fl ) €
No for all1 <r <k and

ToU
mre W =

In particular ﬁil’fflw) = ﬁ{\fn for all0 <m < m.

Proof. We do induction on k. If £ =1, then

IoU m
No 3 m 2" = max{m € No | N' @ U # 0} = m,).

Assume k& > 2 and that the claim holds for £k — 1. As seen in the proof of
Corollary we have for m € Ny

R,.., ikfl)(‘/\/’)m R, ikfl)(IQ<U))0

ig
ZoU) N
:Q (/B(Z? 77777 ik*l) _I_ ms(il ..... Zk_l)(a'bk)> ® U

By induction hypothesis we know 32 = N

(il ..... Zkfl)
Proposition [2.3.14] we have Y

e Moreover by

(1oin) T 771(9](\2./1 ’’’’’ ik,l)(aik) € Sup(Q) if and
only if ma;, € Sup(R;,,..i, )(Q)), i-e. if and only if m < mf/. We conclude
that m} = m *") e N,. O
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3.4 The induced YD-module

Remark 3.4.10. Let p : Z° — Z be the group homomorphism given by p(«;) =
1 for all j € I. Q is Np-graded via Q(n) := Q(p~*(n)). Let

N :=max{n € Ny | Q(n) # 0} = max{p(y) |y € Sup(Q)}.

If @ is finite-dimensional, then by Corollary [1.1.27] we know that Q(N) is
one dimensional. In particular, there exists a an index we denote Ng** € N9,

such that

{ry € Sup(Q) |p(v) = N} = {Ng™}.
and Q(NG™) = Q(N) is one-dimensional.
Let 0 # A € Q(NG™), i.e. QNG™) =kA.
Lemma 3.4.11. If () is finite-dimensional, then the following hold:
(1) For all 0 # x € Q there exists y € Q), such that yr = A.
(2) Q(NG™) is contained in every left ideal of Q.

Proof. Implied by Corollary [1.1.27 O

Proposition 3.4.12. Let U € C be an irreducible object. Assume that @ is
finite-dimensional and that Zo(U) € 8))D(C)rat admits all reflections. Then

there is some k € Ny, i € I¥, such that Ng™ = ﬂIQ(U) and

Ri(Zo(U)), = kA ® U.
In particular kA @ U C 0Zg(U).

Proof. Let M be the convex hull spanned by Nz, ). Since () is finite di-
mensional, Nz, is a finite set. By construction, Ng** lies on a vertex of
M. By Proposition M coincides with the convex hull spanned by the
vectors /BiIQ(U), k € Ny, i € I¥. Hence there exists some k € Ny, 7 € I¥, such

that Ny = gre")

)

. Then by Proposition [3.3.7| we obtain

RA(Ta(U))y = Ta(U) (rrg) + N§™) = QUNE™) © U = kA & U
By definition this component lies on an edge of Zo(U). O

Lemma 3.4.13. Let U € 9C and assume Q is finite-dimensional. Let V be
a non-zero sub Q-module of Zo(U). Then there exists 0 # uw € U, such that
A®ueV. In particular VN (kA ® U) # 0.
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3 Y D-modules over Nichols systems

Proof. Let 0 # x € V and for all n € Nj let z,, € Q(n) ® U, such that
r = ZneNg T,. Let p : Z° — 7 be the group homomorphism given by

p(a;) =1 for all j € I. Let us fix one m € Nf, such that z,, # 0 and

p(m) = min{p(n) |n € No, z,, # 0}.
Let £ € N, uy,...,u; € U be linear independent elements and ¢1,...q €
Q(m) \ {0}, such that x,, = Z?:l ¢; ® u;. By Lemma [3.4.11] there exists
some y € (@, such that yq; = A. Since @) is graded, we can achieve that
y € QING™ —m). Thus yg; € Q(NG™) = kA for all 2 < j < k and hence
there exist co, ..., ¢; € k, such that yg; = ¢;A for all 2 < j < k. In particular
u =y + Z?:z c;u; # 0 and

k k
Yrm =Y yg Qui=AQu + Y A@u;=A@u.

j=1 =2
Recall that by definition of Ng** we have

{n’ € Sup(Q) [p(n') = p(Ng™)} = {Ng™}.

Now let m # n € Nf, such that z, # 0. By definition of m we have
p(m) < p(n), hence

p(NG™ —m +mn) = p(Ng™) — p(m) + p(n) > p(Ng™)

and thus Ng* —m +n ¢ Sup(Q), since n # m. Then we have yz, €
QING™ —m+n)®U =0, ie yr,=0. In total this gives V' > yz = yx,, =
A ® u. ]

Corollary 3.4.14. Assume that Q) is finite dimensional and that N admits
all reflections. Let U € @C be an irreducible object in C. Then the following
are equivalent:

(1) Zo(U) admits all reflections.
(2) Zo(U) is irreducible in 8))7)(0).

Proof. (2) = (1) is given Proposition [3.3.2 Assume Zg(U) admits all
reflections. Let V' € 8)7D(C) be a graded non-zero subobject of Zg(U). By
Lemma we know that V N (kA ® U) # 0 and by Proposition we
have kA @ U C 6Zo(U), thus V N 0Zgy(U) # 0. Since by Proposition
we know that proper graded subobjects of Zg(U) are contained in Zg(U)°,
we obtain that V = Zy(U). Hence Zg(U) has no proper graded non-zero
subobjects. Then Corollary gives that Zg(U) is irreducible in gyD(C ).

[
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3.5 Shapovalov morphism and maximal subobject

3.5 Shapovalov morphism and maximal sub-
object

The goal of this section is to study the maximal subobject of a Y D-module
over a Nichols system. We have already seen in Corollary that if the
Nichols system admits all reflections, this subobject lies in the interior of the
YD-module. As it turns out in general the subobject coincides with the ker-
nel of a special morphism we call Shapovalov morphism (Proposition [3.5.6)).
Studying this morphism we find that it behaves well under reflections (Propo-
sition and we can also use it to determine which reflection sequences
a YD-module admits (Corollary and Corollary [3.5.11]). In chapter
and chapter |5| we will calculate the kernel of the Shapovalov morphism in
specific application areas.

Let N be a pre-Nichols system and let Q := N° and N; := N for all
j € I. Let I' be an abelian group, such that Z¢ C I'. Let V € 832D(C)
be a homogeneously generated I'-graded object and let g : V' — Vj be the
canonical projection.

We view Q ® Vj as a [-graded object with (yy + n)-th component Q(n) ® Vj
for all n € N§.

Definition 3.5.1. Let fy be the graded morphism in the category C that is
defined as follows:

58 idQ®ﬂ'0
fui V=0V — Qe W.
fv is called the Shapovalov morphism of V.

Remark 3.5.2. The name was chosen because in section (.2l we will obtain
a polynomial that is known as the Shapovalov determinant, by calculating
the Kernel of fi in the case where V' is given as an induced module and the
Nichols system is of diagonal type.

Remark 3.5.3. In general fy : V — Zo(Vp) is not a morphism in the category
gyD(C): Assume (@) is a Nichols algebra of diagonal type with generators
x1,...,x9 and let N; =kz; forall j € I. Let V € 83)2?((3) be homogeneously
generated I'-graded, such that V{ is one-dimensional and let 0 # v € V4.
Finally for j € I let r; € k, such that

c C —
VN Oy 1 (15 ® ) = 155 @ 0.

Let j € I, such that r; # 1. Then since Sg(z;) = —z;, 58(1}) =1®w,
(idg ® Ag)Ag(z;) =1®1Qz;+1®2;®14+2;®1®1 and by Lemma [1.1.3]
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3 Y D-modules over Nichols systems

we have
frvd(z; @v) = (idg ® mo)dy (z; - v)
= (ide®m) (1@ - v+ (1—r)z; ®v) = (1 —rj)z; v

Conversely (g ®idy,)(idg @ fv)(z; ® v) = x; ® v. Hence fy is no @-module
morphism. Similarly

(ido ® fi)6(z; - v) =1 —r)(1®z;Qv+1;®1Q0)
and
coadgey, fr(zj-v)=1—-r)(1Qz;@v+ (1 —1r)zr; ®1Qv),
hence in general fi is no ()-comodule morphism.
Lemma 3.5.4. We have
7T01/8 = €9 ¥ mo.

Proof. Since y‘q} is graded we have for all n,n" € Ny, such that n # 0 or

n' # 0, that
o (Q(n) ® V(o + 1)) C oV +n+ 1)) = 0.
Similarly (eq ® mo)(Q(n) @V (v +n')) = 0. Finally for A € k = Q(0), v € 1}

we have

T (A ®v) = M = (e @ m) (A @ ).
Hence the two morphisms coincide on all components of () ® V. O
Lemma 3.5.5. Let z,y € Q, v € Vy. Then we have

fv (zy) - v) =(pq ®idy,) (e ® 7, o) (idg ® G gsv,)
(idg ® Sq ®idq ®idy,) (Ag(z) ® fv(y - v)).

In particular ker fy is a sub QQ-module of V.

Proof. Since woug = g ®my by Lemma we obtain by Lemmam that
fv (- (y-v) =(ide @ mo)dp1d (z @ y - v)

(o ® Tor?) (1o ® Sy o)(ide @ ¢ o @ idy © Sg)

(Ag ® ¢ gar) (Ag(w) @ 67 (y - v))

(

(

1o ®idy,) (g ® ¢, o)(idg ® €5 oevy)
idQ ® SQ ® idQ ® idvo)(AQ(l’) ® (idQ ® Wo)ég(y : U))

o4



3.5 Shapovalov morphism and maximal subobject

This proves the relation. Finally if y - v € ker fy,, then this relation implies
x(y - v) € ker fy, hence ker f is a sub @-module of V. ]

Proposition 3.5.6. Assume Vj is irreducible in C. Then ker fy is a graded
subobject of V' € gyD(C), such that for every graded subobject U # V of

Ve 8))1)(0) we have U C ker fy. Moreover V' is irreducible in gyD(C) if
and only if ker fi, = 0.

Proof. Let U # V be a graded subobject of V € g)iD(C). Then U(yy) =0,
since Vo = V() is irreducible, generates V' as a @-module and U # V. We
have

fr(U) = (idg ® m0)d3 (U) € Q@ U(yw) =0,
hence U C ker fy.
ker fy is graded in C, since fy is graded, i.e.
ker fy = @peng ker(fv (v +n))
and ker(fy(yy +n)) C V(v +n) for all n € N§. Now by definition we have
(idg ® fv)oy (ker fy) = (idg @ (idg ® m)éy?)d7 (ker fy)
= (A @ )07 (ker fyr) = (Aq ®idy,) fi (ker fir) = 0.

Hence 0% (ker fy) C Q® (ker fy) and ker fy is a sub Q-comodule of V. Now
by Lemma [3.5.5] we obtain that ker fy is a sub )-module of V. This implies
that ker fi is a graded subobject of V' in g)}D(C).

Overall we have also proven that V/ker fy is irreducible in the category of
I-graded objects in 8)/2)(6), hence by Corollary [1.1.23|it is also irreducible
in gy'D(C). This implies the last claim. O

Corollary 3.5.7. Assume that Q is finite dimensional and that N admits
all reflections. Let U € 9C be an irreducible object in C and let A € Q be
defined as in Lemma|3.4.15 Then the following are equivalent:

(1) Zo(U) s irreducible in gyD(C).
(2) frow)y(A®@wu) #0 for all0 #u e U.

Proof. By Proposition W (1) is equivalent to ker fz, ) = 0. Hence clearly
(1) implies (2). Assume V' is a proper non-zero subobject of Zo(U). Then
by Lemma [3.4.13] there is 0 # u € U, such that A@ u € V. Then A® u €
ker fz,(w) by Proposition m Hence (2) does not hold. O
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3 Y D-modules over Nichols systems

Corollary 3.5.8. Assume Vj is irreducible in C. Let i € 1. The following
are equivalent.

(1) V is a i-well graded.
(2) ker fv(yv + Nay) = 0.

Proof. Recall that by Lemma [3.1.4] we know k[N,] - Vj € E%ij(C) and

fv<’)/v + na@-) = f]k[Ni]'VO (n) : Nln . ‘/0 — NZn (%9 % for all n € NO-
By Corollary [1.1.23| V' is i-well graded if and only if k[V;] - Vj is irreducible

in Eﬁjyﬂa(@. By Proposition [3.5.6] this is equivalent to

ker fuinijvp = 0.
By the argument above, this is equivalent to (2). ]
Assume V € 83}D(C)m and that Vj and NN, are irreducible in C for all
jel
Proposition 3.5.9. Let i € I, assume N is an i-finite Nichols system over

i and that V is a i-well graded. Then as objects in gjgggyp(c’)m we have

ker fr,(v) = Ri(ker fv).

In particular ker fr vy = ker fy as objects in C

Proof. R;(ker fy) is graded subobject of R;(V') in gzgg;yD(C)mt. Then by
Propositionwe have R;(ker fy/) C ker fg, (). Hence it is enough to show,
that ker fr, vy = ker fy as objects in C. Now by Lemma [T.2.§ we obtain that
ker fg,vy is a subobject of V' in 8)2D(C)rat. Hence by Proposition we
have ker fr,(v) C ker fy/, which together with the above implies equality. [l

Corollary 3.5.10. Let k € N, i = (iy,...,4;) € I¥. Assume N admits the
reflection sequence i. The following are equivalent.

(1) V admits the reflection sequence i.

(2) V admits the reflection sequence (iy, ..., i,_1) and for 0 < m < m) we
have

ker fy (v + BY,,) = 0.
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3.5 Shapovalov morphism and maximal subobject

Proof. By Corollary we know that (1) holds if and only if V' admits the
reflection sequence (iy,...,ix_1) and

ker fR(il V) (PYR(il () + Nalk) = 0.

,,,,, ig_1) et 1)

By Proposition the latter is equivalent to
R,...., ik,l)(keer)(’YR(il

Finally by Corollary this is equivalent to

vy + Nag, ) = 0.

,,,,, 1)

ker fy (v + B},,) =0

for all 0 <m < m). O

Corollary 3.5.11. Assume N admits all reflections. Let M be the convex
hull of Ny and let M be the set of points in NY, that lie on an edge of M.
The following are equivalent.

(1) V admits all reflections.
(2) ke fy (v + 6M) = 0.

Proof. If (1) holds, then §M = N{ by Proposition [3.3.13] Hence (2) holds
by Corollary [3.5.10l Now assume (2) holds. Let k € N, i = (iy,...,i;) € IF
and assume V' admits the reflection sequence (i1,...,i,_1). Let 0 < m <
m; . Then indeed f,, € éM by Corollary . Hence (2) implies that
ker fy (yv + ZVm) = 0, which in combination with Corollary implies
(1). O

Remark 3.5.12. Let k € Ny. Intuitively speaking, Corollary says that
V admitting a reflection sequence i € I*¥ in addition to admitting the prior
reflection sequence in I¥7!, is given if and only if fi; does not vanish on the
corresponding edge of V. In addition Corollary says V admits all
reflections, if and only if f;, does not vanish on any edge of V. Compare this
also to Proposition [3.5.6] where it is stated that V' is irreducible in gyD(C)
if and only if fy, does not vanish anywhere.

Then Corollary states that for induced YD-modules Zg(U), U € 9C,
where () is finite-dimensional, that fr,) does not vanish anywhere, if and
only if it does not vanish on the maximal degree component of Zy(U).
Since this component lies on an edge, this explains intuitively why Corol-

lary B4.141) = (2) holds.
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4 Nichols systems of
group-type

In this chapter we want to calculate the Shapovalov morphism and its kernel
of YD-modules, i.e. the maximal subobject of the Y D-module, for Nichols
systems of group type. To realize that, we must first look at the theory
of braided shuffles in section .1 Here we introduce a particular kind of
shuffle elements in the braid group and show in section [4.2] Theorem [4.2.3]
that we can give an explicit formula for the Shapovalov morphism on specific
components using these shuffle elements. We use this formula to calculate
the Kernel in degree 2 under some conditions, see Proposition [4.2.10] Finally
we calculate the kernel for some specific examples of Nichols algebras in
section .3

Let 0 € Nand I = {1,...,0}. Let k be a field, H a Hopf algebra over k with
bijective antipode and let C = #YD.

4.1 Braided shuffles

After discussing some fundamentals, the focus of this section lies on the el-
ements g, € kB, for given 0 < k < n, introduced in Notation
In Theorem will show that they have a commuting relation with the
braided symmetrizer, which is a rare and unexpected property. These ele-
ments turn out to be essential when calculating the Shapovalov morphism in
section 4.2

For n € N let S,, be the symmetric group and B,, the group given by gener-
ators cq,...,c,_1 and relations

CiCi+1C; = Ci+1CiCiy1, CiCj = CjCq,

foralll1<i<n—2andi+2 <7 <n-—1. Here By is the trivial group with
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4.1 Braided shuffles

one element. For n’ > n we canonically view S,, and B,, as subgroups of S,
and B,,, respectively. For 1 <i <n — 1 denote s; = (i(i + 1)) € S,,.

Remark 4.1.1. For all m € S,, there exists a minimal & € Ny and (i1, ..., i)
with 1 <iy,..., i <n—1, such that m = s;, - -+ 55, Such (iq,..., i) is called
reduced decomposition of 7.

Proposition 4.1.2. Let n € N. Then
S, = B,, m— cn,

where ¢, = ¢;, -+ - ¢y, where (iy,...,ix), k € Ny is a reduced decomposition of
7, 18 a well-defined map.

Proof. Refer to [HS20], Theorem 1.7.2. O

Remark 4.1.3. The map in Proposition is called Matsumoto section.
It is a section for the surjective group homomorphism given by

B, — S,, ¢+ s;.

Definition 4.1.4. For n € N the element

S, = Zcﬂ c kB,

ﬂESn

is called the braided symmetrizer. Moreover for 0 < £ < n a permutation
m €S, is called k-shuffle, if

(1) < ... < 7w(k), m(k+1) <...<m(n).

The set of all k-shuffles is denoted Si,,—x. Finally denote

Sk,n—k = Z cq—1 € kIB,,.

TESKn—k

Notation 4.1.5. For n € N, i € Ny let - : B, — B,; be the injevtive
group homomorphism, such that for all 1 < j <n — 1 we have

T
Cj = Cjyq-
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4 Nichols systems of group-type

Lemma 4.1.6. Let n € N and 1 < k < n. Let ¢ : kB, — kB, be the
algebra antimorphism such that we have o(¢;) = ¢; for all1 <i <n—1. The
following relations hold:

¢<S%):: Shu
Sn—kt+1k = Sn—k+1k—1 + Cn—kt1 " CnSn—k k)
n—k+1
S%+J ::S%—k+15%T 5%—k+1k7

Snt1 = ©(Snkr1)Sn k1S

Proof. For all m € S,, we have ¢(c,;) = ¢,-1 and thus

SD(SH) = Z (p(Cﬂ) = Z Cr—1 = Z Cr = Sp.

TESy TESL TESK
Now (2) and (3) are proven in [HS20], Corollary 1.8.8. (4) is implied by (1),
(3) and the fact that S, 4415, * = S, FHG, . O

Lemma 4.1.7. Let n € N, 7 € S,, and let (i1,...,1), | € Ny be a reduced
decomposition of w. The following holds:

(1) Let 1 < j <mn—1. (i1,...,4,]) is a reduced decomposition of ms; if
and only if m(j) < w(j +1).

(2) Let 1 <k <mn. (i1,...,i,n,n—1,...,k) is a reduced decomposition of
the permutation T8,Sn_1 - Sk € Spi1-

(3) Let 1 <k <n—1 and assume (j) < m(n) for allk < j <n—1. Then
(t1,...,i,mn —1,...,k) is a reduced decomposition of the permutation
TSp_1"" " Sk-

(4) Let 1 <k <n and assume w € S,y . Then
(i1, yi,n,...,n—k+1n....n—k+2,...,n,n—1,n)
1s a reduced decomposition of the permuation

T(Sn - Sn—kt1)(Sn - Snokr2) - (SnSn—1)(Sn).

Proof. (1) is proven in [HS20], Theorem 1.7.2(1).

(2): Clearly (i1,...,4,n) is a reduced decomposition of s, since ™ € S,,.
Assume for 1 < j < n — k that (iy,...,9,n,...,n — j + 1) is a reduced
decomposition of 7s,5,_1 - 8,—;41. Then

TSnSn—1 - Sn—jr1(n — j) = m(n — j)

<n+1l= WSnSn—l"'Sn—j+1(”_j+ 1)7
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4.1 Braided shuffles

hence by (1) we get that (i1,...,4,n,...,n — j) is a reduced decomposition
of T8pSp—1-"+5p_j.

(3): Since m(n — 1) < w(n) using (1) we obtain that (iy,...,4,n — 1) is
a reduced decomposition of ws,_;. Assume for 1 < j < n — k — 1 that
(i1,...,4,n—1,...,n—7) is a reduced decomposition of 7s,,_1 - - - 5,,—;. Then
sincek<n—7—-1<n-2

TSyt Sp—j(n—j—1)=mn—j—1)

<m(n) =msp_1 - Sp—j(n —17),
hence by (1) we get that (i1,...,4,n,...,n—j—1)is a reduced decomposition

of TSp_1+*Sp_j_1.

(4): By (2) we know that (iy,...,9,n,n—1,....,n —k + 1) is a reduced
decomposition of 78,8, 1 Sy_kr1. Assume that for 1 <[ < k — 1 we have
that

(i1, ...,ip,ny...,n—k+1n,....n—k+2,...,n,....n—k+1)

is a reduced decomposition of

7 = m(Sn - Sneipt)(Sn Snira) + (Sn -+ Snppt)-

We show that
(i1,...,iyn,...,n—k+1n....n—k+2,...,n,....n—k+1+1)

is a reduced decomposition of (s, -+ S, _giis1), finishing the proof. We
have for 1 <[ <n+1

7(J) if1<j<n-—k,
T(G)=qrn+1-(G—(n—k+1) ifn—k+1<j<n—k+l,
m(j —1) ifn—k+l+1<j<n+l.

In particular since 7 € S,_p, we have 1(n —k+1) <--- <7w(n—1+1) and
thus

Tn—k+l+1)<a(n—k+1+2)<---<7n(n+1).
Using (3) the above claim is implied. O
Notation 4.1.8. Let w; = idp, and for n € N let
Wni1 = (ep)(cn1cn) -+ (1) € B,
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4 Nichols systems of group-type

Remark 4.1.9. Let n € N. The element w, is equal to the image ¢, of the
Matsumoto section of the permutation = € S,,, such that 7(k) =n —k +1
for all 1 < k < n. w, is the longest occurring product of generators in the
image under the Matsumoto section of S,,.

Lemma 4.1.10. Letn € N and ¢ : kB,, — kB,, be the algebra antimorphism
such that p(c;) = ¢; for all1 <i<mn—1. Let ¢ : kB, — kB, be the algebra
morphism, such that ¥(c;) = c,—; for all1 < j <n—1. Finally let a € kB,,.
The following relations hold:

Wnt+1 = wy ey e, (1)
p(wn) = wn, (2)
wpa = P(a)wy, (3)

(4)

WnSy = Spwn.

Proof. (1) is directly implied by definition. (2): Let m € S,, such that
n(k)=n—k+1foralll<k<mn. Then 7 = 7! and thus

o(wn) = p(cr) = Cr1 = = wh.

It is enough to show the relation for a = ¢;, 1 < j < n — 1. Since for

(3):
1<k<j<n-—2we have

(Cr - Cnm1)Cj = Crv v+ €jm1CjCj11C1C 42 -+ Crm

= Cp " Cjo1Cj11CjCi41Cj42  * Cao1 = Cipa(Cr -+ Crt),
we obtain for 1 < j <n—1
wnj = (Cno1) " (Coj*** Co1)Cno1(Cootj*** Cot) -+ (€1 Cat)
Below we inductively will show:
(cn—1) - (Cnj Cn-1)Cn-1 = Caj(Cn1) -+ (Cnj - Cn1), (a)

implying w,c; = 9 (cj)wy,, proving (3). Clearly (a) holds for j = 1. Assume
7> 2 and

(cn-1) - (Cnjyr - Cn1)Cn1 = Cojy1(Ca1) +* (Cpjrr* Cno1)-
Observe that (¢,—1) -+ (cp—ji1- - Cn1) = w;7™ 7 hence
—J

n—j o T
Wi et = Camjaw;
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4.1 Braided shuffles

Using (1) and (2) we obtain

(en1) "+ (Cnmj s+ Cnm1) = Wi " = p(win M)

n—j n—j
= 90(("“jT Jcnfjfl e Cnfl) =Cp-1""" CnfjfleT 7.
['hus we conclude

(Cno1) -+ (Cnej* Cne1)Cno1 = Cp—q - - CnfjflcnfjJrleTniJ
tn—j

= Cp—1"" " Cn—j+2Cn—j+1Cn—jCn—j+1Cn—j—1Wj

tn—j

= Cn—1"""Cn—j4+2Cn—jCn—j+1Cn—jCn—j—1Wj

— Cnfjc’nfl N Cnfjfle'Tnij — Cn7j<cn*1) e (Cnfj e Cn71>'

(4): Let @ € S,, such that @(j) =n —j+ 1 forall 1 < j < n. Since for
all 1 € S,, we have ¥(c;) = Cznz, We obtain that ¥(S,) = S,. Hence (4) is
implied by (3). O

Notation 4.1.11. For n € Ny, 0 < k < n let §,, C S,41 be the subset of
all m € S,,11, such that

(1) <...<7w(n—k),
Tn—k+1)=n+1,
Tn—k+2)>...>7(n+1).

Moreover let

Ink = Z Cr-1 € kB, yq.

7T€§n,k

For k<0 and k> nlet g, = 0 € kB, 4.

Remark 4.1.12. We will see that the elements g, interchange with the
braided symmetrizer (Theorem |4.1.17)), which is a rare property. Also they
play an important role when calculating the Shapovalov endomorphism (The-

orem (4.2.3)).

Proposition 4.1.13. Let n € N. For 0

<
O = (Sn Sn—ks1)(Sn - Snekt2) - (Sn) (if
have

§ deﬁne the permutation

k
k then @ = ids,,,). We

Snk = Sp_k kW,

n—k
Ink = wk+1T Sn—k,k-
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4 Nichols systems of group-type

Proof. We have for 1 < j <n-+1

Gy if1<j<n—Fk
Do s 1 —(n—k+1) ifn—k+1<j<n+l.

Let m € Sp—gg. Then no(n—k+1)=n+1landfor 1 <i<n—Fk—1and
n—k+2<j7<nwehavesincen—k+2<2n—-k+2—-7<n

m(i) <w(i+1)=7m0( + 1),
T2n—k+2—5)>m2n—k+2—j5—-1)=nw(j+1),

(i)

()

hence 7w € §,, .

Now let 7 € §, 4. Then we have nw(n+ 1) = m(n — k+ 1) = n+ 1, hence
mw € S,. Moreover for 1 <1 <n—k—1landn—-k+1<j7<n-—1we
obtain sincen —k+3<2n—-k+2—-j53<n+1

7o) =7(i) <w(i+1) =70 + 1),
mw(j)=7m2n—k+2—j)<m2n—k+2—-j5—-1)=7w(j+1),

hence mw € S,,_ k. Since @? =ids,,, we get T = (70)w € S,_xw and thus
we can conclude §, ; = S, _j xw.

Now for 7 € S,,_j by Lemma m(él) we obtain that

tTn—k

Cray-t = (Cn)(Cn-1Cn) - (Cp—pg1 -+ Cn)Crt = Wiyt " "Crm1.

Combining this with the above result we obtain

n—=k n—k
Gk = > Claiyt = Wt d e = wp " Sk,

TESn—k,k TESy Kk

finishing the proof. O

Remark 4.1.14. We have §,, o = {ids,, } and g, 0 = 1 for alln € Ny. Moreover
Hek = #Sp_kk = (Z) and for 7 € §,, we have 7(1) =1 or m(n + 1) = 1
Indeed if 7(1) # 1, then 1 < 7(1) < ... < 7w(n — k). Thus we must have
n(n+1) =1

Example 4.1.15. We have §;; = {(12)}, hence g10 = 1 and ¢11 = ;.
Moreover we have

821 = {(23), (123)}, 820 ={(13)},

64



4.1 Braided shuffles

hence we have ga0 =1, go.1 = ¢2 + ca¢1 and ga 2 = cacic2. Observe that
S2,1 = {idS:s? (23)7 (123)}7 Sl,Q - {idS:s? (12)7 (132)}7 S0,3 = {ldSs}

Using Proposition 4.1.13| we obtain g9 = 1, g31 = c3(1 + c2 + c2¢1), g32 =
c3cac3(1+ ¢1 + c1c) and g3 3 = c3cac3ciCacs.

Lemma 4.1.16. Forn e N, 1 < k <n we have

9n.k + Ink—1 = Wan7k+15n—k+1,k; (1)
In.k = Gn—1,k—1Cn - - - C1 + gn—Lle' (2)
Proof. (1): Using Proposition [4.1.13| and Lemma {4.1.10(1) we obtain
Gk = Wer1 " Sk = i e, i Sk

Now applying Lemma [4.1.6(2) this simplifies to

Tn—k‘-i—lS
n

n—k+1 o n—k+1
wi, Sn—k+1k — Wk Chlk1 = WE Sn—k+1,k — Gnk—1-

(2): For m € S, let 7™ € S, 41 be the permutation that fixes 1 and maps
2<i<n+1tomn(i—1)+1. Assuming §,_; is the empty set for £ < 0 or
k > n, we will show the following:

(a) §n,k =81 Sn§n—1,k—1 U §n—1,kT1~
(b) The union in (1) is disjoint.
Then (2) is implied by (a), (b) and Lemma [4.1.7)(2).
(a): Tt is straight forward to check §n_17k“ C8up- fhk>1landme§, 151
then
s1ospm(n—k+1)=s1---s,(n)=n+1
and for 1 <i<n—k—1landn—k+2<j<n we have

spoeespm(i) =7(@) +1l<m(i+1)+1=s1---8,7(i + 1),
s sym(j)=7m()+ 1>+ 1) +1=51---s,7(j+ 1),
hence sy sp8n—14-1 C 8uk. Now if 7 € §,, and w(1) = 1, then the

permutation that maps 1 <i < ntom(i+1)—1is an element in §,_1 5, hence

TE G, 14 Ifw(1) # 1, then m(n+1) = 1, see Remark 4.1.14} In particular
(i) # 1 for all 1 < i < n. We also have s, ---s;m(n+ 1) = n + 1, hence
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4 Nichols systems of group-type

Sp-- 81T € S, Moreover we get s, ---s;m(n—k+1)=s,---s1(n+1)=n
andfor1<i<n—k—1landn—k+2<j<n-—1we have

Spreesim(i) =7(i) —1l<w(i+1)—1=s,---s1m(i + 1),
Sposim(g)=7(j) —1>n(+1)—1=s,---s17(j + 1),

thus s, -+ s1m € §_1p—1 and ™ =81 -+ 5,5, - SIT € Sy 5p8p_1 k-1

(b): Let m € §,,—1 4—1. Then s1---s,m(1) = 7(1) + 1 # 1. Since any permu-
tation in §n_17k“ fixes 1, the union is disjoint. O

Theorem 4.1.17. Let n € N and let ¢ : kB,,; — kB, 1 be the algebra
antimorphism such that we have p(c;) = ¢; for all 1 < i < n. Then for
0 <k <n we have

Sn-l—lgn,k = Qp(gn,k)sn—i—l .

Proof. Clearly the claim holds for £ = 0, since g,o = 1. Assume k£ > 1
and that S, 10nk-1 = ©(gnk—1)Sn+1. In the following calculation we use
Lemma [£.1.16{1) in the first equation, Lemma [4.1.6(4) in the second equa-
tion, Lemma [4.1.10(2) and (4) in the third equation, Lemma [4.1.6{3) in the
fourth equation and again Lemma [1.1.16|(1) in the last equation:

n—k+1
T Snkarl,k - Sn+1gn,k71

Tn—k—i-lwan—k:—&-l Sn

Sn+1gn,k = Sni1Wk
= @©(Sn—k+1,k)Sn—k+15k
= O(Snoprr1)o(wi TN S, 1 SRS, ik — Snt1Gng-1
= SO(Wan_kHSn—HLk)SnH — Snt1Gnk—1

= ©(gnk)Snt1 + @(Gnk—1)Sn+1 — Snt1gn k-1

—k+1,k — Sn+lgn,k—1

This simplifies to ¢(gn k) Sn+1 by assumption. ]

4.2 Nichols systems of group-type

We are now ready to give a explicit formula for the Shapovalov morphism
on specific components, if some conditions are met, see Theorem [.2.3 In
particular, most of these conditions are met if the corresponding component
of the Nichols system is of group-type, see Example [£.2.1 At the end of
the section in Proposition 4.2.10| we use the formula to calculate parts of
the maximal subobject in the componenent of the Y D-module of degree 2.
The explicit formula will also prove very useful when we go over to Nichols
systems of diagonal type in section [5.2]
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4.2 Nichols systems of group-type

Denote k* = k \ {0}. Let N be a pre-Nichols system, let @ := N° and
N; := Nj for all j € I. Let I' be an abelian group, such that Z? C T.
Let V € gyD(C) be a homogeneously generated I'-graded object. We fix
i € I, assume that k[N;] is strictly graded and that there exists \; € k*, such
that

c cC .

CVO,NiCNi,Vo = >\z 1dNi®VO’ (41)
Example 4.2.1. Such ); exists in the following setting: Assume N; is ir-
reducible in C and that Vj is one-dimensional. Let X be a basis of NV; and
0 # v € Vy. We assume that N, is of group-type, that is for all x € X, there
exists a group-like element g, € H, such that

on(z) = g, @ .

Moreover assume that H is generated by group-like elements and that the
elements ¢g,, v € X are linearly independent. Observe that if a € V;, such
that a # 0 and 0y, (a) = g®a for some group-like element g € H, then g = g,
and a € kx for some x € X. By Lemma [1.1.4] we obtain that for x € X the
set Hx is a subobject of N;. Since N; is irreducible we obtain Hx = N;. Hx
is spanned by elements ¢ - x, where ¢ is group-like. Such ¢ is invertible with
inverse S(g) and we have

Sn(g 1) =909 ' ®g-x.

By the above we conclude that there exists some y € X, such that gg,g~ ' =
gy and g -z € ky. Since Hx = N; we conclude that all g,, z € X are
conjugate. Now there exists some X' € k*, such that g, -v = Nv. Let y € X,
g € H and p € k*, such that g is group-like, g, = gg,9™ " and ¢ -z = uy.
We obtain g, - v = gg.g~* - v = Nv, hence g, -v = Nv for all z € X. Now let
gy € H be the group-like element with dy,(v) = g, ® v. For each group-like
element h € H we have h - v € k*v and thus

gy Qv = 5]1\}2_(1)) = hg,h ' @,
i.e. hg, = gy h. Since g, - x € N; and
ON(9o @) = 90929, ® 9o T = g2 ® gy - 7,
we conclude that g, - € k*z. Let \ € k*, such that g, - = \"x. Since
Go- Y=gy r=p"gg -z =NpTlg-x =Ny
we have g, - z = M’z for all z € X. This implies
c%oﬂNicf\,i’VO(z Rv) = )‘/C(\Z/O,Nq; (v@z) =Nz

; C C IR VAV/
for all z € X, i.e. ¢y, n.C, v, = AN 1dN, 01 -
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4 Nichols systems of group-type

Let n € N. We view kB,, as a subset of Ende(N") by identifying ¢; with
the endomorphism

idN@j,l & CszyNi & idN2®nfj71
for all 1 < j <mn — 1. Since k[V;] is strictly graded, we know that
NI~ N2/ ker S,

for details refer to [HS20], Corollary 1.9.7. By Theorem [4.1.17| we obtain
that g, x(ker Sp41) C ker S,41, hence g, € kB,1 yields a well defined
endomorphism

Gn ke : Ni"Jrl — Ni"+1
for all k € Z.
Lemma 4.2.2. Letx € N;, y € Q, v € V. Then we have
fv ((zy) -v) = (po @ idy, — Ailpech g ®idy,)) (2@ fuly - v)).

Proof. Combining Lemma |3.5.5| and the fact that x is primitive we obtain
that fy ((zy) - v) simplifies to

(1o ®idy,) (g @ ¢, ) (idg ® ¢§ gawy) (1@ 1= 1@ 2) ® fr(y - v))
= (MQ ® idy, — (pe ®@idy,)(idg ® C?/O,Q)ng,cz@vo) (r® fv(y-v))

Observe that ¢ o(N; ® Q) C @ ® N;. Hence eq. (4.1)) implies the claim. [

Theorem 4.2.3. Let n € Ny. For x € N/"*' and v € V we have

fo(z-v)=1-X\) Z(_)‘i)kgn,k(x) @ wv.

k=0

Proof. We do induction on n. If n = 0, then x € N; and thus by setting
y =1 in Lemma and the fact that fi/(v) = 1 ® v we obtain

fvx-v)=>01-=N\)x®wv.
Now assume n > 1. Let 2’ € N;, y € N, such that z = 2'y. We have

' g1k (Y) = gnrn N (@y) = gu1a (2)
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4.2 Nichols systems of group-type

as well as

MQC%,Q(x/ & gn—l,k(?J)) = (gn—l,kcn T Cl)<m/y) = (gn—l,kcn e Cl)(x)'
Then by Lemma |4.2.2| and induction hypothesis we obtain

folz-v) = (ne ®idy, — Mi(nocg o ®idy,)) (7' ® fu(y - v))

=(1=X) > (=X (ko ®@idy, — Ni(gch o ®idy)) (27 @ gno1k(y) @ v)

3
—

T
—= o

=(1—=X\) (_)\z’)k (gnq,kﬂ — Aign—1kCn " 'Cl) (7) ®w.

il
o

Since gp—1,, = 0 and g,—1 1 = 0 this further simplifies to

n

fv(z-v)=010-N\) Z(—Ai)k (gn-1"" + Gn-1-1n -+ €1) (2) ® 0.
k=0

Finally Lemma [4.1.16| yields ¢, 14" + gn_14-1Cn "+ C1 = Gni- O
Remark 4.2.4. If \; = 1, then by Theorem |4.2.3| we get that

et fyr VKNG - Vo = st NP - Vi,
If \; # 1, then

ket fir AK[N] - Vo € @5a NP - Vi,
Assume \; # 1. We now want to calculate ker fiy N N? - Vj in the case where
there is a basis of N;, such that for all x,y € N; in that basis there exists a

minimal number m € Ny, such that the elements x®y, c1(x®y), ..., " (zQy)
are linearly independent in N** and

G (zey) ekr®y.

Example 4.2.5. Assume N; is defined via quandle and cocycle (for details
refer to [AGn03]), that is that there exists a basis X of N; as well as an
action > : X x X — X, such that X is a quandle and there exists a 2-
cocycle ¢ : X ® X — k*, such that that for z,y € X we have that

Sy (z®Y) =q(z,y)r>y© .

Then such m exists for all z,y € X, since NV; is finite-dimensional. Here N;
is of group-type like in Example [4.2.1] where H could be the group algebra
over the enveloping group of X.
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4 Nichols systems of group-type

Let x,y € N;. Assume there is a minimal number m € Ny, such that the
elements 7 ® y, c1(x ®y), ...,z ®y) € NE* are linearly independent and
that ¢"*'(z ® y) € ke ® y. Let ¢ € k be such that

M rey) =@wey.
Observe that since ¢1.S5 = S>c; we have a well-defined endomorphism
¢, : NP — N?Z.
We obtain ¢! (zy) = qy.

Lemma 4.2.6. If ¢ = (=1)™" then ci(zy), ..., (zy) are linearly indepen-
dent and

Z c1 Ty) = —zy.

k=

,_A

If ¢ # (=1)™" then xy, ci(zy), . .., (zy) are linearly independent.

Fl4e)d(r®y) =0

[SQ
VR
Ms
c
Hﬁ

R

®
@
v
OMS

since (=)™ (z ®y) = (—1)2m+1(x ®y) = —x ®@y. This implies that
S (=1)Fck(zy) = 0. Now let g, ..., pm € k and assume

> mick(xy) = 0.
k=1

We obtain
=5 (Z ey (z ® y)) =Y w1+ a)di(z@y)
k=1 k=1

= (1) M (@) + mer (@ @y) + > (1 + )iz @ y)
k=2

This implies ft,, = 1 = prg—1 + px = 0 for all 2 < k < m, i.e. pup = 0 for all
1 < k < m. Similarly if ¢ # (—1)™"" and po, . . ., ftm € k are given such that
Yoo pick(zy) = 0, then similarly to the above we obtain

0= (po + qpm)(z +Zuk 1+Mk01< ®Yy).
k=1
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4.2 Nichols systems of group-type

This implies po = —qpm, as well as pp_; = —py for all 1 < k < m. Hence
Qhun = —po = (1) i, and since g # (—1)™*", this implies po = i =
oo = by = 0. [

Lemma 4.2.7. For k € Ny and v € Vy we have
o (ci(zy) -v) = (1= X)(cl(zy) — Nicy ™ (zy)) @ v
Proof. The claim is a direct implication of Theorem O

Lemma 4.2.8. Assume q # (—1)""L. Then for

m

Z )‘kcl (ﬁy) S N12

k=0

and v € Vy we have a # 0 and
frla-v) = (1=X)(1-g\" zy @0

Proof. a is non-zero by Lemma [4.2.6| Using Lemma we get

m

frla-v) =1 =) Y M(cf(wy) — hdi (zy) @

k=0
This is a telescoping sum and simplifies to (1 — \;)(1 — g\ ry @v. O

Lemma 4.2.9. Assume q = (—1)""'. Then for

m  k—
:Z k 1= l)\l cl(xy) €N2

k=1 Z:O

,_.

and v € Vy we have a # 0 and

m

fv(a-v) Z D'May @ v

1=0
Proof. a is non-zero by Lemma [4.2.6| Using Lemma we get

m  k—
fv(a-v) Z VI (F (2y) — N T (2y)) @ v

k=1 l:0

)_l
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4 Nichols systems of group-type

Now rewriting the sums, most terms will cancel each other out:

(Q_ (DTN (e (@y) — X ™ (ay))

N
—_

NE

e
Il
MR
I
o

QDA (zy) + Y (=D A el (ay)

0 k=2 =1

o
—
3
+
—
=
L

pnqs

Eod
I

L
Iy

=c xy +Z k lcllc xy +<Z( 1)m+1 l)\l) m+1(xy)
k=2

m

=31l + (o1

=1
By Lemma the left summand is xy, hence the whole sum simplifies to
(o (=1 Ay O
Let O C N? be the subspace spanned by zy, ¢;(xy), ..., (zy).

Proposition 4.2.10. We have ker fiyNO-Vy # 0 if and only if ¢ # (—1)™ "
and g\t =1 or if ¢ = (=1)™*" and S (=1)'AL = 0. In this case
ker fiy NO - Vo = a-Vy, where

{Zk o i (zy), if ¢ # (—=1)™*1,
Yo k 1( DR\ ek (zy),  else.

Proof. Let 0 #£ v € Vy and b € O, such that b-v € ker fyy N O - V. Assume
q # (—1)™"'. Moreover let g, ..., u, € k, such that b = > urch(zy).
Then by Lemma

=) Y (el (y) = A (wy)) ® 0

=(1-X) (([L() — UmAiq) Ty + Z(,Uk - ,uk—l/\i)clf(xy)> ®v.

k=1
This implies pp = pgp_1A; for all 1 < k < m, hence b € ka.

Now assume ¢ = (—1)™"!. Moreover let py,...,un € k, such that b =
S ke (zy) (exists by Lemma [4.2.6). Again by Lemma we obtain

0= (1= 2) 3 ek (oy) = Naek ™ ay)) @ .
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4.3 Examples

Then we have using also Lemma [4.2.6

m

0="> m(ci(xy) — Nicf (zy))

k=1

= mer(wy) + (1) mmdizy + (s — ppahi)f (zy)
k=2

= mer(wy) + pmAi Y (D)™ (wy) + (ke — o) ().
k=1 k=2

For all 1 < k < m the coefficient of cf(xy) must be 0, hence we obtain
p1 + pmAi(—1)™ = 0 and
,Um>\7;(_1)m+k+l + gy — pg—1A; = 0

for all 2 < k < m. This gives

fre = Niftg—1 + (=1)F g,
for all 2 < k < m, which inductively implies b = pja € ka.

In both cases we get ker fiy N O -V, C a-Vy. Hence either we have equality,
or ker fyy N O -V = 0, depending on the conditions in Lemma [4.2.8 and

Lemma [4.2.91 O

4.3 Examples

We will now calculate the kernel of the shapovalov morphism for specific ex-
amples of Nichols algebras. The results hint that some results of the previous
section should also hold in degree > 3, see Conjecture

Similar to the previous section let A" be a pre-Nichols system, Q = A
and N; := N for all j € I. Let I be an abelian group, such that Z° C T.
Let V € g)/D(C) be a homogeneously generated I'-graded object. We fix
t € I, assume that k[Ny] is strictly graded and that there exists \; € k*, such
that

C C _ :
CVQ,NtCNt,VQ - )\t 1dNt®VO'

Example 4.3.1. Let n > 3, X = {(ij) | 1 <i < j <n} C S, the quandle
of transpositions with quandle action 7 >0 = mor™! for all 7,0 € X. Let
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4 Nichols systems of group-type

q: X x X — k> be the cocycle defined by

ol (i) = {1’ § i)

—1, else.

forall m € X, 1 <i < j < n. Assume that V; is defined by X and ¢ like
in Example Let z,,m € X be the corresponding basis elements of
N,. For n <5 the algebras k[NV;] are known as the Fomin-Kirillov algebras
([Venl2]). For n € {3,4,5} the dimension of k[N, is 12, 576, 8294400,
respectively. Assume )\; # 1. First we want to calculate ker fiy N N2 -V;. For
1<id,j,k, 1 <n, #{i,5,k} = 3 and #{i, j, k,l} = 4 we have

(1" (T 5) ® Ti5)) Jo<met =(T (i) @ T(ig)s —T(ig) @ T(ig));
(V" (7 (i) @ T(jr) ) Jo<m<s =(T(ij) @ T(jny, q(('j), (JE))Z (k) ® T(ij),

q((29), (7k))a((tk), (i5))x k) © T(any, —T(ig) @ T(iny),
(e (@) @ Ty) Josm=z =(T (i) @ Tky, Tkt @ Tig), Tij ® Tp)-

Hence we can associate each orbit to a 2-cycle (ij), a 3-cycle (ijk) or to a
permutation of type (ij)(kl). In the notation from before for these orbits we
get mj) = 0, 4ij) = 1, megry = 2, qugw = —1 and mepwy = 1, qapon = 1.
By Lemma we obtain that the orbits of N? under the action of kB, are
O(ij) =0 and

Olijr) = SPamy LT (i) T (ij), T(jr) T(ik) }»
Oijy ) = Spany{z g ® m}-

Proposition yields: Since Ay # 1 we get ker fy N Oujymy - Vo = 0.
Moreover if 1—X\+A7 # 0, then ker fyy MOy - Vo = 0 and ker fy NNZ-Vy = 0.
If 1 — X\ + A2 =0, that is if \; = —w, where w is a primitive third root of 1,
then

ker fv Nno (ijk) * Vo = ( T (ik) T (i5) + (/\t — 1)q((ik:), (ij))x(jk)x(ik)) -Vo. (42)

Observe that we have M

Now using GAP and its package GBNP ([Gro21], [CK16]), for n = 3 and
n = 4 we can calculate the entire ker fi Nk[/V;] - Vj using Grobner basis. For
n = 3 the results are: If 1 — \; + A\? # 0, then ker fyy NKk[N;] - Vp = 0 and if
1 — X+ A2 =0, then ker fyy Nk[N;] - Vo = A -V}, where A is the left ideal
of N; generated by the 2 elements of degree 2 that we have seen in eq. ,
that is

of those components.

T(13)T(12) — ()\t - 1)55(23)93(13),
ZT(12)T(13) + (/\t — 1)13(23)%(12).
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4.3 Examples

A has dimension 6. Now for n = 4 the result differs, since we might get a new
kernel in degree 3: First similar to before, if (1 — A, + A\?)(\? + 1) # 0, then
ker fy NK[N;]- Vo = 0 and if 1 — \; + A2 = 0, then ker fiy NK[N] - Vo = A -V,
where A is the left ideal of N; generated by the 8 elements of degree 2
in eq. . Here A has dimension 528. Now if A? + 1 = 0, we obtain
ker fyy NK[V;] - Vo = A - Vi, where A is a 384-dimensional left ideal of N;
generated by 6 elements of degree 3 that we obtain by acting on

Z(14)T(13)% (23) + (1— At)I(14)$(12)I(13) + X(13)%(24) T (34)
- )\t$(13)l’(23)$(24) — T(12)L(13)T(24) -

Observe that A\? + 1 = 0 if and only if 1 — A\, + A2 — A} = 0, since \; # 1,
which hints at some richer structure.

We conclude that if n = 3, then V is t-well-graded if and only if k[N;] - V} is
irreducible, which is if and only if 1 — A; + A\? # 0, see Proposition or
Corollary [3.5.8] If n = 4 then V is t-well-graded if and only if

(T=XN+X)1 =X+ A = X)) #0.

We give another example with a slightly different behaviour.
Example 4.3.2. Let X = Z/5Z be the quandle given by

ivj=—i+2j

forall i,7 € X. Let ¢: X x X — k*, (i,j) — —1 be the constant cocycle.
Assume that N, is defined by X and ¢ like in Example k[V,] has
dimension 1280 and appears in the list of [Ven2I]. Let z;,i € X be the
corresponding basis elements of N;. Assume A\, # 1. We first calculate
ker fyy N N7 - Vp. For 0 < i < 4 we have

(c"(z ® ;) )o<m=1 =(x @ T, —x; ®@ x;),
("% @ Tiv1))ogmea =(Ti ® Tig1, —Tit2 @ Ty, Tigs ® Tiga, —Tip1 @ Tit3
T @ Tiy1).
Hence the first orbit vanishes in N2. Observe that in the second orbit for
each 0 < k < 4 we have precisely one element of the form z; ® ;4. Hence
for each 0 < i < 4 we get a different orbit, when starting with z; ® z;.1,
and those are all possible orbits. So in the notation from before the orbits

of Nf under the action of kBs are the five orbits O;, 0 < ¢ < 4, generated by
x;iT;y1. We have that m; = 3, ¢; = 1 and by Lemma |4.2.6

0; = Spank{xi+2xia Ti43Ti+2, $i+1$z’+3}~
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4 Nichols systems of group-type

Proposition 4.2.10| yields: If 1 — X\, + A7 — A} # 0, then ker fyy N Ojuy - Vo =0
and ker fy N NZ-Vp=0. If 1 — X\ + A2 — A\ = 0, that is if A2 = —1, then

ker fiy N O(ijk) -V

4.3
= (Tiomi + (1 = M) Tigsmigo + (1= X+ A)ziamirs) - Vo. 43)

Calculating the entire ker fiy Nk[N;] - Vi with the help of GAP and Grébner
basis, gives the following: If (A7 + 1)(1 — X\ + A2 — A} + \}) # 0, then
ker fy NK[N;]- Vp = 0 and if \? = —1, then ker fyy NK[N,]- Vy = A Vp, where
A is the left ideal of V; generated by the 5 elements of degree 2 in eq. .
Here A has dimension 1202. Now if 1— X\, + A2 = A2+ \{ = 0, that is \; = —w,
where w is a primitive fifth root of 1, we obtain ker fyy Nk[N;] - Vo = A - V4,
where A is a 640-dimensional left ideal of N; generated by 4 elements of
degree 4 that we obtain by acting on

T3ToL3T4 + (—)\? + )\? — )\?)1'21'3370.’1'3 + )\?.’13’21’03331’1
+ (N = A @129w320 + AJT12220Ts + (=N + A] — A Tow32124

3 2 2 3 4
— /\t ToXlol1X3 — /\txoflfgxol’l + (/\t — /\t + 2)‘15 — )\t>$0$1$3l’1.

We conclude that V' is t-well-graded if and only if k[/Vy] - Vj is irreducible,
which is if and only if

(T= X4 X =X)L = A+ A =N+ A) #0.

Remark 4.3.3. The last section only calculates ker fiy N k[Ny| - Vi explicitly
in degree 2. The method used to prove the main result Proposition [4.2.10
relied on Lemma and Lemma [4.2.7, where the former makes use of the
simple form of the braided symmetrizer So = 1+ ¢; and the latter makes use
of the simple form of g, ; = ¢;. To prove similar statements in degree > 3 will
therefor be either a lot more difficult, or require a different approach. How-
ever the examples discussed above hint heavily, that the statements in degree
> 3 should be similar. In particular, they justify the following conjecture.

Conjecture 4.3.4. There is a class of objects Ny, such that the following
holds: Let k > 2 and O C N} be an orbit of N under the action of kBj.
Then we either have ker fiy N O - V5 = 0 or there exists an a € O, such that
ker fy NO-Vy = a-Vy # 0. Also there exists some [ > 2, such that the latter
holds if and only if Y>'_ (=1)'Ai = 0.

In particular, there exist some numbers [y,...,l, > 2, s > 1, such that V is
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t-well-graded (i.e. k[/Vy] - Vj is irreducible) if and only if
s lj

IT{ D (=viAi] #o.

j=1 \ i=0
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5 Nichols systems of diagonal
type

In this final chapter we are interested in using the previous theory to de-
scribe Y D-modules over Nichols systems of diagonal type. To such a Nichols
system we can associate a Dynkin diagram, which we therefor study first
in section 5.1} We will also study the reflection theory of such Dynkin di-
agrams, to then show in section that this is consistent with reflecting
the YD-modules (Proposition . To do so, we make important use of
the previous results about the Shapovalov morphism, most notably Theo-
rem [4.2.3] We will also apply the results to the induced YD-modules intro-
duced in section [3.4 Most notably we find, that the irreducibility of such
an object can be characterized by a polynomial that is given by the positive
roots of the Nichols system. In fact, this polynomial was already found in a
similar context in [HY10], where it appeared as the Shapovalov determinant
for bicharacters of finite root systems. Here, in a more general context, we
obtain this polynomial without much effort from the Shapovalov morphism.
Finally in section [5.3|we apply the theory to some explicit examples of Nichols
systems of diagonal type.

Let ¢ € Nand I = {1,...,0}. Let k be a field, H a Hopf algebra over k with
bijective antipode and let C = FYD.

5.1 Dynkin diagrams and their reflections

Besides defining and discussing Dynkin diagrams and their reflection theory,
we will also associate a set of roots to a Dynkin diagram, which will later
coincide with the set of roots of the Nichols system. As it turns out the
reflections of the Dynkin diagrams are really only dependent on these roots,

see Proposition [5.1.17, At the end of the chapter in Definition [5.1.25] we
will already define the polynomial known as the Shapovalov determinant,
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5.1 Dynkin diagrams and their reflections

without giving much context yet. In section [5.2) we will see how such Dynkin
diagrams appear in the theory of Nichols systems of diagonal type and what
role the Shapovalov determinant plays.

Definition 5.1.1. Let DY be the category where objects D € DY are a
collection Dy, ..., Dy € k™ of vertices and edges Dj, € k* for all 1 < j <
k < 0, and where a morphisms D — D’ for D, D’ € D! is a triple (D', f, D),
where f € End(Z). For readability we also denote Dy; := Dj; for all
1§j<k:§9,DE@ﬂiandDjj:D?foralle]I.

Let Vi,...,Vy € C be one-dimensional objects and for 1 < 57 < 0 let v; €
V; \ {0}. Moreover for 1 < j < k <8 let r;,rj; € k* such that

&, v, (0 ® v;) = 10 @ vy, Fow; v (0] @ k) = 1530; © 0.
The Dynkin diagram of Vi, ..., Vj is the object D(V1,...,Vy) € Df, where
D(Vi,...,Vp); :==r; for all 1 < j < nand D(Vy,...,Vy)jx = rj for all
1<j<k<n.

Remark 5.1.2. Basically an object D € DY is a labelled complete graph,
where labels are in k*. When we visualize D, we will omit all edges where
Dy =1for1 <j<k<0.

Example 5.1.3. Let 8 = 3 and let w be an third root of unity and assume
that D € D3 is the object where Dy = Dy = w, D3 = —1, Dy = w™!,
Dy3 =1 and Dy = w™2. Then the visualisation of D is

Definition 5.1.4. For n € Ny, 0 < k < n define the following rational
functions in Q(¢) with indeterminate ¢

Moreover for ¢ < 0 or i > n we let (7)t =0.
)

Remark 5.1.5. By [HS20], Lemma 1.9.3(3) we obtain (}), € Z[t] for all n €

No,OSkSﬂ

Definition 5.1.6. Let n,k € Ny and a € k. Define (n),, (n)}, and (Z)a to be
the images of (n), (n)} and (Z) ,» Tespectively, under the ring homomorphism
Z[t] — k given by mapping t to a.
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5 Nichols systems of diagonal type

Remark 5.1.7. Let m € Ny and a € k. Since (1 —a)(m), = 1 —a™ we obtain
a™ =11if and only if a = 1 or (m), = 0.

Regarding the reflection theory of Dynkin diagrams we will establish a notion
that is consistent with our previous notions.

Definition 5.1.8. Let D € ©f and i € I. For j € I denote

m? :=min{m € Ny | (m + 1)p, = 0}.

Moreover denote aZ = 2 and for all j € T'\ {i} denote

al = —min{m € Ny | (m + 1)p,(D{"D;; — 1) = 0}.
We call D i-finite if for all j € T'\ {i} we have —a]} € Ny. If D is i-finite,
then let sP € Aut(Z%) be such that for all j € 1

s (a;) =a;—a

D

Definition 5.1.9. Let ¢ € I and D € D be i-finite. We define the i-th
reflection R;(D) of D as follows: For j, k € I let

D2

—aD as
Ri(D)j = DjDij YD
and

D 2qDqD

—aP gl D
Rz‘(D>jk = DjkDik ”Dij ZkDi v,

Proposition 5.1.10. Let i € I and D € DY be i-finite. The following hold:
D _ , R(D) p_ RiD) : D _ Ju(D)
(1) mP =m;", a;; = a5 forall j €1 and s = 5,7,
(2) R;(D) is i-finite.
(3) R;R;(D)=D.
Proof. (1): Since R;(D); = D; we obtain mP = mfi(D) and for m € Ny,
j € I'\ {i} we have
m m+2a? -1
Ri(D)z' Rz‘(D)ij =D, JDij .
—al
By definition we have (—al) +1)p,(D; “D;; — 1) = 0, hence
7“5‘
(—al) + Vr, o), (Ri(D); “Ri(D);; — 1)
al
=(—a] + 1)p,(D;" D;;' —=1) = 0.
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5.1 Dynkin diagrams and their reflections

This implies —a™?) < —aP, in particular (2) holds. If —aj; = 0, then (1)

Z _— 7,] Y
holds, so assume —aD > 1, ie. D;j # 1. We distinguish three cases:

First case: (—a + 1)p, = 0. By definition for 0 < m < —a]) we have

—al
(m+1)p, # 0 and D"D;; # 1. Since D;; # 1 and D, att 1, see
Remark , we also obtain DJ"Dy; # 1 for all m € Z\ =1+ (—a}} + 1)Z.

—2qD
Then for all 0 <m < —a — 1 we have D “D;; # 1 and thus

(m + 1) p,p), (Ri(D){"Ri(D) 5 — 1)
(m+1)p,(D]" 5 Dt — 1) £ 0,

hence —a;

Second case: (—a ‘P 4 1), = 0. Then — R(D)

> —a,] by definition.

Third case: (—ag +1)p, # 0 and (—af;"(D) +1)p, # 0. By definition we have
aP

D,” = D,; (in particular D; # 1) and

(P ol (D)

0=R(D);"" Ri(D)y—1=D," "4pi1_1
_R(D)+2D D+R(D)
ie. D, DZ] Combining the two we get D, = 1. Since
0< —aD+a i) < —a ‘and D" # 1forall 1 <m < —a,j, see Remark|5.1.7
we conclude —a -+ aR (D) =0.
In all cases we conclude af}i(D) = a;; and hence (1) holds. Finally to check
that (3) holds is straight forward using (1). O

Lemma 5.1.11. Leti € I and D € D be i-finite. We assume that mP € Ny,
Then for j €1 the following hold:

mP+al (1+2mD+a )

pytp =1, (1)

= Ri(D);. (2)

af(2mP+1)

D,D}" D;

Proof. (1): Regarding Remark [5.1.7, we obtain that D" s

—a?(l—&-QmiD—&-ai ) —aD(m +a D)
D, " - D,

= 1. Hence

and it is enough to show

D, D
ap>mi +ag; 1

(DD
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5 Nichols systems of diagonal type

This is trivial if 77?7 = —al. It mP # —a]), then (—a] +1)p, # 0, hence by
definition DZ-jD;a” = 1.
(2): Using (1) we obtain

DJDZLzDD;ag@mZD+1) _ DjD:;Lf)fminag D;a£(2mf)+17172mzpfaij)
—aP D2
oot
By definition this is equal to R;(D);. O

Definition 5.1.12. Let k € Ny, 4y,...,4, € Tand D € Df.

(1) We say D admits the reflection sequence (iy,...,i),if k =0or D
is i1-finite and R;, (D) admits the reflection sequence (i, .. ., ix).

(2) We say D admits all reflections, if for all n € Ny, i € 1", D admits
the reflection sequence 7.

Notation 5.1.13. Let k € Ny, i1,...,i, € Tand D € D. Assume D admits
the reflection sequence (i1, ...,ix_1). First denote for all j € I

D; := R,...in_) (D), Dij = R,..ip_) (D)

Moreover denote m{)) =0 and if £ > 1 denote

mZD — mf(il ..... ik_1>(D).
k

Finally let a/; =2 and for j € I'\ {i;} define

ab = Reiy iy (D)
0J T kg :

If Ry, i 1) (D) is ij-finite, then let s{]

i1,0eik—1)50k

€ Aut(Z°) be such that for

all 7 el
D D
S(il,...,ikfl),ik (aj) = Oé] - al,jazk
Finally define s” = 3872.1361)71.2 e 58’1,...,%71),% and 38 = idgp.

Definition 5.1.14. Let k € Ny, iy,...,9, € T and D € @Y. If D admits
the reflection sequence i, then for j € I the element s”(a;) € Z% is called
a root of D. The set of all roots is denoted AP. Furthermore we denote
AP = AP NNj for the set of positive roots of D.
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5.1 Dynkin diagrams and their reflections

Notation 5.1.15. Let D € @Y. Let AP : Z° — k* be the character (i.e.
group homomorphism) that is given by A\P(a;) = D; for all j € I. Moreover
let

AP 78 < 79 — Kk~

be the bicharacter (i.e. group homomorphism), such that AP («;, a;) = D for
all j € I, as well as AP (aj, ax) = Djp and AP (g, ;) = 1forall 1 < j < k <0
(while we are indeed using the symbol AP for two different mappings here,
it should always be clear which one we are refering to). Finally define the
bicharacter

P 7% x 7° — k*
that is given by x”(a;, ar) = Dy, for all j, k € L.

Lemma 5.1.16. For D € D!, n = (ny,...,ng),n' = (n},...,np) € Z° we
have

XP(n,n') = AP (n,n)AP(n', n).
Proof. The claim follows from
D ”‘H’L; n;+n)
A7 (n,n') = (H D;’ ) ( H Dy} ’“)
1<j<6 1<j<k<0

as well as D? = Dj; for all j € I O

Proposition 5.1.17. Let m € Ny, i1,...,i, € I™ and assume D € DY
admits the reflection sequence i. Then for j, k € I we have

Ri(D); = AP ((sP (), s (ay))

Ri(D)j = X (57 (), 57 () -
In particular if sP =idye, then R{(D) = D.

Proof. We do induction on m: The claim is trivial for m = 0. Assume m > 1
and that the claim holds for ¢ = (i1,...,%,_1). For j € I we have

SZD<OKJ) = Sy(Oéj) — Cl,f?jsi/<0(im).

Then by induction hypothesis for j, k € T we have

N7 (sP(ay)s 52 aw) = X7 (s (a7), 5P () ¥ (5P (@, ), 58 aw) ™"

,aiDj
= Ry (D) Ry (D);,
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5 Nichols systems of diagonal type

as well as

—2aP

XD (Szp(aj)v S?(O‘im)) = Rz”<D)jimRi/(D)» o

Combing the above we obtain
_aD
X" (57 (), 57 () = X7 (87 (), 877 () X7 (s (), 87 (ewi,,))
—al. —aP Qaf)jaiD
:Ri’(D)iji’(D)imlyRi’(D)jinfkRi’<D)im, *

This proves the second relation of the claim. The first relation is obtained
similarly: By induction hypothesis we have

AP (5P (), 55 () = R (D); AP (57 (w,,), 81 ()
as well as

a

AP (sP(a).810,,) = A7 (s (a5). 58 03,)) B (D)1

im

Hence combining the above and using Lemma [5.1.16| as well as the second
relation from the claim we obtain

AP ((s7 (), 87 ()

=R (D); (N (sP(0s,). 58 () A7 (sP(e). 5P (au,)) ) " Ru(D):

—aP. aZD-Q
=Ry (D), XD (Sg(aim% Si[')(aj)) " Ri’(D)im’J
- aszQ
implying the first relation. [

The following definition will be useful later when we describe Dynkin dia-
grams of induced YD-modules.

Definition 5.1.18. Let D € ©f and k(ty,...,t) the field of rational func-
tions over the indeterminates t¢q,...,t,. Define D € @Hiz;i 1) O be the

.....

o_bject where Ej = D;, Ejk = Dj;, for all 5,k € T as well as Dgy1 = 1 and
Djo+1) = 1.
Lemma 5.1.19. Let D € ® and i € 1. The following hold:

(1) _aiD(9+1) = sz
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5.1 Dynkin diagrams and their reflections

(2) For i € 1 we have that D is i-finite if and only if D is i-finite and
mlD € No.

Proof. We have D"t; # 1 for all m € Ny. Hence
—af()(,ﬂ) =min{m € Ny | (m + 1)p, = 0} = m?.
This implies (1) and (2). O

We will now do a construction similar to Notation [2.3.9 and point out its
connection with D for D € DY.

Notation 5.1.20. Let D € DY, k € Ny, i = (iy,...,i) € I¥ and assume D
admits the reflection sequence i. For m = (my,...,m;) € N§ let

ZmT inlai) € 73,

Moreover if mﬁl iy €ENoforall 1 <r < k—1, then for 0 < m < mP let

o = i,D(mﬁl)v--wmgl oy where 5([)),0 = 0. If also mP € Ny, then let
B2 = Bioup

Proposition 5.1.21. Let k € Ny, i = (i1,...,i) € I¥, let D € DY, assume
D admits the reflection sequence i@ and that m([; ) € Ny for all 1 <r <k.

Then we have sP(a;) = sP(a;) for all j € T and
5P (o) = apy1 + B,

Proof. We prove the claim by induction on k: The claim is trivial for k£ = 0.
Assume k > 1 and that the claim holds for ' = (iy,...,4ix_1). By induction
hypothesis we have for j € 1

;) = sP (o — ali,) = 57 (o — aliai,) = sP(ay).

Thus by induction hypothesis and Lemma |5.1.19(2) we have

s

S?(a9+1) ?(agﬂ +mPa;) = gy + B +mPsh (i)

Since s? () = —sP(ay, ) we obtain 87 + mPs? (a;, ) = pP. O

Lemma 5.1.22. Let k € Ny, i = (iy,...,i) € I¥, let D € DY, assume D
admits the reflection sequence i and m(Dil“_.’Z.T) €Ny foralll <r <k. Then
for j €1 the following holds:

X7 (87,57 () A7 (7 () = Bi(D);.
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5 Nichols systems of diagonal type

Proof. We do induction on k: The claim is trivial for £ = 0. Assume kE>1
and that the claim holds for i’ = (iy,...,ix_1). Since 3; = By + mPs?(a,)
and using Proposition |[5.1.17| we obtain for j € I

X2 (B, P () AP (sP (@)
P (87, 5P () X (D) (X (B sP(s)) X (D(az)) )™

Ru(D)"™ Ry (D), 2™

oy 1k

Hence we obtain by induction hypothesis

K (8055P(0) A7 (5P ()
—Ry(D); Re(D);, " Ru(D)™ Ry (D), 2™

1k

By Lemma [5.1.11)(2) we obtain that this coincides with R;(D);. O

Notation 5.1.23. For v = Zle nio; € 7%, ny,...,ng € Z we define the
monomials t, := H9 t" in k(tq,...,tp), such that ¢ = 1.

i=1"

Proposition 5.1.24. Let k € Ny, i = (i1,...,i) € 1%, let D € D! and

assume D € @ﬁig o) admits the reflection sequence ©. Then for 7 € 1 the

following two relations hold
Ri(D)jp11) = tp(apx” (87,57 (o))
= tpan A (=87 () A7 (57 (), 57 ())) -

In particular R;(D);j41) only relies on the root sP(a;).

Proof. Using Lemma [5.1.19(2), Proposition [5.1.17|and Proposition [5.1.21| we

get

Ri(D)(g+1); = X" (3?(0%1)7 ?(%‘))
=X (049+17 ?(%))Xﬁ( P;SF(%))
Now E(9+1)k =t for all £ € I, hence
Xﬁ (@9+17 Szl)(aj>) = tsiD(aj)'

Since both s”(a;) and 8P are linear combinations of a,...,ap, we obtain
using Lemma [5.1.22] that

X7 (8PP (ay) = X7 (87, sP(ay)) = AP (5P (ay)) Ri(D);.
Finally R;(D); = AP (sP(c), sP(a;)) by Proposition . O
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5.1 Dynkin diagrams and their reflections

Definition 5.1.25. Let D € ©f and v € Z°. 1f
m, = min{m € Ny | (m + 1)\p(,,) = 0} € N,

then we define the rational function

My

PP =T (t, = A° (M AP (v,9)™™) € k(ta,. .., to)

m=1
Finally if A” is finite and m., € Ny for all v € A2, then define the polynomial

PP = [ PP €klti,... .t

D
7€A+

Remark 5.1.26. The polynomial in Definition also appears in [HY10]
as the Shapovalov determinant for bicharacters of finite root systems. We
will the importance of this polynomial later in Theorem and Theo-
rem [5.2.T9]

Lemma 5.1.27. Let D € Df, v € AP and assume
my = mln{m S No | (m + 1)AD(777) = O} S No.

Let r1,...,m9 € k. Then P7D € klt1,...,tg] and Pf(rl,...,m) = 0 if and
only if PP.(rq,...,r9) = 0.

Proof. We have that Pﬂ(m, ...,19) # 0 if and only if
ty(ri, .o mg) = AP (=) AP (=7, =) " #£0
for all 1 < m < m,. This is equivalent to
t’)’(rla cee 7T9) - )\D (ry) )\D (V?V)m 7é 0

for all 1 < m < m,. By Remark we have AP (v,7)™ " = 1, hence the

above is equivalent to

by (11, mg) = AP (1) AP (3,9)" T #£ 0.

for all 1 < m < m,. This is equivalent to Pf(rl, ...,r9) # 0. O

Proposition 5.1.28. Let D € ©% k € Ny, i € I*¥ and assume D admits
the reflection sequence 1. Let j € 1 and assume mfi(D) € Ny, as well as

sP(a;) € NS U =NY. Then forry,...,rg €k the following are equivalent:
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5 Nichols systems of diagonal type

(1) For all0 <m < mfi(D) — 1 we have

Ri(D)]'Ri(D)jo41)(r1,- - - r9) # 1.

(2) Pi(aj)(rl’ co,19) £ 0.
(3) ng(aj)(rl, co,rg) #0.

Proof. Denote v = sP(a;). First observe that by Proposition [5.1.17| we have

mfi(D) = min{m € Ng | (m + 1)\p(,,) = 0} € N,

hence P’} (o) 15 well-defined. The equivalence of (2) and (3) is shown in

Lemma Now by Proposition and Proposition we obtain

for 0 <m < mfi(D) -1
Ri(D)?Ri(E)j(G—H) =1,A" (=) A (v, y)"

Hence R;(D)
only if

;-nRi(ﬁ)j(g+1)(7’1, coo,rg) £ 1forall 0 <m < mfi(D) — 1 if and
t’Y(rh cee are) - )\D (’Y) )\D (777)7771 7& 0.

R;(D)

forall 1 <m < m; = m.,. This proves the equivalence of (1) and (2). O

Corollary 5.1.29. Let D € DY, assume D admits all reflections, that AP
is finite and AP = AP U—AP. Then

m,, = min{m € Ny | (m + 1)\p(,,) = 0} € Ny
for all v € AP and for ry,...,rg €K the following are equivalent:
(1) PP(r,...,m9) 0.

(2) Forallk e Ny, i €TF, j €1, Ogmgmfi(D)

— 1 we have

Ri(D)TRi(D)j(9+1)(T’1, R ,7’9) # 1.

Proof. Let v € AP k € Ny, i € I¥, j € I, such that v = sP(a;). Then by
Proposition 5.1.17 and Lemma [5.1.19(2) we have

m, = mfi(D) € No.

The equivalence of (1) and (2) is implied by Proposition [5.1.28| O
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5.1 Dynkin diagrams and their reflections

Definition 5.1.30. Assume D € DY admits all reflections. The reflection
graph of D is a graph with vertex set {R;(D) | k € Ny, i € I} and where for
every vertex D and j € I, such that D # R;(D) there is an edge labelled j
from D to R;(D).

Example 5.1.31. Let w € k be a third root of 1 and assume D € D is
given by

w _, -1
Oo0———O,
ie. Dy =w, Dy = —1 and D13 = —w. We can easily calculate that D is

1-finite and 2-finite, that R;(D) = D and that Ry(D) is given by

—1 _ —
w _w 1t 1

Oo——=O .

We then calculate that Re(D) is 1-finite and Ry R2(D) = Ry(D). Hence D
admits all reflections and the reflection graph of D is

Hence for all k € Ny, i € IF

Ri(D 2 =2 Ri(D 2
(ajk:( ))j,keﬂ = <_1 9 ) ) (mj ( ))jeﬂ = (1) :

Example 5.1.32. Let a € {3,6}. Moreover let w be an a-th root of unity
and assume that D € D} is given by

ie. Dy =Dy =w, D3 = —1, Dig = w™ !, Di3 =1 and Dy3 = w2, We can
calculate that D admits all reflections and that the reflection graph of D is
w w2 -1 3 w -1

O O O O

w1

O

Let o' € {3,6}, such that a # a’. Then for k € Ny, i = (i1,...,i) € [ we
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5 Nichols systems of diagonal type

Ri(D)

)jer = (@ —1,a" —

1,1) if not.

obtain
([2 -1 0
-1 2 =2 if #{1 <1 <k|i, =3} is even,
R;(D) 0 -1 2
a - - —
( ik )];kEH 9 1 0
-2 2 =2 else.
\o -1 2
and (m7"™)a = (@ —1,a = 1,1) if #{1 <1 < k|i; = 3} is even and

5.2 Nichols systems of diagonal type

The first half of this section will be about how the reflection theory of Nichols
systems of diagonal type and its Y D-modules can be ascribed by the reflec-
tion theory of Dynkin diagrams. The core of this is Lemma [5.2.4] where we
calculate the Shapovalov morphism in this situation. Here the main results
are Proposition and its succeeding corollaries. In the second half we
will apply these results to the theory of induced Y D-modules. We will see
that in the case where the Nichols system is finite-dimensional, the informa-
tion about what reflection sequences the induced YD-module admits, and
therefore also when it is irreducible, all depends on the roots of the Nichols
system and the polynomial of Definition see Theorem and The-
orem [5.2.19] At the end, we will also give an algorithm on how to calculate
this polynomial.

Let I' be an abelian group, such that Z¢ C T'.

Definition 5.2.1. A pre-Nichols system N := (Q,(Ny,...,Ny)), where
Ni,..., Ny € C are one-dimensional objects is called pre-Nichols system
of diagonal type.

The Dynkin diagram of N is DV := D(Ny,...,Ny) € Df. For a ho-

mogeneously generated I'-graded object V € gy (C), where Vj is one-
dimensional, the Dynkin diagram of V is DV := D(Ny,..., Ny, V) €
il

Let N := (@, (N1,...,Np)) be a pre-Nichols system of diagonal type. For

j el let T S Nj \ {0}, i.e. Nj = k.CCj.
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5.2 Nichols systems of diagonal type

Remark 52.2. Let VeC,ve V. Let k € N, iy,...,i € I. We have

(idv ® MZ_I)(Cg\hl,V ® id@@kq)(idQ ® C?\QQ,V ® idQ®k72) e (id@@kq ® C]CV%’V)
(@3, ® -+ @@y, @) = Gy (w3 -~ 24,) )

and

(Mg_l X idv)(idQ@mﬂ X C(‘:/,Nik )(idQ®k72 X C%Nik,l X idQ) ce (C%’/:Nil X idQ®k71)

(V@@ ® - @@;,) =Gy (V@ (i - 23,)).

Lemma 5.2.3. Fori €1 and m € Ny the following hold:
(1) Dola) = Xty (1) ek © a7
(2) Sola?) = (~1y" DY D,
(3) The following are equivalent:
(a) K[N;] is strictly graded.

() mY =mP".

Proof. (1): We do induction on m: Clearly the claim holds for m = 0.
Assume the claim holds for m > 0. Then

A1) = ngeo(Dg(z:) ® Ag(af™))

ron(fnoresome (5(0) 1o
k=0 DN

Observe that

R R O
ko) pe \k=1)pv k) px

hence the above calculation yields

m+1 m —+ 1
AQ(‘TT—H) = Z < k ) Nx? ®x;n+1_k-
D

k=0 i
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5 Nichols systems of diagonal type

(2): We do induction on m: Clearly the claim holds for m = 0. Assume the
claim holds for m > 0. Then

So(™) =po(Se @ Sg)c§) o (a7 @ x;) = DN Sq(x}") Sq(z:)
l m— m-+m lm m
:(—1)mDi\[2( 1) + .’I,'m(—.fC,L> = (—1)m+1D'ZA/2 ( +1)I;n+1.

(2

(3): Assume (a) holds. Assume mP?" € Ny, i.e. (m?" +1)pn = 0. Then (1)
implies

N
miDN—f—l mP 41 mZDN—i—l

Ag(x; J=1l®ax," + z; ® 1.

PN

Hence z;" =0 by (a), since mP" > 1. This implies m} € Ny and
N N

m) < mZDN. On the other hand if m? € Ny we have #" # 0 and z;" oo,

Hence (1) implies

mf\[—&—l

N

mN 41 m; + 1 mN 41—k

0= Aol ) = g ( ! ) ¥ @ x" )
Q( VA ) k: D;/\/' T T

k=0

it )Din ®z; " = 0. Since z; © # 0 we can conclude that
i

1
(m) + Dpy = (miAiH)DN = 0. Hence miDN € Ny and m}] > szN. So
altogether cither both m? ¢ Ny and mP" ¢ Ny, or m¥ = mP" € Ny, i.e.
(b) holds.

Now conversely assume (b) holds. Let m < mé\/ , Aoy - -5 Am € k, such that

Am # 0 and such that z := 37" Al is primitive. Since m < mP" by (b),
we obtain (m)pn~ # 0. Now (1) implies

in particular (

m m l
Z)\l (mé@l—f—l@xﬁ):AQ(x)ZZ/\zZ(;C) zy @ a7k,
=0 =0 k=0 DN

Comparing the coefficients for 1 ® 1 yields 2y = Ag, hence \g = 0. If m > 2,
then comparing the coefficients for z; ® 27! yields

0= An (m> = Am(m) pr £ 0,
1 D{\[ o

hence m < 1,i.e. m =1 and x = A\jz;. Thus (a) holds. O
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5.2 Nichols systems of diagonal type

Lemma 5.2.4. Let i € I and assume K[N;] is strictly graded. Moreover let

Ve E%ij(C) be a homogeneously I'-graded object. Assume there exists
r € k such that for all v € Vi we have

c‘C/’Qc%,V(xi RV) =TT; V.
Then for m € Ny and v € Vy we have
m—1
fv(zl-v) = (H(l — Df\/lr)> ' @ .
1=0

Proof. We do induction on m. The case m = 0 is trivial, since 58 is graded.
Moreover with Lemma (by assumption we have \; = r), we obtain

Folal™ ) = (g ® idy, — r(ngcyq ® idyy)) (2 ® fu(af" ).
By induction hypothesis this is equal to
m—1 .
(H (1-DY 7“)) (o @ idy, — 1(noch g ®idy,)) (i @ 2]" ® ),
1=0
which simplifies to (H?io(l - DZNlr)) " @ . O

Proposition 5.2.5. Let i € I and assume k|[N;] is strictly graded. Moreover

let V e ﬂi&jy@((z) be a homogeneously I'-graded object. Assume there exists
r € k such that for all v € Vi we have

C%QC%7V($i Q) = rz; Q.
Let v € Vi and m{ = max{m € Ny | z"-v # 0}. The following are equivalent
(1) k[N;]-v € E%ﬁ}yD(C) is well graded.
(2) m{ = min{m € Ny | (m + 1)D£\r(Df\/mr —1) =0}.

Proof. First by Lemma [1.1.4] we know that k[N;] - v is indeed an Ny-graded
object in ﬂi&ﬂyl)(@. By Corollary [3.5.10| we obtain that (1) is equivalent to

Ker fign)o(N]" - v) = 0

k[Ni]-v

forall0 <m <m = my. This is equivalent to

fv(z") #0
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5 Nichols systems of diagonal type

for all 0 < m < mJ. By Lemma this is equivalent to

H

m—

[T - DNr) 0.

=0

for all 0 < m < mY. Hence (2) implies (1). Since " # 0 for all 0 < m < m}
we get (m)py # 0 by Lemma W(S) So assuming (1), we get

m; < min{m € Ny | (m + 1)DZN(DZN’"7“— 1) = 0}.

If my ¢ Ny, then there is nothing more to show. Assuming m} € Ny, again
by Lemma [5.2.4] we know

si

0=/(0)=f""" ) =T[(1 = DM'r)al @0,

N
Il
=)

So 1 — vamlyr =0or x;n;-’ﬂ = 0. With Lemma M(?)) the latter implies
(m} + 1) p~ = 0, hence we obtain equality in (2). O
Corollary 5.2.6. For ¢ € I the following are equivalent:
(1) N is a Nichols system over i.
(2) The followmg hold:
(a) m =mP™.
(b) aij = aij for all j € 1.
In this case N is i-finite if and only if DV is i-finite.
Proof. By definition (1) holds if and only if k[N;] is strictly graded and
(adk[N;])(NV;) = (adk[z;])(x;) € k&}yl)( ) is well-graded for all j € T\ {i}.
By Lemma [5.2.3|(3) the former one is equivalent to (a) and by Proposi-
tion the latter one is equivalent to
max{n € Ny | (ad z;)"(z;) # 0}
=min{m € Ny | (m + 1) pw (D" D}y — 1) = 0}
for all j € I'\ {i}, which is equivalent to (b).
Now N is i-finite if and only if —af}/ € Ny for all j € T\ {i} and DV is i-finite
DN e N for all j € I\ {i}. O

if and only if —aj;
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5.2 Nichols systems of diagonal type

Corollary 5.2.7. Let i € I and assume k[N;] is strictly graded. Let V €
gyD(C) be a homogeneously generated I'-graded object, such that Vi is one-
dimensional. The following are equivalent:

(1) V is i-well graded.

\4
(2) m! = —al%ﬂ).

Proof. Let v € Vi \ {0}. Recall that by definition V' is i-well graded, if and

only if k[N;] - Vo = k] - v € E%jyﬂ)(C) is well graded. Moreover we have

FoCov(Ti®v) = Diy, 1 @v, DY = DN Hence the claim is a special case
of Proposition [5.2.5] O

Remark 5.2.8. Let i € I and assume k[N;] is strictly graded. Let V €
gyD(C ) be a homogeneously generated I'-graded object, such that Vj is one-
dimensional. By Corollary for all 7 € I we have

~aBN amY p-2aB Y mY
Ri(DV)j(GH):D;'/(HH)DXGH) ! Dij D; ! .

In particular for all j € I we have that R;(D") ;1) only relies on DV, Djy1)
and D}, ).

We will now discuss the relationship between reflections in D¢ and reflections
of N or objects in gyD(C)rat.

Lemma 5.2.9. Let i,j € I such that j # 1. Then
(ad )™ (x;) = Y Aea"Fajaf
k=0

for some Ao, ..., A\ € k.
Proof. We know that

(idg ® So)(ide ® ¢§ o) (Aq(a]") ® x;) € BILN/" " @ N; ® N
Applying pg(pg ®1idg) to this gives (ad z;)™(x;). O
Remark 5.2.10. Let i € T and let y; € N;* be defined by y;(z;) = 1. For j €1

let g; € H, such that 65 (z;) = g; ® z;. Then g; is an invertible, group-like
element. For j € I let x; € H* be defined by h - x; = x;(h)x; for all h € H.
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5 Nichols systems of diagonal type

Observe that x;(g;) = Dj\/ and x;(gx)xx(g;) = Dj.\,g for all j,k € I, j # k.
Recall that then we have N € C with H-action and H-coaction given by

he-yi = Xi(Su(h)ys, ON:(y:) = 9: ' @i
for all h € H, for details refer to [HS20], Lemma 4.2.2. Hence we obtain
C%;,N; Wi ®y) =097 vi ®yi = xi(9)yi ® i = DN y; @ . (5.1)

Moreover for j € 1

e, Wi ©@ 25) = 59z © i
and
v (15 ©y:) = g5 v @ x5 = xilg; )y @ ;.
Hence

_ - -2
CSZVi,Ni*CZCVj,Ni (g @ @) = xig; xilg; Ny @ @i = DY "y @ (5.2)

and for j €, j #i
_ _ 1
Czcvj,N;CzCV;,Nj (i ® x;) = Xi(gj 1)Xj(9i Yy ® Tj = Df}[ Yi Q x;j. (5.3)

Finally let V € Exij(C). Moreover assume there exists v € V '\ {0}, such
that 09(v) = 1 ® v and r € k such that

oo v (T ®v) =r1; @ .
Then similar to above we obtain

Fooryi ®v) =1y ® v, (5.4)

Proposition 5.2.11. Let i € I and assume N is an i-finite Nichols system
over i. Then R;(N') is a Nichols system of diagonal type and we have
Ry(DY) = DWW,

IfV e gyD(C)rat 18 homogeneously generated i-well I'-graded, such that Vj
is one-dimensional, then DV is i-finite, R;(V), is one-dimensional and we
have

Ry(DY) = D™W).,
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5.2 Nichols systems of diagonal type

Proof. Let y; € N}, such that y;(x;) = 1, let a;; := aﬁv = a DY and let
y; = (adx;)"%(x;) for all j € I, j # i. Then y; is a basis of R; (/\/)J for all
j € T and thus R;(N) is a Nichols system of diagonal type. First Df’i(N) =

DY = R;(DV); was shown in (5.1)). By Lemma for j,k e I\ {i}, 7 # k
there exist Ag,...,A_q,; € k and po, ..., p_q, €Kk, such that

—Qij —Qik

—az-—l —a;—l1 l
E N T gl Yk = E Ty Tpl;.
=0

Now for 0 <[ < —a;; we have

C —a;j—l —a;i—l 1
Chu@uri@ (@i wrg @ x T way)
:Dész/}/_aijD{W” x; T lxjx ®x; l:z:jacﬁ.
P .2
This implies D" RN DJN D{}[ i Dg\/ M= RZ-(DN );- Considering 1’

and . we obtaln

C C -1 N—1 AN 2055 —a;i—1 I
@.m(@CR(QR(Q W @2, ) = Dy DYy @

7 I

hence Dgi(N) = Dzj-}[_lDf\ﬂa” = Ri(DN)Z‘j. Similarly for 0 < I’ < —ay, we
obtain

C C *(lij l — Qi — l ll
(@ m(@CR@ (T Ty @ 1 )

N —Gij N~ @ik N 20ijQik  —a;;—1 A I
D Dk Dij D Z; :Ejmi ® x; TrX; ,

implying Djy ") = DYDY ™" DN DN*"0" — R,(DV),,

Now af; = a;; and — ((;/ ) = = m) by Corollary [5.2.7, hence we obtain that

DV is i-finite. Let 0 # v € Vg, ie. Vo = kv. Then we have R;(V), =
14

N™ . Vy =ka™ - v by Proposition [3.2.8] i e. Ri(V), is one—dimensional It

remains to show that R;(DV)g,; = D9+1 Ri(DY)itgs1y) = DIY) and that

RZ-(DV)J-(GH) =D. (0(+1)) The first relation is implied by

z(9+1)

\% \% mV V2
C m; m; mp A N™ o my m;
CV,V(xi v@a;t -v) = Dy, Dy io+1) i Tt vt .

Now ) and (5.4) imply

¢ ¢ my N=2m{ oy -1 mYy
CV,Ri(Q)cRi(Q),V(yi ®z; ' -v)=D; Di(9+1) Y @x; " -,
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5 Nichols systems of diagonal type

implying DZ(GEE?) DN™ 2my DX9+1)—1 = R;(D");(p+1). Finally

1%

70,7;]'7[ [ m;
T, @x; b )

C C
V.R(Q) CRiQV (T

N— 2m a;q N’ml
=D; JD Dz(9+1)

—ai; v

iV —a;;—! l m;
D](H_H)ZEI $J$1 ®$Z * U,

2m Qij 7’)’L2 (2]
implying D; (e(+1) DN” DY Digs1) " Djgery = Bi(D")jio4). O
Corollary 5.2.12. Let k € N, i = (iy,...,ix) € I¥. The following are
equivalent
(1) N admits the reflection sequence i.
(2) N admits the reflection sequence (iy,...,ix_1) and the following hold
(@) m =mP".
(b) aij = aij for all j € 1.
(c) R(i17,__7ik_1)(DN) is i-finite.
Proof. Implied by Corollary and Proposition [5.2.11] O]

Corollary 5.2.13. Let V € gyD(C)m be a homogeneously generated I'-
graded object, such that Vi is one-dimensional. Moreover let k € N, i =
(i1,...,ix) € I¥. Assume N admits the reflection sequence i. The following
are equivalent

(1) V' admits the reflection sequence i.

(2) V' admits the reflection sequence (iy,...,1k—1) and
sz = [()(;/H)
Proof. Implied by Corollary and Proposition [5.2.11] [
Corollary 5.2.14. Let k € N, i = (iy,...,i) € I¥ and assume N admits

N = sPY  In particular if N admits all

the reflection sequence i. Then s 5

reflections we have
AP = AN, AP = APY Y —ADY,
Moreover if m/(\[l i) € Ny for all 1 <r <k, then for1 <m < mé\/ we have

N DN
Bi,m = Bi,m
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5.2 Nichols systems of diagonal type

LetV € 837D(C)rat be homogeneously generated I'-graded, such that Vy is one-
dimensional and V admits the reflection sequence i. Then for 1 < m < m)
we have

- pVvV _ DV .
(=06 0410 Ay 1),0+1)0™)

Proof. ITmplied by Corollary |5.2.12 Proposition and Corollary [5.2.13
O

Remark 5.2.15. Assume N admits all reflections. Corollary and Propo-
sition imply that we can calculate the edges of Sup(Q) from D*. Sim-
ilarly if V' € gyD(C)rat is homogeneously generated I'-graded, such that Vj

is one-dimensional and V admits all reflections, then we can calculate N{,
from DV.

We will now discuss when Zg(U) € 837D(C) is irreducible, where U € 9C is
a one-dimensional object.

Lemma 5.2.16. Let k € Ny, i = (iy,...,i;) € I¥ and let U € 9C be a
one-dimensional object. Assume that Zo(U) admits the reflection sequence i.
DN i € No forall1 <r <k. Then for j € I we have

Finally assume m;
1] 4eeey

N Zq(U) Zo(U)
Ri(DIQ(U))j(GH) = Rz‘(DN>j(9+l)(D1(%+1)’ Tt Do(QeH))'

Proof. We prove the claim by induction on k. Since

N Zo(U) Zo(U) ZoU) Zo(U) ZoU)
DNJ(9+1)<D1(%+1)’ SR DG(QQ+1)) = (tj>(D1(%+1)> SRR De(%Jrl)) = Dj(Q0+1)’

the claim holds for £k = 0. Now assume k& > 1 and that the claim holds for
k — 1. Then by definition, Lemma [5.1.19| and induction hypothesis we have

— To(U) To(U)
Ri(DN) j041)(Digy1ys - - - Do)

N N N
D D D

_pNTE pN TR ™
1,5 i

N AN Io(U) To(U)
(R(zl ..... ik71)(DN>j(0+l)R(z’1 ,,,,, zk71)<DN>zk(0—7i-1)) (D159+1)7 ceey D0(%+1))

pN

mPN —2aPN ] T (U)_aiD,'
=DN"™ DN R, (DR )0 Dig)

+1)
By Lemma |3.4.9 and Corollary we have

Io(U N
miQ( ):mé\/:mzp
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5 Nichols systems of diagonal type

and thus by Remark

N N N D
NmET N 20 mP To(U) %,
D™ DY Ry (D)0 Dy
:Ri<DIQ(U))j(9+1)-
This finishes the induction. O

Remark 5.2.17. Assume that () is finite-dimensional. Let k& € Ny, ¢ =
(i1,...,4;) € I* and assume N admits the reflections sequence i. Then
by Corollary [5.2.6[ we obtain mZDN = mé\f_e Ny, since @ is finite-dimensional.

Hence by Lemma |5.1.19| we obtain that DV admits the reflection sequence 1.

Let U € 9C be a one-dimensional object. By induction on k& we show that
DZeU) admits the reflection sequence i: Let k > 1 and assume DZe(V) admits
the reflection sequence (i1, ...,75_1). As szN € Ny we have that (m)py =0
for some m € N. This implies that for all 1 < j <0+ 1, j # iy we have

(m)px (DN D2 — 1) = 0,

2%
hence R, i) (DTW) is i-finite.
In particular, R;(D%e));q 4y is defined for all j € L.

Theorem 5.2.18. Let k € Ny, i = (iy,...,i) € I¥, assume N admits the
reflection sequence i and that Q is finite-dimensional. Let U € 2C be a
one-dimensional object and j € 1. The following are equivalent

(1) Zo(U) admits the reflection sequence (iy,. .., ik, 7).
(2) Zo(U) admits the reflection sequence i and

Zo(U)
1(0+1)

ZoU)

DN
PR o, (DH - D) # 0.

(3) Zo(U) admits the reflection sequence i and

DN o (U) To(U)
P ooy (Do ys -+ Do) # 0.

Proof. First consider that RZ(W) and Ri(DIQ(U))j((;H) are defined for all
j € I, as discussed in Remark [5.2.17 Assume Zg(U) admits the reflec-
tion sequence ¢ and let j € I. Combining Corollary [5.2.12] Lemma [3.4.9
and Corollary we obtain that Zgo(U) admits the reflection sequence
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5.2 Nichols systems of diagonal type

(DN (nZo W)
(41,...,1,7) if and only if mfl(D ) = —aﬁg(fl)Q ), By definition this is

equivalent to

Ry(DV)"Ry(D™ W) 410y — 140

forall 0 <m < mfi(DN) — 1. Since SZDN(aj) € NY U —N9§ by Corollary [5.2.14]
using Lemma [5.2.16] and Proposition [5.1.28| completes the proof. O

Theorem 5.2.19. Assume N admits all reflections and that Q is finite-
dimensional. Let U € 9C be a one-dimensional object. The following are
equivalent

(1) Zg(U) is irreducible in 8)2D(C).

N, T (U) To(U)
(2) PD (Dl(QHJrl)? e 7D9(Q9+1)) 7é 0

Proof. By Corollary [3.4.14] (1) holds if and only if Zg(U) admits all reflec-
tions. Since APV = APY U —AEN by Corollary |5.2.14] the equivalence of
(1) and (2) is inductively implied by Theorem [5.2.18 O

Theorem [5.2.19| states that whether Zg(U) is irreducible in 8)/1)((3) can

be determined by calculating some rational functions in k(¢1,...,%) and
checking if <Df(Q9(+U1))’ . ,Dezz(fl))) is a root of any of those functions. By

definition these functions only rely on the roots of the Nichols system. The
following is an algorithm that calculates these functions and more.

Algorithm 5.2.20. Assume N admits all reflections and m € Ny for all
k € Ny, i € I¥. Let S be an empty list with entries in Aut(Z°) and X be an
empty list where entries are objects in DY. Moreover let R and B be empty
lists with entries in Z (actually B has entries in NY). Finally let P be an
empty list with entries in K(tq, ..., tg). For any list L and n € N we denote
L[n] for the n-th entry in L and let #L be the number of entries in L. Now
do the following.

(1) Addidge to S, DN to X and 0 € N to B. Let n = 1.
(2) While n < #5S do the following:
(a) Let s = S[n|, D = X|[n| and = Bln|.
(b) For all j €1 do:
(i) Define the monomial

N
q/ = tS(OCj)XD (57 S(aj)) )
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5 Nichols systems of diagonal type

let r =¢(1,...,1) € k* and g = r~'¢. (Careful: Here DV
is used, not D.)

(ii) For all1 <m < mf do:

If g — r_lel-*m ¢ P and ¢! — 7’D]m*1 ¢ P, then add
q— rilel-_m to P.
21 s(a;) to R, 1f it 15 not already contained.
(111) Add s(a;) to R, if it i lread, ned
(iv) Let s' = ss?.
v s 15 not containea 1n S, then add s to S, R; to an
If s i med in S, th dd s to S, Rj(D X and
B —mPs (a;) to B.

(¢) Increment n by 1.
If the algorithm terminates, then the following hold:
(A) Q is finite-dimensional.
(B) AN = R.
(C) B C Sup(Q) and Sup(Q) is contained in the convezr hull of B.
(D) For any one-dimensional object U € “C we have that Zo(U) is irre-
ducible in gyD(C) if and only if for all p € P we have

Zo(U) Zo(U)
p(Dl(%H), e De(%ﬂ)) £ 0.

Proof. We show the following;:
(I) For all 1 < n < #S there exists k € Ny, ¢ € I* such that S[n] = sP
X[n] = Ry(DV) and BJn] = 8P
(II) For all k € Ny, i € I* there exists 1 < n < #5 such that S[n] = sP"
X[n] = Ry(DV) and B[n] = 8P

Then (B) and (C) are implied by (II), Proposition and Corollary [5.2.14
(A) is implied by (C) and (D) is implied by (II), Theorem |5.2.19} Proposi-
tion [5.1.28 and Proposition |5.1.24]

(I): Assume that S[n] = s, X[n] = Ry(DV) and B[n] = 8" for some
1<n<#S,keNy i=_(iy,...,i;) €I¥ (givenforn =1,k =0andi = ()).
Then for j € T we have

N
’

)

SDNSRi(DN) _ DN DN DN
i J 7 3 T 2(i1,e0k,])
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as well as R;(Ri(DV)) = R, i, 5(D) and

DN R;(DN) p~N _ aDN
G —my S(irnin) () = Bliyoind)-

Considering (v) we conclude that (I) holds.

(IT): We do induction on k: For k = 0 (II) holds via choosing n = 1. Let
k€ Ny, i € TF as well as 1 < n < #S and assume that S[n] = sPN

X[n] = Ri(DV) and Bln] = PY. Let j € I. We will show that (II)
holds for i = (iy,...,ik,j). There are two possibilities: Either in (v)
DY DY) _ ¥
i 9 iy

(I) we conclude that (II) holds for i’. So assume in (v) sa\[% j) Was contained

in S, i.e. that there exists 1 < n’ < #5, such that sgfm’ik’j) = S[n’]. Now by

(I) there exists | € Ny, a = (ay,...,q) € I', sucj\lrfl that S[n’] = s?V, X[n'] =

Ro(DV) and B[] = 8P . Since sgf_._?ik’j) = sP”  Proposition [5.1.17 implies

Ry iny)(DN) = R, (DY) = X[n]. Finally Corollary [5.2.14] and Corol-
. DN DN /

lary [2.3.16| imply 3, i) = By = Bln]. ]

..... a

S i) WAS contained in S or not. In the latter case similar to

5.3 Examples

In this last section we will apply Algorithm [5.2.20]to two examples of Nichols
systems of diagonal type. The examples appear in [HecO8] and [Hec07],
respectively.

Example 5.3.1. Assume 6 = 2, let w € k be a third root of 1 and assume N
is a pre-Nichols system that admits all reflections and has Dynkin diagram

w  _, -1
o——o0,
In Example [5.1.31] we saw that the reflection graph of DV is
w —w -1 2 w1 _w—1 —1
Oo——0 o——0

and that for all k € Ny, i € I¥

RNy _ (2 -2 RWN)y (2
(ajk )j,kEH - (_1 2 ) ) (mj )jEH - (1) :

Then sfi(m = sé\/ for all j € T and we obtain

_  NNNN _ _  NNNN _ N
S212) = 51 52 51 5 = —idze = 85 87 83 81 = S(2121)-

We do Algorithm [5.2.20] step by step:
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5 Nichols systems of diagonal type

e Add 38 =1idys to S, DV to X and ,Bf\)/ to B.
e Let s = S[1] =idye, D = X[1] = DV and 8 = B[1] = 0.

— For j = 1in (i) we obtain ¢ = ¢;, r = 1, hence in (ii) we add t; — 1
and t; — w? to P.

— For j =1 in (iii) we add (1,0) to R.

— For j = 11in (v) we add sP to S, Ri(D) to X and 3P = (2,0) to
B.

— For j = 2in (i) we obtain ¢ = t5, r = 1, hence in (ii) we add 5 — 1
to P.

— For j =2 in (iii) we add (0,1) to R.

— For j =2 in (v) we add sP to S, Ry(D) to X and B = (0,1) to
B.

o Let s=S[2] =sP, D= X[2] = R(DV) and 8 = B[2] = pP.

— For j = 1 we obtain ¢ = t; ', r = w? and s’ = idyp, hence only add
(—1,0) to R in (iii).

— For j = 2 in (i) we obtain ¢ = 3¢5, r = w, hence in (ii) we add
2ty — w? to P.

— For j =2 in (iii) we add (2,1) to R.

— For j = 2in (v) we add s{j, to S, Raz)(D) to X and B, = (4,1)
to B.

o Let s = S[3] =52, D= X[3] = Ry(DV) and B = B[3] = 7.

— For j = 1in (i) we obtain ¢ = t1t9, r = —w, hence in (ii) we add
tltg + w2 and tltz +1 to P.

— For j = 11in (iii) we add (1,1) to R.

— For j = 11in (v) we add 581) to S, R21)(D) to X and B(Dm) =(2,3)
to B.

— For j =2 we only add (0, —1) to R in (iii).
o Let s = S[d] = sf1,), D = X[4] = Ruz)(DV) and 8 = B[] = 5],

— For j =1 we do nothing in (ii).
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— For j =1 in (v) we add 3821) to S, Ruan (D) to X and B(Dul) =
(6,3) to B.

— For j =2 we only add (—2,—1) to R in (iii).
Let s = S[5] = s, D = X[5] = R(z1)(DV) and 8 = B[5] = 33,
— For j =1 we only add (—1,—1) to R in (iii).

— For j = 2 we do nothing in (ii).

— For j =2 in (v) we add s{3;,) to S, Rz (D) to X and 83,y =
(4,4) to B.

o Let s = S[6] = (121)7 D = X[6] = Rpa1y(D ) and 8 = B6] = ﬁ([1)21)
— For j = 1 we do nothing.
— For j = 2 we do nothing in (ii).

— For j = 2in (v) we add s” (1212) —idze to S, R(1212)(D) to X and
ﬁg212) (6,4) to B.

Let s = S[7] = 5319y, D = X[7] = Reaiz) (DV) and 8 = B[7] = Bz

— For j =1 we do nothing.
— For j = 2 we do nothing.
Let s = S[8] = s{1y10), D = X[8] = Ruziz) (DY) and 8 = B[8] = 81,,5).

— For j = 1 we do nothing.
— For j = 2 we do nothing.
e The algorithm terminates.
In total we have
R = [(17 0)7 (07 1>7 (_17 0)7 (27 1)? (17 1)7 (07 _1)7 (_27 _1>7 (_17 _1>]7

B = [(07 O)’ (27 0)7 (07 1)7 (4’ 1)7 (27 3)7 (67 3)’ (47 4)7 (67 4)]7
P=[t; —1,t; —w? ty — 1,2 — w? tits + w? tits + 1].

Hence @ is finite-dimensional, Sup(Q) is contained in the set drawn in Fig-
ure and for a one-dimensional object U € 9C, where r1, 7, € k* are such
that for u € U, u # 0, j € {1,2} we have

C C —
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5 Nichols systems of diagonal type

aq

1 2 3 4 3 6

Figure 5.1: A subset of N2 in which Sup(Q) is contained in.

then we obtain that Zg(U) is irreducible if and only if

(r1 — D)(r — w?)(ry — D)(r?ry — w?)(r1rgy + w?)(rire + 1) # 0.

Example 5.3.2. Let a € {3,6}, assume w € k is an a-th root of 1 and
assume N is a pre-Nichols system that admits all reflections and has Dynkin
diagram

As seen in Example [5.1.32] the reflection graph of DV is

w w2 -1 3 w -1
O O O O

w—l

O

Let o' € {3,6}, such that a # «’. For all k € Ny, i = (i,...,i) € I we
obtain

([2 -1 0
-1 2 =2 if #{1 <1< k|i; =3} is even,
a . - =
(aje " )jker 5 1 0
-2 2 =2 else.
L\o -1 2

and (mRi(D))jeH = (a—1l,a—1,1)if #{1 <1 < ki, = 3} is even and

J
(m*™)jer = (a = 1,0’ = 1,1) else.
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5.3 Examples

Here

Algorithm terminates after #5 = 96. We obtain
=[(1,0,0),(0,1,0),(0,0,1),(-1,0,0),(1,1,0), ( —-1,0),(0,2,1),(0,1,1),
(0,0, — ) (—1 1,0),( ,2,1),(1,1,1),(0,—2,-1),(1,2,2), (0, -1, —1),
(=2, — ),( 1, -1, 1),(1,2,1),(1,3,2) (— ,—2,-2),(2,3,2),

( 1, - )7( 1, -3, 2)7(2747 )’( 2,-3, )(_27_47_3)]'

If a = 3, then we obtain that B and P are given by

B

and

P

(0,0,0),(2,0,0),(0,2,0), (0,0,1), (4,2,0), (2,0,1), (2,4,0), (0,4, 1)
0,5,6), (4,4,0), (6,4,1),(7,5,6),(2,6,1), (0,9,6), (2,9, 10), (0,7, 7)
6,6,1),(11,9,6),(9,9,10),(9,7,7), (7,16,6), (2,15,10), (0,9, 7)
7,14,15), (2,11,11), (11,16,6), (15, 15, 10), (11,9, 7), (9, 14, 15),
11,11,11), (9,22, 10), (9,18,7), (7, 25,15), (2, 15, 11), (9, 18, 18),
4,17,15), (15,22, 10), (11,18, 7), (20, 25, 15), (15, 15, 11), (11, 18, 18),
15,17,15), (9,27,15), (11,24, 11), (9, 29, 18), (4, 19, 15), (11, 24, 22),
), (15 (15,24,22),
(15, 30, 26),
17,30, 26
15, 32,27
17,41,26
26,39, 27
26, 44, 32
24,48, 33

=
(
(
(
(
(4,
(
(6,21,18),(20,27,15), (15,24, 11), (22,29, 18), (17,19, 15),
(17,21,18), (11, 31, 18), (15, 30, 15), (11, 33,22 ,(6 23,18),
(11,26, 23), (22,31, 18), (17, 30, 15), (24, 33, 22), (19, 23, 18
( 11, 33,23
( 19,32, 27
( 24,39, 23
( 26,43,27
( 26, 46, 33
(

9 I

Y Y

17,26, 23), (15, 37,22), (17, 34, 18), (15, 39, 26),

Y Y

9 Y

24,42, 32), (19,43, 27), (20, 44, 32), (22, 44, 33),
24,48, 32), (22, 46, 33), (26, 48, 32),

Y Y

) ( ) ( ) ( )
) ( ) ( ) ( )
) ( ) ( ) ( )

24,37,22), (19, 34, 18), (26, 39, 26), (24, 33, 23),

17,39,23), (15,39, 27), (20, 42, 32), (26,41, 26),
) ( ) ( ) ( )
) ( ) ( ) ( )
)

/\/\/\/\/\/\
~— — —
e e N
e N N N N

24,44, 33),
26,48, 33)]

Y Y

=[t; — 1,t; — W’ ty — 1ty — w? t3 — 1, t1ty — w, tity — 1, Loty — w?,
tots — w? tots + 1, tats — w, tots + w? tots — 1, t1tats — w, titots — 1,
titots + w, titots — w? titots 4+ 1, titots — w, titats — w?, titats — w,
tit3ts — w, titats + w2 titits — 1ttty + w, ttats — w? titsts — 1,
ttst: — W B — w, 52 — 1, 24563 — 1].
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5 Nichols systems of diagonal type

Moreover if a = 6, then B and P are given by

[(0 0,0), (5,0,0), (0,5,0), (0,0,1), (10,5,0), (5,0,1), (5, 10,0), (0,7, 1),
(0,2,3),(10,10,0), (12,7,1),(7,2,3), (5,12, 1), (0,9, 3), (5,12, 13),

(0, 4 4) (12,12,1), (14,9,3), (12,12,13), (9,4, 4), (7,16, 3), (5, 24, 13),
(0,9,4), (7,14, 15), (5, 14, 14), (14, 16, 3), (24, 24, 13), (14,9, 4),

(12,14, 15), (14,14, 14), (12,31,13), (9, 18,4), (7,28, 15), (5, 24, 14),
(9,18, 18), (10,29, 24), (24, 31,13), (14, 18,4), (26, 28, 15), (24, 24, 14),
(14,18, 18), (24,29, 24), (12, 33, 15), (14, 33, 14), (9, 32, 18), (10, 34, 24),
(14,33,28), (12,33,27), (26,33, 15), (24, 33, 14), (28, 32, 18), (29, 34, 24),
(24,33,28), (26, 33,27), (14, 37, 18), (24, 48, 24), (14, 42, 28), (12, 38, 27),
(
(
(
(
(
(
(

—~

) ) ( ) (
) ) ( ) ( ( ) )
) ) ( ) ( ( ) )
24,48, 38), (14, 35,29), (28, 37, 18), (29, 48, 24), (33, 42, 28), (31, 38, 27),
29, 48, 38), (26,35, 29), (24, 52, 28), (26, 52, 27), (24, 57, 38), (14, 42, 29),
) ) ( ) ( ( ) )
29,62, 38), ) ( ) ( ( ) )
38,57,39), ) ( ) ( ( ) )
) ) ( ) ( ( ) )
) )

38,59,41),
33,66,42),

26, 54,29), (24, 57,39), (26, 54, 41
33,54, 41), (31,64, 39), (26,59, 41
33,56, 42),
38,66, 42)]

(38,62, 38), (33,54, 29),
(28, 56,42), (38, 64, 39),
(38, 66,41), (38, 61, 42),

~— N N~ N~ N~

(

(

(
24,50,39), (33,52, 28), (31, 52, 27), (38, 57, 38), (33,42, 29), (31, 50, 39),

(

(

(

33,66,41), (28,61, 42

P A

and

P=[t; —1,t; +wt; —whty + 1,1, — w? ty — 1ty + w? ty — w?,

to+ 1,6y — w? ty — 1, t1ts + w?, thts — 1, t1ts + W2, thts — w,

tity + 1, t5ts — W2, Loty — w?, toty — 1, t1tats — w? titots + 1,

titots + w15t — WP titots + wh itats — 1, titats + w?

ttit — Wt ity — Wt ttits — WP s 1ttt — W?

titats + wh sty — 1, ttsts + w? Btats — w? ety + 1,

tHats — W st + Wt titats — 1, t5tts — 1].
Hence @ is finite-dimensional, Sup(Q) is contained in the convex hull of B
and for a one-dimensional object U € @C, where r, 75,73 € kX are such that
forue U, u#0,j€{1,2,3} we have

c C —

then we obtain that Zg(U) irreducible if and only if

HP(T17T2,7‘3) # 0.

peEP
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Appendix

German summary

Das Konzept des Nichols-Systems ist recht neu und ergibt sich als sinnvolles
Werkzeug, wenn man Nichols-Algebren B(€,V)) von direkten Summen von
Yetter-Drinfeld-Moduln Vj anschaut ([HS20], Abschnitte 13.2-13.3). Nichols-
Systeme halfen beim Studieren von Spiegelungen solcher Nichols-Algebren
([HS20], Abschnitte 13.3-13.4), sowie beim Untersuchen von Rechtskoide-
alunteralgebren von Nichols-Algebren ([HS20], Kapitel 14). Unser erstes
Ziel ist es eine neue aquivalente Definition eines Nichols-Systems zu geben,
die ohne viel Vorarbeit und mit wenigen Voraussetzungen auskommt (Ab-
schnitt . Wir studieren Spiegelungen von Nichols-Systemen, ohne die
notwendigen Funktoren explizit zu konstruieren. Stattdessen werden wir nur
einige wichtige Eigenschaften solcher Funktoren benutzen (Abschnitt
Abschnitt 2.2). Dieser Ansatz unterscheidet sich von dem in [HS20] und
interessanterweise stellt sich heraus, dass wir nur wissen miissen, wie die
Funktoren Z-Graduierungen veréndern, siehe Proposition [I.2.1]

Wir werden diese Funktoren auflerdem benutzen, um Spiegelungsfunktoren
fiir Yetter-Drinfeld-Moduln tiber Nichols-Systemen zu konstruieren. Solche
Funktoren sind neu, weswegen wir ihre fundamentalen Eigenschaften detail-
liert diskutieren (Abschnitt [3.1 Abschnitt [3.2). Mithilfe der Wurzeln eines
Nichols-Systems werden wir einige Eigenschaften iiber die Geometrie des
Tragers des Nichols-Systems und seiner Yetter-Drinfeld-Moduln herleiten,
indem wir iterierte Spiegelungen betrachten (Abschnitt [2.3] Abschnitt [3.3)).
Zum Beispiel werden wir zeigen, dass wenn ein Yetter-Drinfeld-Modul bes-
timmte Voraussetzungen erfiillt, dann liegt jedes echte Unterobjekt im In-
neren des Tragers des Yetter-Drinfeld-Moduls (Proposition [3.3.15). Diese
geometrischen Eigenschaften werden wir dann oft in den folgenden Abschnit-
ten benutzen, was ermoglicht eine Intuition iiber die diskutierten Aussagen
zu entwickeln.
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Mit der dann getétigten Vorarbeit wird unser nachstes Thema die Beschrei-
bung des maximalen Unterobjekts eines Yetter-Drinfeld-Moduls tiber einem
Nichols-System sein (Abschnitt , welches gleichzeitig auch die Irreduz-
ibilitat der Yetter-Drinfeld-Moduln beschreibt. Fiir einen Yetter-Drinfeld-
Modul finden wir einen besonderen Morphismus, den wir Shapovalov-Mor-
phismus nennen (Definition und dessen Kern mit dem maximalen
Unterobjekt des Yetter-Drinfeld-Moduls iibereinstimmt (Proposition [3.5.6)).
Dieser Morphismus stellt sich als besonders niitzlich heraus, da er mit Spiege-
lungen vertraglich ist (Proposition und deswegen benutzt werden kann,
um gewisse Eigenschaften tiber die Spiegelungen des Yetter-Drinfeld-Moduls
zu charakterisieren, indem man sich anschaut wie sich der Morphismus auf
bestimmten Komponenten des Tragers des Objekts verhélt (Corollary
Corollary |3.5.11)).

Wir berechnen dann eine explizite Formel fiir den Shapovalov-Morphismus
(Theorem in dem Fall wo das Nichols-System von Gruppentyp ist (Ab-
schnitt . In der Formel spielen eine besondere Variante von sogenannten
braided shuffles eine wichtige Rolle, welche in Abschnitt studiert werden.
Diese haben unerwarteterweise eine Vertauschungsrelation mit dem braided
symmetrizer (Theorem [1.1.17). Wir benutzen die explizite Formel um das
maximale Unterobjekt von Yetter-Drinfeld-Moduln iiber Nichols-Systemen
vom Gruppentyp, das heifit den Kern des zugehdrigen Shapolov-Morphismus,
in den Komponenten mit Grad 2 zu bestimmen (Proposition . Zuletzt
benutzen wir die Resultate des Kapitels um das maximale Unterobjekt einiger
Beispiele von Yetter-Drinfeld-Moduln iiber Nichols-Systemen mit nicht-abel-
schem Gruppentyp zu bestimmen (Abschnitt , namlich die der Fomin-
Kirillov-Algebren der Dimension 12 und 576 ([Venl2]), sowie die der 1280-
dimensionalen Nichols-Algebra, die durch ein Quandle mit 5 Elementen ge-
geben ist und in der Liste von [Ven21] auftaucht.

Mit der errechneten expliziten Formel des Shapovalov-Morphismus ist zu-
dem nicht mehr viel notig, um die Theorie der Spiegelungen von Yetter-
Drinfeld-Moduln iiber Nichols-Systemen vom diagonalen Typ (Abschnitt
auf die Theorie der Spiegelungen von Dynkin-Diagrammen zuriickzufiihren

(Abschnitt [5.1]).

Im Verlauf werden wir auflerdem die Theorie auf Yetter-Drinfeld-Moduln
iiber Nichols-Systemen anwenden und spezifizieren, die man durch induzieren
von Komoduln der Nichols-Systeme erhélt (Abschnitt[3.4), eine Konstruktion
die ahnlich zu Verma-Moduln in der Darstellungstheorie von Lie-Algebren
ist. Insbesondere erhalten wir fiir Nichols-Systeme vom diagonalen Typ das
Ergebnis, das die Irreduzibilitat der hier induzierten Objekte mithilfe eines
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Polynoms charakterisiert werden kann, welches man aus den Wurzeln des
Nichols-Systems erhélt (Theorem , Theorem . Dieses Polynom
(Definition taucht auch in [KM99], [BK02], [LLOS|, aber insbeson-
dere in dhnlichem Kontext in [HY10] auf und ist bekannt als Shapovalov-
Determinante. Wahrend in [HY10] ein &hnliches Resultat mithilfe von vielen
technischen expliziten Berechnungen diskutiert wird, bekommen wir in einem
allgemeineren Kontext dieses Polynom durch den Shapovalov-Morphismus,
was auch der Grund fiir dessen Namen ist. Wir beschreiben, wie man die
Wurzeln und das Polynom berechnen kann (Algorithm und in Ab-
schnitt tun wir dies fiir einige Beispiele, welche in [HecO8] und [Hec(07]
auftauchen.
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