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Preface

The notion of a Nichols system is quite new and appeared naturally while
studying Nichols algebras B(⊕kVk) of direct sums of Yetter-Drinfeld modules
Vk ([HS20], sections 13.2-13.3). This notion proved to be useful when looking
at reflections of such Nichols algebras ([HS20], sections 13.3-13.4) and it helps
studying right coideal subalgebras of Nichols algebras ([HS20], chapter 14).
Our first goal is to give an equivalent definition of a Nichols system, which
does not require as many prerequisites (section 2.1). We will study reflections
of Nichols systems without constructing the necessary functors explicitly, but
rather using only some important properties of such functors (section 1.2,
section 2.2). This approach differs from the one in [HS20] and interestingly
it turns out, that the only required properties will be about how the functors
changes Z-gradings, see Proposition 1.2.1.

We can also use these functors to quite intrinsically construct reflection func-
tors for Yetter-Drinfeld modules over Nichols systems. These functors are
new and therefore we will discuss their fundamental properties in detail (sec-
tion 3.1, section 3.2). Using the roots of a Nichols system, we will obtain
some properties about the geometry of the support of Nichols systems and
their Yetter-Drinfeld modules, by looking at iterated reflections (section 2.3,
section 3.3). For example we will show, that if a Yetter-Drinfeld module
satisfies specific properties, then any proper subobject must reside in the
interior of the Yetter-Drinfeld modules support (Proposition 3.3.15). These
geometric properties will be used in the following sections quite often and
allow one to develop an intuition about the discussed assertions.

Having done the necessary preparations our next topic will be the description
of the maximal subobject of Yetter-Drinfeld modules over Nichols systems
(section 3.5), which also describes the irreducibility of the modules. Given a
Yetter-Drinfeld module we will find a special morphism, that we name Shapo-
valov morphism (Definition 3.5.1), whose kernel coincides with the maximal
subobject of the Yetter-Drinfeld module (Proposition 3.5.6). This morphism
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will prove to be incredibly useful, as it behaves well under reflections (Propo-
sition 3.5.9) and it can even be used to characterize properties about the
reflections of the Yetter-Drinfeld module, by looking at how it behaves on
specific components of the support of the module (Corollary 3.5.10, Corol-
lary 3.5.11).

We then calculate an explicit formula of the Shapovalov morphism (Theo-
rem 4.2.3) in the case where the Nichols system is of group type (section 4.2).
The formula relies on some special variant of braided shuffles, described in
section 4.1, that unexpectedly have a commuting relation with the braided
symmetrizer (Theorem 4.1.17). We will use the formula to calculate the
maximal subobject of Yetter-Drinfeld modules over Nichols systems of group
type, i.e. the kernel of the corresponding Shapovalov morphism, in the com-
ponents of degree 2 (Proposition 4.2.10). Finally, we will use the results of
this chapter to calculate the maximal subobject of some examples of Yetter-
Drinfeld modules over Nichols algebras of group type (section 4.3), namely
the Fomin-Kirillov algebras of dimension 12 and 576 ([Ven12]), as well as a
1280-dimensional Nichols algebra of nonabelian group type given by a quan-
dle of 5 elements appearing in the list of [Ven21].

With the explicit formula of the Shapovalov morphism, not much more is
needed to ascribe the theory of reflections of Yetter-Drinfeld modules over
Nichols systems of diagonal type (section 5.2) with the reflection theory of
Dynkin diagrams (section 5.1).

Throughout we will also apply and specify the theory to the Yetter-Drinfeld
modules over Nichols systems that are obtained by inducing comodules of the
Nichols systems (section 3.4), a construction that is reminiscent of Verma
modules in the representation theory of Lie algebras. In particular, for
Nichols systems of diagonal type we will obtain the result, that such an in-
duced objects irreducibility can be characterized by a polynomial that is given
by the positive roots of its Nichols system (Theorem 5.2.18, Theorem 5.2.19).
This polynomial (Definition 5.1.25) also appears in [KM99], [BK02], [LL08],
but most notably in a similar context in [HY10], and is known as the Shapo-
valov determinant. While in [HY10] a similar result was obtained with a
lot of technicality and explicit calculations, here, in a more general context,
we will obtain this polynomial from the Shapovalov morphism, which is the
reason we chose this name. We will explain how to calculate the roots and
the polynomial (Algorithm 5.2.20) and in section 5.3 we will do so for some
examples that appear in [Hec08] and [Hec07].

Keywords: Hopf algebra, Nichols algebra, Yetter-Drinfeld module, Braided
monoidal category, Shapovalov determinant.
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1 Introduction

We start in section 1.1 by laying a foundation of definitions, notations and
fundamentals necessary for this theory. Proposition 1.1.22 turned out to be
especially important, as it is used throughout this work in multiple occa-
sions.

Then in section 1.2 we define and discuss reflection functors of categories of
Yetter-Drinfeld modules in general. These are the primary building blocks
of the following chapters.

1.1 Preliminaries

Let C be a braided strict monoidal category and let k be a field.

Notation. LetM be any braided monoidal category. We denote cM for the
braiding of M. For a algebra A in M we denote ηA for its unit morphism,
µA for its multiplication and AM, MA for the category of left and right A-
modules, respectively. For a coalgebra C in M we denote εC for its counit,
∆C for its comultiplication and CM,MC for the category of left and right C-
comodules, respectively. The antipode of a Hopf algebra H inM is denoted
with SH .

Moreover for a algebra A ∈ M and an A-module V in M we denote νAV for
its A-action. For a coalgebra C ∈M and a C-comodule W inM we denote
δCW for its C-coaction.

Definition 1.1.1. Let R be a Hopf algebra in C and V ∈ C. Then V is
called a left Yetter-Drinfeld module (abbreviated YD-module) over R
in C, if V is a left R-module, V is a left R-comodule and

(µR ⊗ νRV )(idR ⊗ cCR,R ⊗ idV )(∆R ⊗ δRV )

=(µR ⊗ idV )(idR ⊗ cCV,R)(δRV ν
R
V ⊗ idR)(idR ⊗ cCR,V )(∆R ⊗ idV ).
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1 Introduction

We denote R
RYD(C) for the category where objects are left YD-modules and

where morphisms are R-module and R-comodule morphisms. Additionally if
H is a Hopf algebra over k, then we denote H

HYD := H
HYD(Mk), where Mk

is the category of vector spaces over k.

Remark 1.1.2. Let R be a Hopf algebra in C. Then R
RYD(C) is a braided

category with braiding given by

c
R
RYD(C)
V,W := (νRW ⊗ idV )(idR ⊗ cCV,W )(δRV ⊗ idW ) : V ⊗W → W ⊗ V

for objects V,W ∈ R
RYD(C), see [HS20], Section 3.4.

Lemma 1.1.3. Let R be a Hopf algebra in C and let V ∈ C be a left R-module
and a left R-comodule. Then V is an object in R

RYD(C) if and only if

δRV ν
R
V =(µR ⊗ νRV )(µR ⊗ cCR⊗V,R)(idR ⊗ cCR,R ⊗ idV ⊗ SR)

(∆R ⊗ cCR,R⊗V )(∆R ⊗ δRV ).

Proof. Assume V is an object in R
RYD(C). Let

f :=(µR ⊗ idV )(idR ⊗ cCV,R)(δRV ν
R
V ⊗ idR)(idR ⊗ cCR,V )(∆R ⊗ idV )

=(µR ⊗ νRV )(idR ⊗ cCR,R ⊗ idV )(∆R ⊗ δRV ).

Then starting with the left hand side of f and then replacing it with the
right hand side we obtain

δRV ν
R
V =(µR ⊗ idV )(idR ⊗ cCV,R) (f ⊗ SR) (idR ⊗ cCR,V )(∆R ⊗ idV )

=(µR ⊗ νRV )(µR ⊗ cCR⊗V,R)(idR ⊗ cCR,R ⊗ idV ⊗ SR)

(∆R ⊗ cCR,R⊗V )(∆R ⊗ δRV ).

Now conversely if this relation holds for V , it is straight forward to prove

(µR ⊗ idV )(idR ⊗ cCV,R)(δRV ν
R
V ⊗ idR)(idR ⊗ cCR,V )(∆R ⊗ idV )

=(µR ⊗ νRV )(idR ⊗ cCR,R ⊗ idV )(∆R ⊗ δRV ),

and thus V ∈ R
RYD(C).

Lemma 1.1.4. Let V ∈ R
RYD(C), and let U ∈ C be a sub R-comodule of V .

Then R · U is a subobject of V in R
RYD(C).

Proof. Clearly R · U is a sub R-module of V . By Lemma 1.1.3 we obtain
that it is also a sub R-comodule of V .
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1.1 Preliminaries

Definition 1.1.5. Let H ∈ C and R ∈ H
HYD(C) be Hopf algebras in the

specific categories. We denote R#H for the Hopf algebra in C with unit
ηR#H := ηR⊗ηH , counit εR#H := εR⊗εH , multiplication and comultiplication

µR#H :=(µR ⊗ idH)(idR ⊗ νHR⊗H),

∆R#H :=(idR ⊗ δHR⊗H)(∆R ⊗ idH)

and antipode µR⊗H(ηRεR ⊗ SH ⊗ SR ⊗ ηHεH)∆R⊗H .

Remark 1.1.6. To see that R#H from Definition 1.1.5 is indeed a Hopf al-
gebra in C refer to [HS20], Theorem 3.8.10.

Proposition 1.1.7. Let H ∈ C and R ∈ H
HYD(C) be Hopf algebras in the

specific categories. Then the functor

R
RYD(HHYD(C))→ R#H

R#HYD(C),((
V, νH , δH

)
, νR, δR

)
7→
(
V, νR(id⊗ νH), (id⊗ δH)δR

)
and where morphisms are mapped onto oneself, is a braided strict monoidal
isomorphism. The inverse is given by the functor

(V, νR#H , δR#H) 7→
((
V, νH , δH

)
, νR, δR

)
for all (V, νR#H , δR#H) ∈ R#H

R#HYD(C), where

νH = νR#H(ηR ⊗ idH ⊗ idV ), δH = (εR ⊗ idH ⊗ idV )δR#H ,

νR = νR#H(idR ⊗ ηH ⊗ idV ), δR = (idR ⊗ εH ⊗ idV )δR#H .

Proof. Refer to [HS20], Theorem 3.8.7.

Proposition 1.1.8. Let D be a braided strict monoidal category. Moreover
let (Ω, ω) : C → D be a braided monoidal functor and let R ∈ C be a Hopf
algebra. The induced functor

(Ω̃, ω̃) : RRYD(C)→ Ω(R)
Ω(R)YD(D)

is braided monoidal. If Ω is an isomorphism, then so is Ω̃.

Proof. Indeed Ω̃ is well defined and for X, Y ∈ R
RYD(C) canonically ωX,Y is

a morphism in
Ω(R)
Ω(R)YD(D) and thus (Ω̃, ω̃) is a monoidal functor. One can

than check that

Ω(c
R
RYD(C)
X,Y )ωX,Y = ωY,Xc

Ω(R)
Ω(R)

YD(D)

Ω(X),Ω(Y ) ,

hence (Ω̃, ω̃) is also a braided functor.

7



1 Introduction

Definition 1.1.9. Let A be an algebra in C and C be a coalgebra in C. An
A-bimodule is a triple (V, νl, νr), such that V ∈ C, νl : A⊗ V → V is a left
A-module structure for V , νr : V ⊗A→ V is a right A-module structure for
V and νr(νl ⊗ idA) = νl(idA ⊗ νr).

Similarly a C-bicomodule is a triple (W, δl, δr), such that W ∈ C, δl : W →
C ⊗W is a left C-comodule structure for W , δr : W → W ⊗ C is a right
C-comodule structure for W and (idC ⊗ δr)δl = (δl ⊗ idC)δr.

The category of A-bimodules is denoted ACA and the category of C-bicomo-
dules is denoted RCR.

Definition 1.1.10. Let R be a Hopf algebra in C. For an R-bimodule
(V, νl, νr) ∈ RCR and an R-bicomodule (W, δl, δr) ∈ RCR define

adV :=νr(νl ⊗ SR)(idR ⊗ cCR,V )(∆R ⊗ idV ) : R⊗ V → V ,

coadW :=(µR ⊗ idW )(idR ⊗ cCW,R)(δl ⊗ SR)δr : W → R⊗W.

Proposition 1.1.11. Let R be a Hopf algebra in C. The following are well-
defined functors, where Morphisms are mapped onto oneself:

R(RCR)→ R
RYD(C), ((V, νl, νr), δ) 7→ (V, adV , δ),

R(RCR)→ R
RYD(C), ((W, δl, δr), ν) 7→ (W, ν, coadW ).

Proof. Refer to [HS20], Proposition 3.7.8 and Proposition 3.7.9.

Remark 1.1.12. Let R be a Hopf algebra in C. Let V ∈ RC and W ∈ RC.
Since (R, µR, µR) ∈ RCR and since (V, νRV , (idV ⊗ εR)) ∈ RCR we have an
R-bimodule structure on R ⊗ V , which is an R-comodule via ∆R ⊗ idV .
Similarly since (R,∆R,∆R) ∈ RCR and (W, δRW , (idW ⊗ ηR)) ∈ RCR we get an
R-bicomodule structure on R⊗W , that is an R-module via µR⊗ idW . Hence
Proposition 1.1.11 induces functors

RC → R
RYD(C), (V, νl, νr) 7→ (R⊗ V, adR⊗V ,∆R ⊗ idV ),

RC → R
RYD(C), (W, δl, δr) 7→ (R⊗W,µR ⊗ idW , coadR⊗W ),

where morphisms f are mapped to idR ⊗ f and where

adR⊗V :=(µR ⊗ νRV )(µR ⊗ cCR⊗V,R)(idR ⊗ cCR,R ⊗ idV ⊗ SR)

(∆R ⊗ cCR,R⊗V )(∆R ⊗ idR⊗V ),

coadR⊗W :=(µR ⊗ idR⊗V )(µR ⊗ cCR⊗V,R)(idR ⊗ cCR,R ⊗ idV ⊗ SR)

(∆R ⊗ cCR,R⊗V )(∆R ⊗ δRV ).
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1.1 Preliminaries

Definition 1.1.13. Let Γ be a monoid. An object X ∈ C together with
objects X(γ), γ ∈ Γ is called Γ-graded, if X = ⊕γ∈ΓX(γ). For two Γ-
graded objects X, Y ∈ C a morphism f : X → Y is called graded, if for all
γ ∈ Γ there exists a morphism fγ : X(γ)→ Y (γ), such that the diagram

X Y

X(γ) Y (γ)

f

πγιγ

fγ

commutes, where ιγ : X(γ) → X is the canonical inclusion and where πγ :
Y → Y (γ) is the canonical projection.

An algebra A ∈ C is called Γ-graded algebra, if A is a graded object in C
such that µA and ηA are graded morphisms. If A ∈ C is a Γ-graded algebra,
then V ∈ AC is called Γ-graded A-module, if V is a graded object in C
such that νAV is a graded morphism.

A coalgebra C ∈ C is called Γ-graded coalgebra, if C is a graded object
in C such that ∆C and εC are graded morphisms. If C ∈ C is a Γ-graded
coalgebra, then W ∈ CC is called Γ-graded C-comodule, if W is a graded
object in C such that δCW is a graded morphism.

Moreover a bialgebra B ∈ C is a Γ-graded bialgebra, if B is both a Γ-
graded algebra and coalgebra. A Hopf algebnra R ∈ C is a Γ-graded Hopf
algebra, if R is a graded bialgebra and SR is graded.

Finally for a Γ-graded Hopf algebra R ∈ C an object V ∈ R
RYD(C) is called

Γ-graded YD-module, if V is both a Γ-graded module and comodule in C.

Definition 1.1.14. Let Γ be a monoid and V ∈ C be a Γ-graded object. For
Γ′ ⊂ Γ let

V (Γ′) := ⊕γ∈Γ′V (γ).

Moreover let Sup(V ) := {γ ∈ Γ |V (γ) 6= 0} denote the support of V .

Remark 1.1.15. Let Γ,Γ′ be monoids and let f : Γ → Γ′ be a monoidal
morphism. If V ∈ C is a Γ-graded object, then V is also a Γ′-graded object
via V (γ) = V (f−1(γ)) for all γ ∈ f(Γ) and V (γ) = 0 for all γ ∈ Γ′ \ f(Γ).

The rest of this section assumes that C is a subcategory of the category where
objects are sets and morphisms are maps between sets.

Definition 1.1.16. Let Γ be a partial ordered monoid with partial order
denoted by ≤. Let R be a Γ-graded Hopf algebra in C and let V be a left

9



1 Introduction

R-module. We call V a rational R-module, if for all v ∈ V there exists
γ0 ∈ Γ, such that R(γ)v = 0 for all γ ∈ Γ, γ0 ≤ γ. Moreover we denote
R
RYD(C)rat for the category of YD-modules which are rational R-modules.

Definition 1.1.17. Let θ ∈ N, C ∈ C be a Nθ
0-graded coalgebra and Y ∈ C

a left C-comodule. We denote

F0(Y ) := δCY
−1

(C(0)⊗ Y ) = {y ∈ Y | δCY (y) ∈ C(0)⊗ Y }.

Lemma 1.1.18. Let θ ∈ N, C ∈ C be a Nθ
0-graded coalgebra and Y ∈ C a

left C-comodule. Let Γ be an abelian group, such that Zθ ⊂ Γ. Then

(1) δCY (F0(Y )) ⊂ C(0)⊗F0(Y ).

(2) If Y 6= 0, then F0(Y ) 6= 0.

(3) F0(Y ) is a sub C-comodule of Y .

(4) If Y is Γ-graded C-comodule, then F0(Y ) is a graded sub C-comodule
of Y .

Proof. (3) is implied by (1). (4) is then given by definition, since δCY is a
graded map and C(0)⊗ Y is a graded subobject of C ⊗ Y in C.

(1): By definition we have δCY (F0(Y )) ⊂ C(0) ⊗ Y . Since ∆C is graded, we
have ∆C(C(0)) ⊂ C(0)⊗ C(0). Then

(idC(0) ⊗ δCY )δCY (F0(Y )) = (∆C ⊗ idY )δCY (F0(Y )) = C(0)⊗ C(0)⊗ Y.

Applying εC yields δCY (F0(Y )) ⊂ C(0)⊗F0(Y ).

(2): Let p : Zθ → Z, (n1, . . . , nθ) 7→
∑θ

i=1 ni. We view C as a N0-graded
coalgebra via C(n) = C(p−1(n)) for all n ∈ N0. Let 0 6= y ∈ Y . Moreover
let n ∈ N0 and let yi ∈ C(i) ⊗ Y for all 0 ≤ i ≤ n, such that yn 6= 0 and
δCY (y) =

∑n
i=1 yi. Since ∆C is graded, we have

(∆C ⊗ idY )(yi) ∈ ⊕i1+i2=i
i1,i2∈N0

C(i1)⊗ C(i2)⊗ Y

for all 0 ≤ i ≤ n. Thus

n∑
i=1

(idC ⊗ δCY )(yi) = (idC ⊗ δCY )δCY (y) = (∆C ⊗ idY )δCY (y)

=
n∑
i=0

(∆C ⊗ idY )(yi) ∈ ⊕ni=1 ⊕
i1+i2=i
i1,i2∈N0

C(i1)⊗ C(i2)⊗ Y

10



1.1 Preliminaries

Since by definition (idC ⊗ δCY )(yk) ∈ C(k) ⊗ C ⊗ Y for all 0 ≤ k ≤ n we
conclude

(idC ⊗ δCY )(yk) ∈ ⊕ni=kC(k)⊗ C(i− k)⊗ Y

In particular (idC ⊗ δCY )(yn) ∈ C(n) ⊗ C(0) ⊗ Y . As yn 6= 0, let m ∈ N,
d1, . . . , dm ∈ C(n) be linear independent, z1, . . . , zm ∈ Y \ {0}, such that
yn =

∑m
i=1 di ⊗ zi. Then by above δCY (zi) ∈ C(0) ⊗ Y for all 1 ≤ i ≤ m, i.e.

z1, . . . , zm ∈ F0(Y ).

Definition 1.1.19. Let θ ∈ N, Γ be an abelian group such that Zθ ⊂ Γ
and let R be a Nθ

0-graded Hopf algebra in C. Let V ∈ R
RYD(C) be a Γ-

graded object, where there exists n0 ∈ Γ such that V (n0) generates V as an
R-module. We say V is well graded, if V (n0) = F0(V ).

Remark 1.1.20. In Definition 1.1.19 we have Sup(V ) ⊂ n0 + Nθ
0 and thus

always V (n0) ⊂ F0(V ), since the R-coaction δRV is graded. Moreover if R is
connected, i.e. R(0) coincides with the unit object of C, then

F0(V ) = {v ∈ V | δRV (v) = 1⊗ v},

that is F0(V ) coincides with the coinvariant elements of V .

Remark 1.1.21. Let θ ∈ N, Γ be an abelian group such that Zθ ⊂ Γ and let
R be a Nθ

0-graded Hopf algebra in C. Let V ∈ R
RYD(C) be a Γ-graded object.

Then for all γ ∈ Γ, V (γ) ∈ R(0)
R(0)YD(C), where the action is the by νRV induced

action and the coaction is the by δRV projected coaction. This is well defined,
since νRV and δRV are graded.

Proposition 1.1.22. Let θ ∈ N, Γ be an abelian group such that Zθ ⊂ Γ
and let R be a Nθ

0-graded Hopf algebra over k. Let V ∈ R
RYD be a Γ-graded

object. Then the following are equivalent:

(1) V is irreducible in R
RYD.

(2) V is irreducible as an object of the category of Γ-graded objects of RRYD.

(3) There exists n0 ∈ Γ such that

(a) V (n0) is irreducible in
R(0)
R(0)YD.

(b) V (n0) generates V as an R-module.

(c) V is well graded.

11



1 Introduction

Proof. The following is a generalisation of the proof of [HS20], Proposi-
tion 13.1.2.

Clearly (1) =⇒ (2) holds. (2) =⇒ (3): With Lemma 1.1.18(2), (3) and (4)
we obtain that 0 6= F0(V ) is a graded sub R-comodule of V . Let n0 ∈ Γ,
such that F0(V )(n0) 6= 0. By Lemma 1.1.18(1) we know that

δRV (F0(V )(n0)) ⊂ H(0)⊗F0(V ).

Since δRV is graded, this implies δRV (F0(V )(n0)) ⊂ H(0) ⊗ F0(V )(n0), i.e.
that F0(V )(n0) is a sub R-comodule of V . Then Lemma 1.1.4 implies that
R · F0(V )(n0) is a graded subobject of V in R

RYD. Thus by (2) we obtain
R · F0(V )(n0) = V , in particular V (γ) = R(γ−n0) · F0(V )(n0) for all γ ∈ Γ.
This means that V is generated as an R-module by F0(V )(n0) and that

Sup(V ) ⊂ n0 + Nθ
0.

Morover n0 ∈ Sup(V ), as V (n0) = R(0) · F0(V )(n0) 6= 0. Since n0 ∈ Γ
was an arbitrary element, such that F0(V )(n0) 6= 0 we can conclude that
if n1 ∈ Γ, such that F0(V )(n1) 6= 0, then n1 ∈ Sup(V ) ⊂ n0 + Nθ

0 and
n0 ∈ n1 +Nθ

0, implyingt n0 = n1. Hence F0(V )(γ) = 0 for all n0 6= γ ∈ Γ and
thus F0(V ) = F0(V )(n0) ⊂ V (n0). Considering Remark 1.1.20 we conclude
F0(V ) = V (n0), implying (3)(b) and (3)(c). Finally let 0 6= X be a subobject

of V (n0) in
R(0)
R(0)YD. By (3)(b) We have δRV (V (n0)) ⊂ R(0)⊗ V (n0), i.e. the

R(0)-comodule structure of V (n0) coincides with the R-comodule structure
of V restricted to V (n0). It follows that X is a sub R-comodule of V , hence
R ·X is a subobject of V in R

RYD by Lemma 1.1.4. Then R ·X = V by (2).
In particular V (n0) = R(0) ·X ⊂ X, i.e. V (n0) = X. This implies (3)(a).

(3) =⇒ (1): Let 0 6= X ⊂ V be a subobject in R
RYD. Then we get F0(X) 6= 0

by Lemma 1.1.18(2). By Lemma 1.1.18(1) we know that δRV (F0(X)) ⊂ R(0)⊗
F0(X). Let x ∈ F0(X) and r ∈ R(0). Then by Lemma 1.1.3, since ∆R, SR
are graded and since δRV (x) ∈ R(0)⊗X, we obtain

δRV (r · x) = r(1)x(−1)SR(r(3))⊗ r(2) · x(0) ∈ R(0)⊗X.

This implies R(0) · F0(X) ⊂ F0(X), hence 0 6= F0(X) is a subobject of

F0(V ) = V (n0) in
R(0)
R(0)YD, using (3)(c). Thus V (n0) = F0(X) ⊂ X by

(3)(a). With (3)(b) it follows that X = V .

For the rest of this section let H be a Hopf algebra over k. We view H as
N0-graded with the trivial grading H = H(0).

12



1.1 Preliminaries

Corollary 1.1.23. Let θ ∈ N, Γ be an abelian group such that Zθ ⊂ Γ and let
R be a Nθ

0-graded Hopf algebra in H
HYD. Let V ∈ R

RYD(HHYD) be a Γ-graded
object. Then the following are equivalent:

(1) V is irreducible in R
RYD(HHYD).

(2) V is irreducible as an object of the category of Γ-graded objects of
R
RYD(HHYD).

(3) There exists n0 ∈ Z such that

(a) V (n0) is irreducible in
R(0)#H
R(0)#HYD.

(b) V (n0) generates V as an R-module.

(c) V is well graded.

Proof. The claim follows with Proposition 1.1.7, Proposition 1.1.22 and the
fact that (R#H)(n) = R(n)#H for all n ∈ Nθ

0.

Definition 1.1.24. An algebra A over k equipped with a linear form λ :
A→ k is called Frobenius algebra with Frobenius element λ, if λµA :
A⊗ A→ k is a non-degenerate pairing.

Remark 1.1.25. Let A be a finite dimensional Frobenius algebra over k with
Frobenius element λ. Then

φ : A→ A∗, φ(a)(b) = λ(ba), for all a, b ∈ A,

is an isomorphism of left A-modules, where A∗ has A-module structure given
by af(b) = f(ba) for all a, b ∈ A, f ∈ A∗. In particular λ = φ(1) is a
generator of A∗ as an A-module.

Proposition 1.1.26. Let R be a finite-dimensional N0-graded Hopf algebra
in H

HYD. Let N ∈ N0, such that R(N) 6= 0 and R(n) = 0 for all n > N and
πN : R → R(N) be the canonical projection. Moreover let 0 6= Λ ∈ R(N).
Then R(N) = kΛ and R is a Frobenius algebra with Frobenius element λ :
R→ k given by

πN(r) = λ(r)Λ

for all r ∈ R.

Proof. This is proven in [HS20], Theorem 4.4.13(3).

13



1 Introduction

Corollary 1.1.27. Let R be a finite-dimensional N0-graded Hopf algebra in
H
HYD. Let N ∈ N0, such that R(N) 6= 0 and R(n) = 0 for all n > N and let
0 6= Λ ∈ R(N). Then the following hold:

(1) R(N) = kΛ.

(2) For all 0 6= x ∈ R there exists some y ∈ R, such that yx = Λ.

(3) R(N) is contained in every non-zero left ideal of R.

Proof. By Proposition 1.1.26 we obtain (1) and that R is a Frobenius algebra
with Frobenius element λ : R→ k given by

πN(r) = λ(r)Λ,

for all r ∈ R, where πN : R → R(N) is the canonical projection. Let
0 6= x ∈ R and let m ∈ N0, xi ∈ R(i) for all m ≤ i ≤ N , such that xm 6= 0
and x =

∑N
i=m xi. Since λµR is non-degenrate, there exists y ∈ R, such that

λ(yxm) 6= 0. Let yi ∈ R(i) for all 0 ≤ i ≤ R, such that y =
∑N

i=0 yi. Then

yN−mxm = πN(yxm) = λ(yxm)Λ.

Observe that yN−mxi ∈ R(N−m+i), in particular yN−mxi = 0 for all i > m.
Thus

yN−m
λ(yxm)

x =
yN−mxm
λ(yxm)

= Λ

and (2) is proven. Finally (3) is implied by (1) and (2).

1.2 Reflection functors

We define reflection functors in Definition 1.2.6. They are constructed by
using a functor between the categories of rational Yetter-Drinfeld modules of
dual pairs of locally finite N0-graded Hopf algebras (Proposition 1.2.1), that
reverses Z-gradings. We will discuss in detail how gradings are preserved
when applying these functors.

Let H be a Hopf algebra over some field k and denote C := H
HYD. Let A,B be

a dual pair of locally finite N0-graded Hopf algebras in the category C.

Proposition 1.2.1. There is a braided monoidal isomorphism

(Ω, ω) : BBYD(C)rat → A
AYD(C)rat,

such that

14



1.2 Reflection functors

(1) For each Z-graded object V ∈ B
BYD(C)rat the object Ω(V ) is Z-graded

with Ω(V )(n) = V (−n) for all n ∈ Z. In particular Ω(V ) = V as
vector spaces.

(2) If V, V ′ ∈ B
BYD(C)rat are Z-graded and f : V → V ′ is a Z-graded

morphism, then Ω(f) = f as linear maps. In particular Ω(f) : Ω(V )→
Ω(V ′) is a Z-graded morphism.

Proof. The functor discussed in [HS20], Section 12.3 has those properties,
see Corollary 12.3.6.

Remark 1.2.2. Remarkably the properties of Proposition 1.2.1 are the only
ones which we need in this theory. At no point we require to know explicitly
how the functor changes the action and coaction.

Let (Ω, ω) be a functor with the properties from Proposition 1.2.1.

Lemma 1.2.3. Let V ∈ B
BYD(C)rat be an irreducible object. Then Ω(V ) is

irreducible in A
AYD(C)rat.

Proof. If U is a subobject of Ω(V ) in C
CYD(C)rat, then since Ω is an iso-

morphism, U can be viewed as a subobject of V in B
BYD(C)rat. Since V is

irreducible this implies U = 0 or U = V .

Let Γ be an abelian group where there exists some α ∈ Γ and a subgroup
Γ′ ⊂ Γ, such that Γ = Zα⊕ Γ′. We view B as a Γ-graded Hopf algebra with
B(nα) := B(n) for all n ∈ N0 and B(γ) = 0 for all γ ∈ Γ \ N0α. Moreover
we view A as a Γ-graded Hopf algebra with A(−nα) := A(n) for all n ∈ N0

and A(γ) = 0 for all γ ∈ Γ \ N0(−α).

Proposition 1.2.4. Let V ∈ B
BYD(C)rat be a Γ-graded object. Then Ω(V ) ∈

A
AYD(C)rat is Γ-graded with Ω(V )(γ) = V (γ) for γ ∈ Γ. Moreover if K is a
Γ-graded Hopf algebra in B

BYD(C), then Ω(K) is a Γ-graded Hopf algebra in
A
AYD(C) with Ω(K)(γ) = K(γ) for γ ∈ Γ.

Proof. Let γ ∈ Γ. By assumption γ = mα + γ′ for some m ∈ Z, γ′ ∈ Γ′.
Now V ∈ B

BYD(C)rat is Z-graded with

V (n) = V (nα + γ′)

for n ∈ Z. By Proposition 1.2.1(1) we obtain that Ω(V ) ∈ A
AYD(C)rat is

Z-graded with

Ω(V )(n) = V (−nα + γ′)

15



1 Introduction

for n ∈ Z. This implies for n ∈ N0

A(−nα)V (γ) = A(n)V (mα + γ′) = A(n)Ω(V )(−m)

⊂ Ω(V )(n−m) = V ((−n+m)α + γ′) = V (−nα + γ),

hence by construction A(β)V (γ) ⊂ V (β + γ) for all β ∈ Γ. Now the above
also implies

δAΩ(V )(V (γ)) = δAΩ(V )(V (mα + γ′)) = δAΩ(V )(Ω(V )(−m))

⊂ ⊕m1+m2=−m
m1,m2∈Z A(m1)⊗ Ω(V )(m2)

= ⊕m1+m2=−m
m1,m2∈Z A(−m1α)⊗ V (−m2α + γ′)

⊂ ⊕γ1+γ2=γ
γ1,γ2∈Γ A(γ1)⊗ V (γ2),

hence the first claim is correct. Now if K is a Γ-graded Hopf algebra
in B

BYD(C), then since Ω is braided monoidal, Ω(K) is a Hopf algebra in
A
AYD(C), with the same unit, multiplication, counit and comultiplication by
Proposition 1.2.1(2). Since the grading is also the same, as discussed above,
these structure morphisms remain Γ-graded.

Proposition 1.2.5. Let K ∈ B
BYD(C)rat be a Γ-graded Hopf algebra. Then

(1) K#B is a Γ-graded Hopf algebra in C with

(K#B)(γ) = ⊕γ1+γ2=γ
γ1,γ2∈Γ K(γ1)⊗B(γ2)

= ⊕n1+n2=n
n1∈Z,n2∈N0

K(n1α + γ′)⊗B(n2),

where n ∈ Z, γ′ ∈ Γ′, γ = nα + γ′ ∈ Γ.

(2) Ω(K)#A is a Γ-graded Hopf algebra in C with

(Ω(K)#A)(γ) = ⊕γ1+γ2=γ
γ1,γ2∈Γ K(γ1)⊗ A(γ2)

= ⊕n1−n2=n
n1∈Z,n2∈N0

K(n1α + γ′)⊗ A(n2),

where n ∈ Z, γ′ ∈ Γ′, γ = nα + γ′ ∈ Γ.

Proof. (1) follows quickly when using that the B-action and B-coaction of
K are Γ-graded and by the construction of the Γ-grading of B. (2) is implied
by Proposition 1.2.4 and (1), as well as considering the construction of the
Γ-grading of A.

Definition 1.2.6. Let K ∈ B
BYD(C)rat be a Hopf algebra. We denote

(ΩK,B, ωK,B) : K#B
K#BYD(C)rat → Ω(K)#A

Ω(K)#AYD(C)rat

16



1.2 Reflection functors

for the braided monoidal isomorphism defined such that the diagram

K#B
K#BYD(C)rat

Ω(K)#A
Ω(K)#AYD(C)rat

K
KYD(BBYD(C)rat)

Ω(K)
Ω(K)YD(AAYD(C)rat)

∼=

(ΩK,B ,ωK,B)

(Ω̃,ω̃)

∼=

commutes, where (Ω̃, ω̃) is the by (Ω, ω) induced functor of Proposition 1.1.8
and the two vertical isomorphisms are given by Proposition 1.1.7. We call
(ΩK,B, ωK,B) the reflection functor induced by (Ω, ω).

Remark 1.2.7. Let K ∈ B
BYD(C)rat be a Hopf algebra and V ∈ K#B

K#BYD(C)rat.

Then the Ω(K)#A-action and coaction of ΩK,B(V ) ∈ Ω(K)#A
Ω(K)#AYD(C)rat are

ν
Ω(K)#A
ΩK,B(V ) = νK#B

V (idK ⊗ ηB ⊗ νAΩ(V )),

δ
Ω(K)#A
ΩK,B(V ) = (idK ⊗ εB ⊗ δAΩ(V ))δ

K#B
V ,

where νAΩ(V ) : A ⊗ V → V and δAΩ(V ) : V → A ⊗ V are the A-action and

coaction of Ω(V ) ∈ A
AYD(C)rat, where V ∈ B

BYD(C)rat has B-action and
coaction

νBV = νK#B
V (ηK ⊗ idB ⊗ idV ), δBV = (εK ⊗ idB ⊗ idV )δK#B

V .

Lemma 1.2.8. Let K ∈ B
BYD(C)rat be a Hopf algebra and V ∈ K#B

K#BYD(C)rat.
Let U ⊂ V be a subset, such that U is also a subobject of ΩK,B(V ) in
Ω(K)#A
Ω(K)#AYD(C)rat. Then U is a subobject of V in K#B

K#BYD(C)rat.

In particular if V is an irreducible object in K#B
K#BYD(C)rat, then ΩK,B(V ) is

irreducible in
Ω(K)#A
Ω(K)#AYD(C)rat.

Proof. The claim follows since ΩK,B is an isomorphism.

Proposition 1.2.9. Let K ∈ B
BYD(C)rat be a Γ-graded Hopf algebra. More-

over let V ∈ K#B
K#BYD(C)rat be a Γ-graded object. Then the object ΩK,B(V ) ∈

Ω(K)#A
Ω(K)#AYD(C)rat is Γ-graded via ΩK,B(V )(γ) := V (γ) for γ ∈ Γ.

Proof. Let γ, γ′, γ′′ ∈ Γ. Using Remark 1.2.7 and Proposition 1.2.4 we obtain

(Ω(K)(γ)#A(γ′))V (γ′′) = (K(γ)#k1B)(A(γ′)V (γ′′))

⊂ K(γ)V (γ′ + γ′′) ⊂ K(γ + γ′ + γ′′).
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Moreover, since εB : B → k is Γ-graded, where k(0) = k, k(β) = 0 for all
β ∈ Γ \ {0}, considering Remark 1.2.7 we obtain

δ
Ω(K)#A
ΩK,B(V )(V (γ)) = (idK ⊗ εB ⊗ δAΩ(V ))δ

K#B
V (V (γ))

⊂(idK ⊗ εB ⊗ δAΩ(V ))
(
⊕γ1+γ2+γ3=γ
γ1,γ2,γ3∈Γ K(γ1)⊗B(γ2)⊗ V (γ3)

)
=⊕γ1+γ3=γ

γ1,γ3∈Γ K(γ1)⊗ k⊗ δAΩ(V )(V (γ3))

⊂⊕γ1+γ2+γ3=γ
γ1,γ2,γ3∈Γ Ω(K)(γ1)⊗ A(γ2)⊗ V (γ3).

The claim follows.

Remark 1.2.10. Let s ∈ Aut(Γ). If K ∈ C is a Γ-graded Hopf algebra, then
K(γ) := K(s(γ)) for γ ∈ Γ, defines a new Γ-grading for K. Moreover if
V ∈ K

KYD(C) is Γ-graded in regards to the standard Γ-grading of K, then
V (γ) := V (s(γ)) for γ ∈ Γ, defines a Γ-grading for V in regards to the by s
shifted Γ-grading of K.
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2 Nichols systems

In section 2.1 we define Nichols systems. They also appear in [HS20], sec-
tion 13.5, however our definition is a bit different, as it requires less prereq-
uisites. We will also discuss how the two definitions are equivalent.

Then in section 2.2 we discuss how and when we can reflect a Nichols system.
An important difference between this work and [HS20], section 13.5, is the
underlying functor that we obtain by Proposition 1.2.1. In [HS20] this functor
is defined explicitly and proofs make use of its explicit structure. The goal
here was to prove similar results, using only the properties of the functor
in Proposition 1.2.1. The main result of this section is Proposition 2.2.8,
where we discuss when a reflection of a Nichols system is again a Nichols
system.

Finally in section 2.3 we look at iterated reflections of Nichols systems. Doing
so, we will also define the set of roots of a Nichols system, which coincides
with a set of real roots of an associated semi-Cartan graph. We will use the
roots to discuss the geometry of the support of a Nichols system, i.e. the set
of indices of non-zero components regarding the grading.

Let θ ∈ N and I = {1, . . . , θ}. Let α1, . . . , αθ ∈ Nθ
0 be the unit vectors. Let H

be a Hopf algebra over some field k with bijective antipode and C := H
HYD.

We view H as Nθ
0-graded with the trivial grading H = H(0).

2.1 Nichols systems

Definition 2.1.1. Let Q ∈ C be a Hopf algebra and N1, . . . , Nθ ∈ C be
finite-dimensional subobjects of Q in C and N := (N1, . . . , Nθ). The tuple
N := (Q,N) is called a pre-Nichols system, if

(1) The algebra Q is generated by N1, . . . , Nθ.

(2) Q is an Nθ
0-graded Hopf algebra in C with Q(αi) = Ni for i ∈ I.
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2 Nichols systems

For i ∈ I we denote

N 0 := Q, Ni = Ni.

A morphism f : N → N ′ of pre-Nichols systems N and N ′ is a
Hopf algebra morphism f : N 0 → N ′0, such that f induces an isomorphism
f : Nj → N ′j for all j ∈ I.

Remark 2.1.2. Some categorial properties of the category of Nichols systems
are discussed in [HS20], Remark 13.5.23.

Notation 2.1.3. Let N = (Q, (N1, . . . , Nθ)) be a pre-Nichols system and
i ∈ I. We denote k[Ni] for the subalgebra of Q generated by Ni. Moreover
denote

ιQi : k[Ni]→ Q, πQi : Q→ k[Ni]

for the canonical Nθ
0-graded maps, which are the identity on Ni. Finally let

Ki := Qco k[Ni],

where the right k[Ni]-comodule structure on Q is given by (idQ ⊗ πQi )∆Q :
Q→ Q⊗ k[Ni].

Remark 2.1.4. Let N = (Q, (N1, . . . , Nθ)) be a pre-Nichols system and i ∈ I.
Since ∆Q is graded, we obtain that k[Ni] is a Nθ

0-graded sub-Hopf algebra of
Q in C, where the grading is such that k[Ni](nαi) = Nn

i for n ∈ N0 and all

other components are zero. Now Ki is a Hopf algebra in
k[Ni]
k[Ni]
YD(C), where

the action is the adjoint action

ad = µQ(µQ ⊗ SQ)(idk[Ni] ⊗ cCk[Ni],Ki
)(∆k[Ni] ⊗ idKi) : k[Ni]⊗Ki → Ki

and coaction

(πQi ⊗ id)∆Q : Ki → k[Ni]⊗Ki.

Moreover we have a Hopf algebra isomorphy

Ki#k[Ni]→ Q, x⊗ a 7→ xa, x ∈ Ki, a ∈ k[Ni].

For more details refer to [HS20], Corollary 4.3.1. Since the algebra Q is
generated by N1, . . . , Nθ, it follows that the algebra Ki is generated by

(adk[Ni])(Nj), j ∈ I \ {i},
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2.1 Nichols systems

see [HS20], Lemma 2.6.25. Moreover Ki inherits the Nθ
0-grading of Q and

thus is an Nθ
0-graded Hopf algebra in

k[Ni]
k[Ni]
YD(C), where

(adNi)
n(Nj) = Ki(αj + nαi)

for j ∈ I \ {i}, n ∈ N0. In particular Ki(nαi) = 0 for all n ∈ N.

Proposition 2.1.5. Let N = (Q, (N1, . . . , Nθ)) be a pre-Nichols system,
i ∈ I, j ∈ I \ {i} and V := (ad k[Ni])(Nj). Then V is a Nθ

0-graded subobject

of Ki in
k[Ni]
k[Ni]
YD(C). Moreover if we view k[Ni] as N0-graded Hopf algebra in

C, then V is an N0-graded object in
k[Ni]
k[Ni]
YD(C) via

V (k) = (adNi)
k(Nj), k ∈ N0,

generated as a k[Ni]-module by V (0) = Nj.

Proof. Let δKi : Ki → k[Ni]⊗Ki be the graded k[Ni]-coaction of Ki. Observe
that

V = ⊕k∈N0(adNi)
k(Nj) = ⊕k∈N0Ki(αj + kαi).

Then for k ∈ N0 we have

δKi((adNi)
k(Nj)) ⊂ ⊕

β1+β2=αj+kαi

β1,β2∈Nθ0
k[Ni](β1)⊗Ki(β2)

= ⊕k1+k2=k
k1,k2∈N0

k[Ni](k1αi)⊗Ki(k2αi + αj)

= ⊕k1+k2=k
k1,k2∈N0

k[Ni](k1αi)⊗ (adNi)
k2(Nj).

In particular, δKi(V ) ⊂ k[Ni]⊗V , hence V is a subobject of Ki in
k[Ni]
k[Ni]
YD(C).

Clearly the Nθ
0-grading of V restricts to a N0-grading as claimed.

Lemma 2.1.6. Let N = (Q, (N1, . . . , Nθ)) be a pre-Nichols system, i ∈ I,
j ∈ I \ {i} and V := (adk[Ni])(Nj). Then the primitive elements of Q in V
are given by F0(V ).

Proof. By Remark 1.1.20 we have

F0(V ) = {v ∈ V | (πQi ⊗ id)∆Q(v) = 1⊗ v}.

Assume v ∈ V is a primitive element. Since πQi (v) = 0 we have

(πQi ⊗ id)∆Q(v) = 1⊗ v,
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2 Nichols systems

hence v ∈ F0(V ).

Conversely assume v ∈ F0(V ). Let k ∈ N0, u ∈ (adNi)
k(Nj). Since ∆Q is

graded we have

∆Q(u) ∈ ⊕β1+β2=αj+kαi

β1,β2∈Nθ0
Q(β1)⊗Q(β2).

For β1, β2 ∈ Nθ
0, such that β1 + β2 = αj + kαi, there exist k1, k2 ∈ N0, such

that k1 + k2 = k and we either have β1 = αj + k1αi, β2 = k2αi or β1 = k1αi,
β2 = αj + k2αi. Let Q′ = ⊕l∈N0Q(αj + lαi). Then

∆Q(u) ∈ ⊕k1+k2=k
k1,k2∈N0

Q(αj + k1αi)⊗Nk2
i ⊕N

k1
i ⊗Q(αj + k2αi)

⊂ Q′ ⊗ k[Ni]⊕ k[Ni]⊗Q′.

Since v is a sum of such elements u, we obtain

∆Q(v) ∈ Q′ ⊗ k[Ni]⊕ k[Ni]⊗Q′.

Since Ki = Qco k[Ni] we have ∆Q(v) ∈ ∆Q(Ki) ⊂ Q⊗Ki and we can conclude
∆Q(v) ∈ Q′⊗k⊕k[Ni]⊗V , as k[Ni]∩Ki = k and Q′∩Ki = V . Hence there
exist w ∈ Q′, x ∈ k[Ni]⊗ V , such that ∆Q(v) = w ⊗ 1 + x. As εQ is graded
we get (id⊗ εQ)(x) = 0. Thus

w = (id⊗ εQ)(w ⊗ 1 + x) = (id⊗ εQ)∆Q(v) = v.

Since πQi (w) = 0, (πQi ⊗ id)(x) = x and v ∈ F0(V ) we have

x = (πQi ⊗ id)(w ⊗ 1 + x) = (πQi ⊗ id)∆Q(v) = 1⊗ v.

Combining the above we get ∆Q(v) = v ⊗ 1 + 1⊗ v.

Proposition 2.1.5 allows the following definition.

Definition 2.1.7. Let N be a pre-Nichols system, i ∈ I. For j ∈ I \ {i} we

call N j-well graded over i, if (ad k[Ni])(Nj) ∈ k[Ni]
k[Ni]YD(C) is well graded.

Remark 2.1.8. Let N be a pre-Nichols system, i ∈ I and j ∈ I \ {i}. If

(adk[Ni])(Nj) ∈ k[Ni]
k[Ni]YD(C) is irreducible, then N is j-well graded over i by

Corollary 1.1.23.

Proposition 2.1.9. Let N = (Q, (N1, . . . , Nθ)) be a pre-Nichols system,
i ∈ I and j ∈ I \ {i}. The following are equivalent

(1) N is j-well graded over i.
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2.2 Reflections of Nichols systems

(2) The primitive elements of Q in ⊕k≥0(adNi)
k(Nj) are given by Nj.

Proof. By definition N is j-well graded over i if and only if

Nj = F0((adk[Ni])(Nj)).

With Lemma 2.1.6 the claim follows.

Definition 2.1.10. Let N be a pre-Nichols system and i ∈ I. We call N a
Nichols system over i if

(1) k[Ni] is strictly graded.

(2) N is j-well graded over i for all j ∈ I \ {i}.

Remark 2.1.11. Definition 2.1.10(1) holds if and only if k[Ni] ∼= B(Ni). In
Proposition 2.1.9 we showed that our definition of a Nichols system is equiv-
alent to the one in [HS20], see also [HS20], Lemma 13.5.5.

Lemma 2.1.12. Let i ∈ I and N be a Nichols system over i and let j ∈ I\{i}.
The following are equivalent:

(1) Nj is irreducible in C.

(2) (adk[Ni])(Nj) is irreducible in
k[Ni]
k[Ni]YD(C).

Proof. By assumption (ad k[Ni])(Nj) ∈ k[Ni]
k[Ni]YD(C) is well graded. Thus by

Corollary 1.1.23 the claim is implied.

2.2 Reflections of Nichols systems

Let N be a pre-Nichols system. Moreover let Q := N 0 and Nj := Nj for all
j ∈ I.

We will construct the reflection of N step by step using the functor we ob-
tained in Proposition 1.2.1. To do so, we must first talk about the rationality
of Ki ∈ k[Ni]

k[Ni]
YD(C).

Definition 2.2.1. Let i ∈ I. We denote for j ∈ I \ {i}

aNii := 2, aNij := −max{n ∈ N0 | (adNi)
m(Nj) 6= 0}.

We say N is i-finite if for all j ∈ I\{i} we have −aNij ∈ N0, that is there is a
number m ∈ N0, such that (adNi)

m(Nj) = 0. In this case let sNi ∈ Aut(Zθ)
be such that for all j ∈ I we have

sNi (αj) = αj − aNij αi.

23



2 Nichols systems

Proposition 2.2.2. Let i ∈ I. We have that N is i-finite if and only if
Ki ∈ k[Ni]

k[Ni]
YD(C)rat.

Proof. Follows with Remark 2.1.4 and since Nj is finite-dimensional for all
j ∈ I.

Let i ∈ I and assume N is a Nichols system over i.

Remark 2.2.3. We have N∗i ∈ C with H-action and H-coaction given by

(h · f)(v) = f(SH(h) · v), f(−1)f(0)(v) = S−1
H (v(−1))f(v(1))

for all h ∈ H, f ∈ N∗i , v ∈ Ni for details refer to [HS20], Lemma 4.2.2.
Denote k[N∗i ] for the Nichols algebra of N∗i , i.e. the N0-graded Hopf algebra
generated as an algebra by N∗i with primitive elements N∗i . Then k[N∗i ] and
k[Ni] are a dual pair of locally finite N0-graded Hopf algebras in C. For details
refer to [HS20], Corollary 7.2.8. In particular for k ∈ N we have Nk

i = 0 if
and only if N∗i

k = 0.

Definition 2.2.4. Assume N is i-finite. We denote

(Ωi, ωi) :
k[Ni]
k[Ni]
YD(C)rat →

k[N∗i ]

k[N∗i ]YD(C)rat

for the braided monoidal isomorphism from Proposition 1.2.1. Moreover let
adΩi : k[N∗i ] ⊗ Ωi(Ki) → Ωi(Ki) be the k[N∗i ]-action on Ωi(Ki). Finally
denote

Ri(Q) := Ωi(Ki)#k[N∗i ]

and let

(ΩRi , ωRi) := (ΩKi,k[Ni], ωKi,k[Ni]) : QQYD(C)rat → Ri(Q)
Ri(Q)YD(C)rat

be the reflection functor induced by (Ωi, ωi), see Definition 1.2.6.

Lemma 2.2.5. We view k[N∗i ] as Zθ-graded via k[N∗i ](−nαi) = N∗i
n for

n ∈ N0 and where all other components are zero.

(1) Ωi(Ki) ∈
k[N∗i ]

k[N∗i ]YD(C)rat is a Nθ
0-graded Hopf algebra with components

Ωi(Ki)(α) = Ki(α) for all α ∈ Nθ
0.

(2) The algebra Ωi(Ki) is generated by the spaces

Ki(αj + nαi) = (adNi)
n(Nj), j ∈ I \ {i}, 0 ≤ n ≤ −aNij .
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2.2 Reflections of Nichols systems

Proof. (1) is implied by Proposition 1.2.4. (2) is implied by (1), Proposi-
tion 1.2.1(2) and Remark 2.1.4.

Notation 2.2.6. If N is i-finite, then denote Ri(Ni) := N∗i and for j ∈ I\{i}
let

Ri(Nj) := (adNi)
−aNij (Nj).

Finally let Ri(N ) := (Ri(Q), (Ri(N1), . . . , Ri(Nθ))).

Lemma 2.2.7. Assume N is i-finite and let j ∈ I \ {i}. If Nj is irreducible
in C, then Ri(Nj) is irreducible in C and for n ∈ N0 we have

(adΩiN∗i )n(Ri(Nj)) =

{
(adNi)

−aNij−n(Nj), if n ≤ −aNij ,

0, if n > −aNij .

Proof. Let V := (adk[Ni])(Nj) ⊂ Ki. By Lemma 2.1.12 we obtain that

V ∈ k[Ni]
k[Ni]
YD(C) is irreducible. Then Ωi(V ) ∈ k[N∗i ]

k[N∗i ]YD(C) ∼= k[N∗i ]#H

k[N∗i ]#HYD is

irreducible and Z-graded via Ωi(V )(n) = V (−n) for all n ∈ Z by Propo-
sition 1.2.1 and Lemma 1.2.3. Since the component of smallest degree is
Ωi(V )(aNij ) = V (−aNij ) = Ri(Nj), Corollary 1.1.23(1) =⇒ (3) yields that
Ri(Nj) is irreducible in C and

(adΩiN∗i )n(Ri(Nj)) = Ωi(V )(aNij + n) = (adNi)
−aNij−n(Nj)

for all 0 ≤ n ≤ −aNij .

Proposition 2.2.8. Assume N is i-finite. Moreover assume that Nj is ir-
reducible in C for all j ∈ I \ {i}.

(1) Ri(Nj) is irreducible in C for all j ∈ I \ {i}.

(2) Ri(N ) is a pre-Nichols system, that is

(a) The algebra Ri(Q) is generated by Ri(N1), . . . , Ri(Nθ).

(b) Ri(Q) is a Nθ
0-graded Hopf algebra in C, where the grading is given

by Ri(Q)(αj) = Ri(Nj) for j ∈ I.

(3) Ri(N ) is a Nichols system over i.

(4) Ri(N ) is i-finite.
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2 Nichols systems

Proof. (1) and (4) are implied by Lemma 2.2.7. (2)(a): Let Q̃ be the sub-

algebra of Ri(Q) generated by Ri(N1), . . . , Ri(Nθ). Since N∗i = Ri(Ni) ⊂ Q̃
and for a, b ∈ k[N∗i ] we have

µRi(Q)(1⊗ a, 1⊗ b) = εk[N∗i ](a(1))1⊗ a(2)b = 1⊗ ab,

we obtain that k[N∗i ] ⊂ Q̃. Now it remains to show that Ωi(Ki) ⊂ Q̃. By

Lemma 2.2.5(2) this narrows to showing (adNi)
n(Nj) ⊂ Q̃ for all j ∈ I \ {i},

0 ≤ n ≤ −aNij . For n = −aNij this is given, as Ri(Nj) ⊂ Q̃. So assume

(adNi)
n(Nj) ⊂ Q̃ for some 1 ≤ n ≤ −aNij . We show (adNi)

n−1(Nj) ⊂ Q̃.

Now for x ∈ (adNi)
n(Nj) ⊂ Q̃, a ∈ N∗i we obtain since a is primitive

Q̃ 3 µRi(Q)(1⊗ a, x⊗ 1) = (adΩia)(x)⊗ 1 + a(−1) · x⊗ a(0).

Since a(−1) ·x⊗a(0) ∈ Q̃ we obtain (adΩia)(x) ∈ Q̃. Then Lemma 2.2.7 yields

(adNi)
n−1(Nj) =(adΩiN∗i )−a

N
ij−n+1(Ri(Nj))

=(adΩiN∗i )
(

(adΩiN∗i )−a
N
ij−n(Ri(Nj))

)
=(adΩiN∗i ) (ad(Ni)

n(Nj)) ⊂ Q̃,

implying (1) inductively.

(2)(b): Ki is an Zθ-graded Hopf algebra in C by extending the Nθ
0-grading

with zero components. Hence using Proposition 1.2.5(2) we obtain that
Ri(Q) is a Zθ-graded Hopf algebra in C by

Ri(Q)(γ) = ⊕m1−m2=ni
m1∈Z,m2∈N0

Ki(m1αi +
∑
j∈I\{i}

njαj)⊗N∗i
m2 ,

where n1, . . . , nθ ∈ Z, γ =
∑

j∈I njαj ∈ Zθ (observe that this is not Nθ
0-

graded, as Ri(Q)(−αi) = N∗i 6= 0). Observe that

sNi (γ) = −niαi +
∑
j∈I\{i}

nj(αj − aNij αi)).

Hence by applying sNi to that grading as in Remark 1.2.10 we get that Ri(Q)
is a Zθ-graded Hopf algebra in C by

Ri(Q)(γ) = ⊕m1−m2=−ni−
∑
j∈I\{i} nja

N
ij

m1∈Z,m2∈N0
Ki(m1αi +

∑
j∈I\{i}

njαj)⊗N∗i
m2 .
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2.2 Reflections of Nichols systems

By substituting m1 in the sum above with −m1 −
∑

j∈I\{i} njaij we obtain

that Ri(Q) is a Zθ-graded Hopf algebra in C by

Ri(Q)(γ) = ⊕m1+m2=ni
m1∈Z,m2∈N0

Ki(−m1αi +
∑
j∈I\{i}

nj(αj − aNij αi))⊗N∗i
m2 .

For this grading we have Ri(Ni) = Ki(0)⊗N∗i ⊂ Ri(Q)(αi) and for j ∈ I\{i}
we have

Ri(Nj) = (adNi)
−aNij (Nj) = Ki(αj − aNij αi)⊗N∗i

0 ⊂ Ri(Q)(αj).

Thus by (2)(a) we obtain Ri(Nj) = Ri(Q)(αj) for all j ∈ I and that this
Zθ-grading on Ri(Q) is in fact a Nθ

0-grading on Ri(Q).

(3): The primitive elements of k[Ri(Ni)] = k[N∗i ] are given by N∗i by def-
inition. Now let j ∈ I \ {i}. By Lemma 2.1.12 we know that the object

V := (adk[Ni])(Nj) ∈ k[Ni]
k[Ni]
YD(C) is irreducible. In Lemma 2.2.7 we see

that (adΩik[N∗i ])(Ri(Nj)) = Ωi(V ). Now Ωi(V ) ∈ k[N∗i ]

k[N∗i ]YD(C) is irreducible

by Lemma 1.2.3 and as discussed in Remark 2.1.8 we obtain that Ri(N ) is
j-well graded over i.

Definition 2.2.9. If N is i-finite and Nj is irreducible in C for all j ∈ I\{i},
then we call the Nichols system Ri(N ) over i the i-th reflection of N .

Remark 2.2.10. The notations for Nichols systems and its reflections are
consistent: Indeed if N is i-finite and Nj is irreducible in C for all j ∈ I\{i},
then Ri(N )0 = Ri(Q) = Ri(N 0) and Ri(N )j = Ri(Nj) = Ri(Nj) for all
j ∈ I.

Notation 2.2.11. For j ∈ I let

mNj := max{m ∈ N0 |Q(mαj) = Nm
j 6= 0}.

Proposition 2.2.12. Assume N is i-finite, mNi ∈ N0 and that Nj is irre-
ducible in C for all j ∈ I \ {i}. Then

Sup(Q) = mNi αi + sNi (Sup(Ri(Q))).

In particular Sup(Q) ⊂ mNi αi + sNi (Nθ
0).

Proof. Let n1, . . . , nθ ∈ N0, γ =
∑

j∈I njαj ∈ Nθ
0 and let

n′i := mNi − ni −
∑
j∈I\{i}

nja
N
ij
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2 Nichols systems

Then

mNi αi + sNi (γ) = n′iαi +
∑
j∈I\{i}

njαj

and by construction we have

Q(mNi αi + sNi (γ)) = ⊕m1+m2=n′i
m1∈Z,0≤m2≤mNi

Ki(m1αi +
∑
j∈I\{i}

njαj)⊗Nm2
i .

Now substituting m1 with −m1−
∑

j∈I\{i} nja
N
ij and m2 with mNi −m2 yields

Q(mNi αi + sNi (γ))

=⊕m1+m2=ni
m1∈Z,0≤m2≤mNi

Ki(−m1αi +
∑
j∈I\{i}

nj(αj − aNij αi))⊗N
mNi −m2

i .

Moreover as we worked out in the proof of Proposition 2.2.8(2)(b) we have

Ri(Q)(γ) = ⊕m1+m2=ni
m1∈Z,m2∈N0

Ki(−m1αi +
∑
j∈I\{i}

nj(αj − aNij αi))⊗N∗i
m2 .

Considering Remark 2.2.3, N∗i
m2 6= 0 if and only if 0 ≤ m2 ≤ mNi . We

conclude that Q(mNi αi + sNi (γ)) = 0 if and only if Ri(Q)(γ) = 0. We obtain

mNi αi + sNi (Sup(Ri(Q))) ⊂ Sup(Q).

If γ ∈ Sup(Q), then since γ = mNi αi + sNi (mNi αi + sNi (γ)) we obtain that
mNi αi + sNi (γ) ∈ Sup(Ri(Q)) and γ ∈ mNi αi + sNi (Sup(Ri(Q))).

2.3 Iterated reflections

In this section we will study what happens if we reflect a Nichols system
multiple times. Here we will come across the set of roots of a Nichols system
and will discuss how they can be used to describe the geometric shape of the
support of a Nichols system. In particular we will describe the edges of that
shape.

Let N be a pre-Nichols system, Q := N 0 and assume that Nj is irreducible
in C for all j ∈ I.

To look at iterated reflections of N we first have to make sure the precondi-
tions of Proposition 2.2.8 are met after each reflection.

28



2.3 Iterated reflections

Definition 2.3.1. Let k ∈ N0, i1, . . . , ik ∈ I.

(1) We say N admits the reflection sequence (i1, . . . , ik), if k = 0 or
N is a Nichols-system over i1, N is i1-finite and Ri1(N ) admits the
reflection sequence (i2, . . . , ik).

(2) We say N admits all reflections, if for all n ∈ N0, i ∈ In, N admits
the reflection sequence i.

Remark 2.3.2. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i. Then by definition we have

Ri(N )j =

{
R(i1,...,ik−1)(N )ik

∗ if j = ik,

(adR(i1,...,ik−1)(N )ik)
−aNi,j(R(i1,...,ik−1)(N )j) if j 6= ik.

.

We extend our notation to handle iterated reflections.

Notation 2.3.3. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik. We abbreviate

Ri = Rik · · ·Ri1

to describe the iterated reflections of Nichols systems, starting with the i1-
th reflection, up to the ik-th reflection. Assume N admits the reflection
sequence (i1, . . . , ik−1). Denote mN() = 0 and if k ≥ 1 denote

mNi := m
R(i1,...,ik−1)(N )

ik
= max{m ∈ N0 |R(i1,...,ik−1)(N )mik 6= 0}.

Moreover let aNi,ik = 2 and for j ∈ I \ {ik} define

aNi,j := a
R(i1,...,ik−1)(N )

ikj

=−max{a ∈ N0 | (adR(i1,...,ik−1)(N )ik)
a(R(i1,...,ik−1)(N )j) 6= 0}.

If R(i1,...,ik−1)(N ) is ik-finite, then let sN(i1,...,ik−1),ik
∈ Aut(Zθ) be such that for

all j ∈ I

sN(i1,...,ik−1),ik
(αj) = αj − aNi,jαik .

Finally define sNi = sN(),i1s
N
(i1),i2

· · · sN(i1,...,ik−1),ik
and sN() = idZθ .

Definition 2.3.4. Let k ∈ N0, i ∈ Ik. If N admits the reflection sequence i,
then for j ∈ I the element sNi (αj) ∈ Zθ is called a root of N . The set of all
roots is denoted ∆N . Furthermore we denote ∆N+ = ∆N ∩ Nθ

0 for the set of
positive roots of N .
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Remark 2.3.5. In Lemma 2.3.8(2) we will give an explicit formula for the
roots of N . In the proof of Proposition 2.3.6 we will see, that the set of roots
coincides with the set of real roots of a semi-Cartan graph.

Proposition 2.3.6. Assume N admits all reflections. Then

∆N = ∆N+ ∪ −∆N+ .

Proof. Let M = ⊕θi=1Ni ∈ C. As discussed in Remark 2.1.11, we know
that (adQNi)

m(Nj) ∼= (adB(M)Ni)
m(Nj) for all i, j ∈ I, i 6= j, where adQ :

k[Ni] ⊗Ki → Ki and adB(M) : B(Ni) ⊗ B(M)coB(Ni) → B(M)coB(Ni) are the
adjoint actions. In particular

aNij =−max{a ∈ N0 | (adB(M)Ni)
a(Nj) 6= 0}.

Inductively repeating this argument for all k ∈ N, (i1, . . . , ik) ∈ Ik and
Ri(M) = ⊕θj=1Ri(N )j ∈ C we obtain for j ∈ I, j 6= ik

aNi,j = −max{a ∈ N0 | (adB(Ri(M))R(i1,...,ik−1)(N )ik)
a(R(i1,...,ik−1)(N )j) 6= 0}.

Hence the Cartan matrices of the semi-Cartan graph of M ([HS20], Definition

13.6.3) are given by (a
Ri(N )
jk )1≤j,k≤θ, i ∈ Ik, k ∈ N0 and thus the set of real

roots of this semi-Cartan graph at M coincides with ∆N . Then [HS20],
Theorem 14.2.12 implies the claim.

Lemma 2.3.7. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i and mNi ∈ N0. Then

Sup(R(i1,...,ik−1)(Q)) = mNi αik + sN(i1,...,ik−1),ik
(Sup(Ri(Q))).

Proof. Follows from Proposition 2.2.12.

Lemma 2.3.8. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i. For 1 ≤ r < r′ let

Cr′

r := {(b1, . . . , ba) | a ≥ 2, r = b1 < . . . < ba = r′}.

Then for 1 ≤ l ≤ k − 1 we have

sN(i1,...,il)(αik) = αik +
l∑

k′=1

(−aN(i1,...,ik′ ),ik)s
N
(i1,...,ik′−1)(αik′ ), (1)

sN(i1,...,ik−1)(αik) = αik +
k−1∑
r=1

 ∑
(b1,...,ba)∈Ckr

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1

αir . (2)
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Proof. (1): Follows inductively for l: The claim is given if l = 1 by definition.
Moreover

sN(i1,...,il)(αik) = sN(i1,...,il−1)(αik − aN(i1,...,il),ikαil)
= sN(i1,...,il−1)(αik)− aN(i1,...,il),iks

N
(i1,...,il−1)(αil).

(2): We do induction on k. The claim is given for k = 1. For k ≥ 2 using
(1) we obtain

sN(i1,...,ik−1)(αik) = αik +
k−1∑
k′=1

(−aN(i1,...,ik′ ),ik)s
N
(i1,...,ik′−1)(αik′ ).

Using the induction hypothesis we get

k−1∑
k′=1

(−aN(i1,...,ik′ ),ik)s
N
(i1,...,ik′−1)(αik′ )

=
k−1∑
k′=1

(−aN(i1,...,ik′ ),ik)

αik′ +
k′−1∑
r=1

 ∑
(b1,...,ba)∈Ck′r

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1

αir

 .

The coefficients for αir , 1 ≤ r ≤ k − 1 in this sum (by differentiating the
indices i1, . . . , ik, even if they are not necessarily pairwise distinct) are

− aN(i1,...,ir),ik +
k−1∑

k′=r+1

−aN(i1,...,ik′ ),ik

 ∑
(b1,...,ba)∈Ck′r

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1


=

∑
(b1,...,ba)∈Ckr

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1
.

This finishes the induction.

Notation 2.3.9. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i. For m = (m1, . . . ,mk) ∈ Nk

0 let

βNi,m =−
k∑
r=1

mrs
N
(i1,...,ir)

(αir) ∈ Zθ0.

Moreover if mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k − 1, then for 0 ≤ m ≤ mNi let

βNi,m := βN
i,(mN

(i1)
,...,mN

(i1,...,ik−1)
),m)

, where βN(),0 = 0. If also mNi ∈ N0, then let

βNi := βN
i,mNi

.
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Remark 2.3.10. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i andmN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k. By Lemma 2.3.8(2),

the vectors βNi,m ∈ Zθ0, where m ∈ Nk
0, rely only on the variables aN(i1,...,ir),j,

1 ≤ r ≤ k − 1, j ∈ {ir+1, . . . , ik}. In Proposition 2.3.14 we will show that
βNi ∈ Nθ

0 and in Proposition 2.3.13 we will give an explicit description of βNi,m.

Lemma 2.3.11. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i. For m ∈ Nk

0 the following relation holds

βNi,m = βN(i1,...,ik−1),(m1,...,mk−1) −mks
N
i (αik).

In particular if mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k, then

βNi = βN(i1,...,ik−1) −mNi sNi (αik).

Proof. Follows directly from the definition.

Lemma 2.3.12. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, assume N admits the
reflection sequence i and mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k. The following
relations hold

mN(i1,...,ik,ik) = mN(i1,...,ik), βN(i1,...,ik,ik) = βN(i1,...,ik−1).

Proof. The first relation is discussed in Remark 2.2.3. Using Lemma 2.3.11
we get

βN(i1,...,ik,ik) = βNi −mN(i1,...,ik,ik)s
N
(i1,...,ik,ik)(αik) = βNi +mNi s

N
i (αik)

and βNi = βN(i1,...,ik−1) −mNi sNi (αik).

Proposition 2.3.13. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume N admits
the reflection sequence i. For 1 ≤ r < r′ let

Cr′

r := {(b1, . . . , ba) | a ≥ 2, r = b1 < . . . < ba = r′}.

Moreover let m = (m1, . . . ,mk) ∈ Nk
0. Then

βNi,m =
k∑
r=1

mr +
k∑

l=r+1

ml

∑
(b1,...,ba)∈Clr

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1

αir .
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Proof. By Lemma 2.3.8(2) we obtain

βNi,m = −
k∑
l=1

mls
N
(i1,...,il)

(αil) =
k∑
l=1

mls
N
(i1,...,il−1)(αil)

=
k∑
l=1

ml

αil +
l−1∑
r=1

 ∑
(b1,...,ba)∈Clr

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1

αir

 .

The coefficients for αir , 1 ≤ r ≤ k in this sum (by differentiating the indices
i1, . . . , ik, even if they are not necessarily pairwise distinct) are

mr +
k∑

l=r+1

ml

∑
(b1,...,ba)∈Clr

a−1∏
c=1

−aN(i1,...,ibc ),ibc+1
,

implying the claim.

Proposition 2.3.14. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, assume N admits
the reflection sequence i and mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k. Then

Sup(Q) = βNi + sNi (Sup(Ri(Q))).

In particular we obtain βNi ∈ Sup(Q) ⊂ Nθ
0.

Proof. We do induction over k: For k = 0 the claim is trivial. Now assume
k ≥ 1 and

Sup(Q) = βN(i1,...,ik−1) + sN(i1,...,ik−1)(Sup(R(i1,...,ik−1)(Q))).

By Lemma 2.3.7 we have

Sup(R(i1,...,ik−1)(Q)) = mNi αik + sN(i1,...,ik−1),ik
(Sup(Ri(Q))).

Now αik = −sN(i1,...,ik−1),ik
(αik) and sN(i1,...,ik−1)s

N
(i1,...,ik−1),ik

= sNi . Hence

Sup(Q) = βN(i1,...,ik−1) −mNi sNi (αik) + sNi (Sup(Ri(Q))).

Finally βN(i1,...,ik−1) −mNi sNi (αik) = βNi by Lemma 2.3.11.

Corollary 2.3.15. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, assume N admits the
reflection sequence i and mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k. Then we have

βNi,m ∈ Sup(Q) for all 0 ≤ m ≤ mNi .
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2 Nichols systems

Proof. By Lemma 2.3.12 we have mNi = mN(i1,...,ik,ik), hence by definition

(mNi − m)αik ∈ Sup(Ri(Q)). Now Lemma 2.3.11 and Lemma 2.3.12 imply
that

βNi,m =βN(i1,...,ik−1) −msNi (αik) = βN(i1,...,ik,ik) −msNi (αik)

=βNi −mN(i1,...,ik,ik)s
N
(i1,...,ik,ik)(αik)−msNi (αik)

=βNi +mNi s
N
i (αik)−msNi (αik)

=βNi + sNi ((mNi −m)αik)

Finally βNi + sNi ((mNi −m)αik) ∈ Sup(Q) by Proposition 2.3.14.

Corollary 2.3.16. Let k, l ∈ N0. Moreover let i = (i1, . . . , ik) ∈ Ik, j =
(j1, . . . , jl) ∈ Il and assume N admits both reflection sequences i and j.
Moreover assume mN(i1,...,ir) ∈ N0 for 1 ≤ r ≤ k as well as mN(j1,...,jr) ∈ N0 for

1 ≤ r ≤ l. If sNi (Sup(Rj(Q))) = sNj (Sup(Rj(Q))), then we have βNi = βNj .
In particular if sNi (Sup(Q)) = Sup(Q), then βNi = 0.

Proof. By assumption and Proposition 2.3.14 we have

βNi + sNi (Sup(Ri(Q))) = Sup(Q) = βNj + sNj (Sup(Rj(Q)))

= βNj + sNi (Sup(Rj(Q))).

Applying sNi
−1

to that equation yields

sNi
−1

(βNi − βNj ) + Sup(Ri(Q)) = Sup(Rj(Q)).

Since 0 ∈ Sup(Ri(Q)) and Sup(Rj(Q)) ⊂ Nθ
0 we obtain sNi

−1
(βNi − βNj ) ∈

Nθ
0. Since 0 ∈ Sup(Rj(Q)) as well as Sup(Ri(Q)) ⊂ Nθ

0 we can conclude

sNi
−1

(βNi − βNj ) = 0, i.e. βNi = βNj .

Proposition 2.3.17. Assume N admits all reflections and mNi ∈ N0 for all
i ∈ Ik, k ∈ N0. Let M ′ ⊂ Rθ be the convex hull spanned by βNi ∈ Sup(Q),
i ∈ Ik, k ∈ N0 and let M := M ′ ∩ Nθ

0. Then Sup(Q) ⊂ M . In particular the
convex hull of Sup(Q) equals M ′.

Proof. For k ∈ N0, i ∈ Ik let Mi = βNi + sNi (Nθ
0). By Proposition 2.3.14 we

have Sup(Q) ⊂Mi. Now for all j ∈ I we have

βN(i1,...,ik,j) = βNi −mN(i1,...,ik,j)s
N
(i1,...,ik,j)

(αj) = βNi +mN(i1,...,ik,j)s
N
i (αj).
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2.3 Iterated reflections

In particular for j = ik we obtain βN(i1,...,ik−1) = βNi + mNi s
N
i (αik), using

Lemma 2.3.12. Thus we obtain that M is the intersection of all Mi, i ∈ Ik,
k ∈ N0. Since Sup(Q) ⊂ Mi for all i ∈ Ik, k ∈ N0, we can conclude that
Sup(Q) ⊂M .
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3 YD-modules over Nichols
systems

In section 3.1 we will quickly discuss some properties of YD-modules over
Nichols systems that are important when it comes to reflections.

In section 3.2 we will then use our previously defined reflection functors to
the full extend to define reflections of such YD-modules. We will discuss how
some important properties are preserved when reflecting, the most important
result being Proposition 3.2.8.

Moreover in section 3.3 we look at iterated reflections. We will again describe
the geometric shape of the support of a reflectible YD-module using the roots
of the Nichols system. We will see how the vertices of that shape are actually
the generating components of given reflections. Finally in Corollary 3.3.16
we will discuss how there is a graded maximal subobject in the interior of
that shape of such an YD-module.

Now in section 3.4 we will do a construction of induced YD-modules over
Nichols systems that is similar to Verma modules in representation theory of
Lie algebras. We will also study how reflections behave on these induced YD-
modules. In particular in Corollary 3.4.14 we will characterize irreducibility
via reflectiveness, if the Nichols system if finite dimensional.

Finally in section 3.5 we will study the maximal subobject of homogeneously
generated YD-modules over Nichols systems. We will do so by defining a
special morphism, whose kernel gives the maximal subobject. We will also
see that this morphism behaves well with reflections and actually tells us a
lot about what reflection sequences a YD-module admits.

Let H be a Hopf algebra over some field k with bijective antipode and C :=
H
HYD. Let N be a pre-Nichols system and let Q := N 0, Nj := Nj for all
j ∈ I. Let Γ be an abelian group, such that Zθ ⊂ Γ. We view Q as Γ-graded
by continuing the Nθ

0-grading with zero components.

36



3.1 YD-modules over Nichols systems

3.1 YD-modules over Nichols systems

Definition 3.1.1. Let V ∈ Q
QYD(C) be a Γ-graded object. We say V is ho-

mogeneously generated, if there exists an γ ∈ Γ, such that V is generated
by V (γ) as a Q-module. We denote γV := γ and V0 := V (γ).

Remark 3.1.2. Let V ∈ Q
QYD(C) be a homogeneously generated Γ-graded

object. Then Sup(V ) ⊂ γV + Nθ
0 and

V (γV +mαj) = Q(mαj) · V (γV ) = Nm
j · V0

for all j ∈ I, m ∈ N0 by definition of Q.

Proposition 3.1.3. If V ∈ Q
QYD(C) is a irreducible Γ-graded object, then V

is homogeneously generated and V0 is irreducible in C.

Proof. By Corollary 1.1.23(1) =⇒ (3) there exists n0 ∈ Γ such that V (n0) is
irreducible in C and generates V as a Q-module.

Lemma 3.1.4. Let i ∈ I and let V ∈ Q
QYD(C) be homogeneously generated

Γ-graded. Then W := k[Ni] · V0 is a N0-graded object in
k[Ni]
k[Ni]
YD(C), where

the k[Ni]-coaction is the restriction δQV onto W and with W (n) = Nn
i · V0 for

n ∈ N0.

Proof. Indeed for 0 ≤ k ≤ mi we have since δQV is Γ-graded

δQV (Nk
i · V0) =δQV (V (γV + kαi)) ⊂ ⊕γ1+γ2=γV +kαi

γ1,γ2∈Γ Q(γ1)⊗ V (γ2)

=⊕n1+n2=k
n1,n2∈N0

k[Ni](n1αi)⊗ V (n2αi + γV )

=⊕n1+n2=k
n1,n2∈N0

Ni
n1 ⊗Ni

n2 · V0 ⊂ k[Ni]⊗W,

hence δQV (W ) ⊂ k[Ni]⊗W and we obtain W ∈ k[Ni]
k[Ni]
YD(C).

Lemma 3.1.4 allows the following definition.

Definition 3.1.5. Let i ∈ I and let V ∈ Q
QYD(C) be homogeneously gener-

ated Γ-graded. If k[Ni] ·V0 ∈ k[Ni]
k[Ni]
YD(C) is well graded, then we call V i-well

graded.

Remark 3.1.6. Let i ∈ I and V ∈ Q
QYD(C) be homogeneously generated

Γ-graded. As discussed in Remark 1.1.20 the following are equivalent:

(1) V is i-well graded.
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3 YD-modules over Nichols systems

(2) {v ∈ k[Ni] · V0 | δQV (v) = 1⊗ v} = V0.

Lemma 3.1.7. Let i ∈ I and V ∈ Q
QYD(C) be homogeneously generated i-well

Γ-graded. The following are equivalent:

(1) V0 is irreducible in C.

(2) k[Ni] · V0 is irreducible in
k[Ni]
k[Ni]
YD(C).

Proof. Implied by Corollary 1.1.23.

Proposition 3.1.8. Let i ∈ I and V ∈ Q
QYD(C) be a Γ-graded irreducible

object. Then V is i-well Γ-graded.

Proof. By Proposition 3.1.3 we obtain that V is homogeneously generated.
Regarding Corollary 1.1.23 it is enough to show that k[Ni] · V0 is irreducible

in
k[Ni]
k[Ni]
YD(C). Let p : Γ→ Z be a group homomorphism, such that p(αi) = 0

and p(αj) = 1 for all j ∈ I \ {i}. Then Q is N0-graded by Q(n) = Q(p−1(n))

for n ∈ N0 and V ∈ Q
QYD(C)rat is Z-graded by V (n) = V (p−1(n)) for n ∈ Z.

In particular Q(0) = k[Ni] and the component of V of smallest degree is
V (p(γV )) = k[Ni]·V0. Then Corollary 1.1.23(1) =⇒ (3) implies that k[Ni]·V0

is irreducible in
Q(0)
Q(0)YD(C) =

k[Ni]
k[Ni]
YD(C).

3.2 Reflections of YD-modules over Nichols

systems

We start this section with the definition of a reflection of a YD-module over
a Nichols system and by discussing how that changes the grading, where
the main work was already done in section 1.2. We will continue by dis-
cussing how the important properties regarding reflections are preserved in
Proposition 3.2.8 and what happens if we do the same reflection twice in
Lemma 3.2.9.

Let i ∈ I and N be a Nichols system over i. Moreover let Q := N 0 and
Nj := Nj for all j ∈ I. Assume that N is i-finite and that all Nj, j ∈ I \ {i}
are irreducible in C. Let Γ be an abelian group, such that Zθ ⊂ Γ. Finally
let ti ∈ Aut(Γ) be such that ti(α) = sNi (α) for all α ∈ Zθ and t2i = idΓ. We
view both Q and Ri(Q) as Γ-graded by continuing the Nθ

0-grading with zero
components.

If needed recall Definition 2.2.4, where the reflection functor ΩRi is de-
fined.
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3.2 Reflections of YD-modules over Nichols systems

Definition 3.2.1. For V ∈ Q
QYD(C)rat we denote

Ri(V ) := ΩRi(V ) ∈ Ri(Q)
Ri(Q)YD(C)rat.

Ri(V ) is called the i-th reflection of V .

Proposition 3.2.2. If V ∈ Q
QYD(C)rat is irreducible, then Ri(V ) is irre-

ducible in
Ri(Q)
Ri(Q)YD(C)rat.

Proof. This is implied by Lemma 1.2.8.

Remark 3.2.3. If V ∈ Q
QYD(C)rat, then Ri(V ) = V as vector spaces, hence

ΩRi defines a Ri(Q)-module and comodule structure on V .

Proposition 3.2.4. Let V ∈ Q
QYD(C)rat be a Γ-graded object. Then Ri(V ) ∈

Ri(Q)
Ri(Q)YD(C)rat is Γ-graded with Ri(V )(γ) = V (ti(γ)) for γ ∈ Γ.

Proof. By Proposition 1.2.9, Ri(V ) ∈ Ri(Q)
Ri(Q)YD(C)rat is Γ-graded with grading

Ri(V )(α) = V (α) for α ∈ Γ, where the Γ-grading of Ri(Q) is given by Q
as in Proposition 1.2.5(2). Now the Nθ

0-grading on Ri(Q) that we use is
given by shifting this grading by the the automorphism sNi , see the proof of
Proposition 2.2.8(2)(b). Hence with concerning Remark 1.2.10, the claim is
implied.

Notation 3.2.5. For j ∈ I and V ∈ Q
QYD(C) we denote

mV
j = max{m ∈ N0 |Nm

j · V0 6= 0}.

Remark 3.2.6. Let j ∈ I and V ∈ Q
QYD(C). Clearly mV

j ≤ mNj for all j ∈ I.
If V ∈ Q

QYD(C)rat, then by definition we have mV
j ∈ N0.

Lemma 3.2.7. Let V ∈ Q
QYD(C)rat be homogeneously generated i-well Γ-

graded. Moreover let mi := mV
i and let

W := k[Ni] · V0 ∈ k[Ni]
k[Ni]
YD(C).

Assume V0 is irreducible in C. Then

(1) Nmi
i · V0 is irreducible in C.
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3 YD-modules over Nichols systems

(2) Ωi(W ) ∈ k[N∗i ]

k[N∗i ]YD(C)rat is generated by Nmi
i · V0, that is we have for

n ∈ N0

N∗i
n · (Nmi

i · V0) =

{
Nmi−n
i · V0 if n ≤ mi,

0 if n > mi.

(3) Ωi(W ) = k[N∗i ] · (Nmi
i · V0) is well graded.

Proof. By Lemma 3.1.7 we know that W is irreducible in
k[Ni]
k[Ni]
YD(C). Hence

Ωi(W ) ∈ k[N∗i ]

k[N∗i ]YD(C) is irreducible and Z-graded by Proposition 1.2.1 and

Lemma 1.2.3 via Ωi(W )(n) = W (−n), n ∈ Z. Observe that the component
of smallest degree is

Ωi(W )(−mi) = W (mi) = Nmi
i · V0.

Thus Corollary 1.1.23(1) =⇒ (3) implies (1), (2) and (3).

Proposition 3.2.8. Let V ∈ Q
QYD(C)rat be homogeneously generated i-well

Γ-graded and let mi = mV
i . Assume that V0 is irreducible. Then the object

Ri(V ) ∈ Ri(Q)
Ri(Q)YD(C)rat is homogeneously generated i-well Γ-graded, such that

γRi(V ) = ti(γV )−miαi and

Ri(V )0 = V (γV +miαi) = Ni
mi · V0.

Moreover Ri(V )0 is irreducible in C.

Proof. Recall the Γ-grading of Ri(V ) as described in Proposition 3.2.4 and
observe

Ri(V )(ti(γV )−miαi) = V (γV +miαi) = Ni
mi · V0.

Below we are going to show for β ∈ Γ

Ri(V )(β) = Ri(Q)(β − ti(γV ) +miαi) ·Ri(V )(ti(γV )−miαi). (i)

Then Ri(V ) is homogeneously generated with γRi(V ) = ti(γV ) − miαi and
Ri(V )0 = Ni

mi · V0. From here Lemma 3.2.7(3) implies that Ri(V ) is i-well
graded and Lemma 3.2.7(1) implies that Ri(V )0 is irreducible in C, finishing
the proof.

It is enough to show (i) for β ∈ Sup(Ri(V )). Let γ := ti(β). Now to show
(i) is to show

V (γ) = Ri(Q)(ti(γ)− ti(γV ) +miαi) · (Ni
mi · V0) .
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3.2 Reflections of YD-modules over Nichols systems

As 0 6= Ri(V )(β) = V (γ) = Q(γ − γV )V0 and Q(γ′) = 0 for γ′ ∈ Γ \ Nθ
0, we

can conclude γ = γV +
∑

j∈I njαj for some n1, . . . , nθ ∈ N0. Now recall that

the Nθ
0-grading of Q is given by Proposition 1.2.5(1), i.e.

Q(γ − γV ) = ⊕k1+k2=ni
k1,k2∈N0

Ki(k1αi +
∑
j∈I\{i}

njαj)⊗Ni
k2 .

Observe that

ti(ti(γ)− ti(γV ) +miαi) = γ − γV −miαi =
∑
j∈I

njαj −miαi

and recall from the proof of Proposition 2.2.8(2)(b) the Nθ
0-grading of Ri(Q),

which yields

Ri(Q)(ti(γ)− ti(γV ) +miαi)

=⊕k1−k2=ni−mi
k1,k2∈N0

Ki(k1αi +
∑
j∈I\{i}

njαj)⊗N∗i
k2 .

Thus by Lemma 3.2.7(2) we obtain

Ri(Q)(ti(γ)− ti(γV ) +miαi) · (Ni
mi · V0)

=⊕k1−k2=ni−mi
k1,k2∈N0

Ki(k1αi +
∑
j∈I\{i}

njαj) ·
(
N∗i

k2 · (Ni
mi · V0)

)
=⊕k1−k2=ni−mi

k1∈N0,0≤k2≤mi Ki(k1αi +
∑
j∈I\{i}

njαj) ·
(
Ni

mi−k2 · V0

)
=⊕k1+k2=ni

k1∈N0,0≤k2≤mi Ki(k1αi +
∑
j∈I\{i}

njαj) ·
(
Ni

k2 · V0

)
=Q(γ − γV ) · V0 = V (γ),

where the second last equality uses Nk
i · V0 = 0 for all k > mi.

Lemma 3.2.9. Let V ∈ Q
QYD(C)rat be a homogeneously generated i-well Γ-

graded object and assume V0 is irreducible. Then we have mV
i = m

Ri(V )
i ,

γRi(Ri(V )) = γV and

Ri(Ri(V ))0 = V0.

Proof. Since with Proposition 3.2.8 and Lemma 3.2.7(2) for m ∈ N0 we have

Ri(N)i
m ·Ri(V )0 = N∗i

m ·
(
Ni

mVi · V0

)
=

{
N
mVi −m
i · V0 if m ≤ mV

i ,

0 if m > mV
i .
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3 YD-modules over Nichols systems

we obtain mV
i = m

Ri(V )
i . Thus by Proposition 3.2.8

γRi(Ri(V )) = ti(γRi(V ))−mV
i αi = ti(ti(γV )−mV

i αi)−mV
i αi = γV

and hence Ri(Ri(V ))0 = V0.

3.3 Iterated reflections

Similar to section 2.3 we will study what happens if we reflect a YD-module
of a Nichols system several times. We study the grading and the geometric
shape of the support of such a reflectible YD-module. As it turns out the
edges and in particular the vertices of that shape play an important role,
as the latter describes the generating components of given reflections of the
YD-module. We will show in Proposition 3.3.15 and Corollary 3.3.16, that
a proper YD-subobject of an object admitting all reflections cannot have an
area on any of the edges and therefore there must exist a maximal graded
subobject in the interior of that shape.

Let N be a pre-Nichols system, Q := N 0 and assume that Nj is irreducible

in C for all j ∈ I. Let 0 6= V ∈ Q
QYD(C)rat be homogeneously generated

Γ-graded and assume V0 is irreducible in C. Again let Γ be an abelian group,
such that Zθ ⊂ Γ.

To look at iterated reflections of V we have to make sure the preconditions
of Proposition 3.2.8 are met after each reflection.

Definition 3.3.1. Let k ∈ N0, i1, . . . , ik ∈ I.

(1) Assume N admits the reflection sequence (i1, . . . , ik). We say V ad-
mits the reflection sequence (i1, . . . , ik), if k = 0 or V is i1-well

graded and Ri1(V ) ∈ Ri1 (Q)

Ri1 (Q)YD(C)rat admits the reflection sequence

(i2, . . . , ik).

(2) Assume N admits all reflections. We say V admits all reflections,
if for all n ∈ N0, i ∈ In, V admits the reflection sequence i.

Proposition 3.3.2. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik. If N admits the
reflection sequence i and V is an irreducible object in Q

QYD(C), then V admits
the reflection sequence i.

Proof. By Proposition 3.1.8 V is i1-well graded and by Proposition 3.2.2

Ri1(V ) is irreducible in
Ri1 (Q)

Ri1 (Q)YD(C), hence the claim follows inductively.
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3.3 Iterated reflections

Notation 3.3.3. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik. Assume N admits the re-
flection sequence i and assume V admits the reflection sequence (i1, . . . , ik−1).
Let mV

() = 0 and denote

mV
i :=m

R(i1,...,ik−1)(V )

ik

= max{m ∈ N0 |R(i1,...,ik−1)(N )ik
m ·R(i1,...,ik−1)(V )

0
6= 0}.

For 0 ≤ m ≤ mV
i let

βVi,m := βNi,(mV
(i1)

,...,mV
(i1,...,ik−1)

),m),

where βV(),0 = 0 and let βVi := βV
i,mVi

.

Moreover let t(i1,...,ik−1),ik ∈ Aut(Γ) be such that t2(i1,...,ik−1),ik
= idΓ and for all

j ∈ I

t(i1,...,ik−1),ik(αj) = sN(i1,...,ik−1),ik
(αj).

Also let ti = t(),i1t(i1),i2 · · · t(i1,...,ik−1),ik and t() = idΓ.

Proposition 3.3.4. Let k ∈ N, i ∈ Ik and assume V admits the reflec-
tion sequence i. The reflection Ri(V ) ∈ Ri(Q)

Ri(Q)YD(C)rat is Γ-graded with

Ri(V )(γ) = V (ti(γ)).

Proof. Follows inductively from Proposition 3.2.4.

Lemma 3.3.5. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume V admits the
reflection sequence i. The following hold:

γRi(V ) = t(i1,...,ik−1),ik(γR(i1,...,ik−1)(V ))−mV
i αik . (1)

Ri(V )0 = R(i1,...,ik−1)(V )(γR(i1,...,ik−1)(V ) +mV
i αik) (2)

= R(i1,...,ik−1)(N )
mVi
ik
·R(i1,...,ik−1)(V )

0
.

Proof. Both (1) and (2) follow from Proposition 3.2.8.

Lemma 3.3.6. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume V admits the
reflection sequence i. The following relations hold:

mV
(i1,...,ik,ik) = mV

(i1,...,ik), βV(i1,...,ik,ik) = βV(i1,...,ik−1).

Proof. The first relation is given by Lemma 3.2.9. Then similar to the proof
of Lemma 2.3.12 the second relation follows from Lemma 2.3.11.
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3 YD-modules over Nichols systems

Proposition 3.3.7. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume V admits
the reflection sequence i. We have γRi(V ) = t−1

i (γV + βVi ) and

Ri(V )0 = V (γV + βVi ) = Q(βVi ) · V0.

In particular, βVi ∈ Nθ
0.

Proof. It is enough to show γRi(V ) = t−1
i (γV + βVi ), since then with Proposi-

tion 3.3.4 we have

0 6= Ri(V )0 = Ri(V )(t−1
i (γV + βVi )) = V (γV + βVi ).

We do this by induction on k: If k = 0, then βVi = 0, t−1
i = idΓ and the claim

holds. Assume k ≥ 1. By Lemma 3.3.5(1) and by induction hypothesis we
obtain

γRi(V ) =t(i1,...,ik−1),ik(γR(i1,...,ik−1)(V ))−mV
i αik

=t(i1,...,ik−1),ik(t
−1
(i1,...,ik−1)(γV + βV(i1,...,ik−1)))−mV

i αik

=t−1
i (γV + βV(i1,...,ik−1) −mV

i ti(αik)) = t−1
i (γV + βVi ),

where the last equality is given by Lemma 2.3.11.

Corollary 3.3.8. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik, assume N admits the re-
flection sequence i and assume V admits the reflection sequence (i1, . . . , ik−1).
For 0 ≤ m ≤ mV

i we have

R(i1,...,ik−1)(N )mik ·R(i1,...,ik−1)(V )
0

= V (γV + βVi,m).

In particular, βVi,m ∈ Nθ
0.

Proof. We conclude this from Proposition 3.3.7 and Proposition 3.3.4:

R(i1,...,ik−1)(N )ik
m ·R(i1,...,ik−1)(V )

0

=R(i1,...,ik−1)(V )(γR(i1,...,ik−1)(V ) +mαik)

=R(i1,...,ik−1)(V )(t−1
(i1,...,ik−1)(γV + βV(i1,...,ik−1)) +mαik)

=V (γV + βV(i1,...,ik−1) +mt(i1,...,ik−1)(αik)) = V (γV + βVi,m),

since t(i1,...,ik−1)(αik) = −ti(αik).

Corollary 3.3.9. Let k ∈ N, i ∈ Ik and assume V admits the reflection
sequence i. The following are equivalent:
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(1) sNi (βVi ) = βVi .

(2) βVi = 0.

(3) γRi(V ) = t−1
i (γV ) and Ri(V )0 = V0.

Proof. Clearly (2) implies (1). By Proposition 3.3.7 we have

γRi(V ) = t−1
i (γV + βVi ) = t−1

i (γV ) + sNi
−1

(βVi ).

Hence by Proposition 3.3.4 (2) and (3) are equivalent. Now

0 6= V (γV ) = Ri(V )(t−1
i (γV )) = Ri(V )(γRi(V ) − sNi

−1
(βVi )).

Since Sup(Ri(V )) ⊂ γRi(V ) +Nθ
0 it follows that −sNi

−1
(βVi ) ∈ Nθ

0. If (1) holds,
then this means −βVi ∈ Nθ

0. We also have βVi ∈ Nθ
0 by Proposition 3.3.7,

hence βVi = 0.

Definition 3.3.10. Assume V admits all reflections. For k ∈ N0, i =
(i1, . . . , ik) ∈ Ik we call Ri(V )0 = V (γV + βVi ) the i-th vertex of V and

⊕m
V
i

m=0V (γV + βVi,m) the i-th edge of V . Moreover we define the following
subsets of Nθ

0

NV :={n ∈ Nθ
0 | γV + n ∈ Sup(V )},

N δ
V :={βVi,m | k ∈ N, i = (i1, . . . , ik) ∈ Ik, 0 ≤ m ≤ mV

i },
N◦V :=NV \N δ

V .

Now define δV := V (γV +N δ
V ), called the edges of V and V ◦ := V (γV +N◦V ),

called the interior of V .

Remark 3.3.11. Geometrically speaking the interior of V contains all points
except the edges of NV , i.e. it also contains the inside points of the faces of
NV .

Remark 3.3.12. Assume V admits all reflections. The following hold:

(1) Sup(V ) = γV +NV ,

(2) N δ
V ⊂ NV ,

(3) V = V ◦ ⊕ δV .

Indeed: While (1) and (3) are given by definition, (2) follows from Corol-
lary 3.3.8: For k ∈ N, i = (i1, . . . , ik) ∈ Ik, 0 ≤ m ≤ mV

i we have by definition
of mV

i :

0 6= R(i1,...,ik−1)(N )ik
m ·R(i1,...,ik−1)(V )

0
= V (γV + βVi,m).
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3 YD-modules over Nichols systems

Proposition 3.3.13. Assume V admits all reflections, let M ′ ⊂ Rθ be the
convex hull spanned by the points βVi ∈ N δ

V , i ∈ Ik, k ∈ N0 and let M :=
M ′∩Nθ

0. Then NV ⊂M . In particular, the convex hull of NV coincides with
M ′.

Proof. The proof is similar to the proof of Proposition 2.3.17: For k ∈ N0,
i ∈ Ik let Mi = βVi + sNi (Nθ

0). Considering Proposition 3.3.7 and since for
n ∈ Nθ

0 we have

Ri(Q)(n) ·Ri(V )0 = Ri(V )(t−1
i (γV + βVi ) + n) = V (γV + βVi + sNi (n))

we obtain NV ⊂Mi. Now for all j ∈ I we have

βV(i1,...,ik,j) = βVi −mV
(i1,...,ik,j)

sN(i1,...,ik,j)(αj) = βVi +mV
(i1,...,ik,j)

sNi (αj).

In particular for j = ik we obtain βV(i1,...,ik−1) = βVi + mV
i s
N
i (αik), using

Lemma 3.3.6. Thus we obtain that M is the intersection of all Mi, i ∈ Ik,
k ∈ N0. Since NV ⊂ Mi for all i ∈ Ik, k ∈ N0, we can conclude that
NV ⊂M .

Lemma 3.3.14. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik, assume V admits the
reflection sequence i. Then the i-th edge of V

⊕m
V
i

m=0V (γV + βVi,m) ∈
k[R(i1,...,ik−1)(N )ik ]

k[R(i1,...,ik−1)(N )ik ]YD(C)

is irreducible.

Proof. This is directly implied by Corollary 3.3.8 and Lemma 3.1.7.

Proposition 3.3.15. Assume V admits all reflections. Let U ( V be a
graded subobject in Q

QYD(C). Then U ⊂ V ◦.

Proof. Assume U ∩ δV 6= 0. We show that then U = V . Let k ∈ N,
i = (i1, . . . , ik) ∈ Ik, 0 ≤ m ≤ mV

i , such that U ∩ V (γV + βVi,m) 6= 0 and
denote i′ = (i1, . . . , ik−1). Observe that Ri′(U) ⊂ Ri′(V ) is a subobject in
Ri′ (Q)

Ri′ (Q)YD(C)rat. Moreover Ri′(U) ∈ k[Ri′ (N )ik ]

k[Ri′ (N )ik ]YD(C) with induced k[Ri′(N )ik ]-

action and projected k[Ri′(N )ik ]-coaction. Now U ∩⊕m
V
i

m=0V (γV + βVi,m) 6= 0,
i.e.

0 6= Ri′(U) ∩ ⊕m
V
i

m=0V (γV + βVi,m) ∈ k[Ri′ (N )ik ]

k[Ri′ (N )ik ]YD(C),
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3.4 The induced YD-module

hence by Lemma 3.3.14 ⊕m
V
i

m=0V (γV + βVi,m) ⊂ Ri′(U). Now with Corol-
lary 3.3.8 this implies Ri′(V )0 = V (γV + βVi,0) ⊂ Ri′(U). Now since Ri′(V )0

generates Ri′(V ) as a Ri(Q)-module, we can conclude that Ri′(U) = Ri′(V ),
i.e. U = V .

Corollary 3.3.16. Assume V admits all reflections. There exists a unique
graded subobject U ⊂ V ◦ of V in Q

QYD(C), such that every proper graded

subobject of V in Q
QYD(C) is contained in U . Moreover V/U is irreducible in

Q
QYD(C).

Proof. Let U be the sum of all proper graded subobjects of V in Q
QYD(C).

By Proposition 3.3.15 we obtain U ⊂ V ◦. Clearly V/U is irreducible in the
category of Γ-graded objects in Q

QYD(C). Then V/U is also irreducible in
Q
QYD(C) by Corollary 1.1.23(2) =⇒ (1).

Remark 3.3.17. We will discuss more about the maximal subobject of objects
in Q

QYD(C) in section 3.5.

Proposition 3.3.18. Assume V admits all reflections. Moreover let U,W ∈
Q
QYD(C)rat be Γ-graded objects such that

0→ U → V → W → 0

is an exact sequence in the category of Γ-graded objects in Q
QYD(C)rat and

W 6= 0. Then NU ⊂ N◦V , N δ
V ⊂ NW and NW = NV \M , where

M = {n ∈ NU |U(n)→ V (n) is bijective}.

Proof. First since W 6= 0, U can be viewed as a proper graded subobject of
V and thus by Proposition 3.3.15 we obtain NU ⊂ N◦V . As the sequence is
exact, we know that NW = NV \M . Since NU ∩ N δ

V = 0 we can conclude
N δ
V ⊂ NW .

3.4 The induced YD-module

We now construct and study a special set of YD-modules over Nichols sys-
tems that are obtained by comodules of the Nichols systems. These in-
duced objects can also be found in a different context in [HS20], Propo-
sition 4.5.1(1). We will see in Proposition 3.4.7, that every YD-modules
over a Nichols system can be realized as a quotient of such an induced YD-
module. Finally in Corollary 3.4.14 we will study how reflections can be used
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3 YD-modules over Nichols systems

to characterize irreducibility of induced YD-modules, if the Nichols system
is finite-dimensional. We will study these induced objects in more detail in
the case where the Nichols system is of diagonal type in section 5.2.

Let N be a pre-Nichols system and let Q := N 0 and Nj := Nj for all j ∈ I.
Let Γ be an abelian group, such that Zθ ⊂ Γ.

Recall from Remark 1.1.12 that we have a functor

IQ : QC → Q
QYD(C),

where a Q-comodule U ∈ C gets mapped to IQ(U) = Q⊗U ∈ Q
QYD(C) with

Q-action µQ ⊗ idU and Q-coaction

coadQ⊗U =(µQ ⊗ idQ⊗U)(µQ ⊗ cCQ⊗U,Q)(idQ ⊗ cCQ,Q ⊗ idU ⊗ SQ)

(∆Q ⊗ cCQ,Q⊗U)(∆Q ⊗ δQU ),

and where a Q-comodule morphism f gets mapped to IQ(f) = idQ⊗f .

Remark 3.4.1. The above construction of an induced YD-module is very
reminiscent of Verma modules in the representation theory of Lie algebras.

Remark 3.4.2. Let U ∈ C and denote Q̃ := Q#H. In [HS20], Propo-

sition 4.5.1(1) it is shown that Q̃ ⊗H U ∈ Q̃

Q̃
YD, where the Q̃-action is

νQ̃
Q̃⊗HU

:= µQ̃ ⊗ idU and the Q̃-coaction δQ̃
Q̃⊗HU

is given by

δQ̃
Q̃⊗HU

((q#h)⊗ u) = (q#h)(1)(1#u(−1))SQ̃((q#h)(3))⊗ (q#h)(2) ⊗ u(0)

for all q ∈ Q, h ∈ H, u ∈ U . With Proposition 1.1.7 we obtain that Q̃⊗HU ∈
Q
QYD(C) with Q-action νQ

Q̃⊗HU
= νQ̃

Q̃⊗HU
(idQ ⊗ ηH ⊗ idQ̃⊗U) and Q-coaction

δQ
Q̃⊗HU

= (idQ⊗ εH ⊗ idQ̃⊗U)δQ̃
Q̃⊗HU

. Below we show that IQ(U) and Q̃⊗H U
are isomorphic in Q

QYD(C), where U has trivial left Q-coaction ηQ ⊗ idU .

Proposition 3.4.3. Let U ∈ C and denote Q̃ := Q#H. We view U as a left
Q-comodule via coaction ηQ ⊗ idU . Then

φ : Q̃⊗H U → IQ(U), (q#h)⊗ u 7→ q ⊗ h · u, q ∈ Q, h ∈ H, u ∈ U

is a well defined isomorphism in the category Q
QYD(C). The inverse is given

by φ−1(q ⊗ u) = (q#1)⊗ u for all q ∈ Q, u ∈ U .
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3.4 The induced YD-module

Proof. It is straight forward to verify that φ is a well defined isomorphism in
C with claimed inverse. Now since

φ(µQ̃ ⊗ idU)((q#1)⊗ (q′#h)⊗ u) = φ((qq′#h)⊗ u)

= qq′ ⊗ h · u = (µQ ⊗ idU)(idQ ⊗ φ)(q ⊗ (q′#h)⊗ u)

for all q, q′ ∈ Q, h ∈ H, u ∈ U , we obtain that φ is a Q-module morphism.
Observe that

(idQ ⊗ εH)SQ̃(q#1) = SH(q(−1)) · SR(q(0)).

Hence for q ∈ Q, u ∈ U we have

δQ
Q̃⊗HU

φ−1(q ⊗ u) = δQ
Q̃⊗HU

(q#1⊗ u)

=q(1)

((
q(2)(−1)q(3)(−3)u(−1)SH(q(3)(−1))

)
· SQ(q(3)(0))

)
⊗ (q(2)(0)#q(3)(−2))⊗ u(0)

=q(1)

((
q(2)(−1)q(3)(−3)u(−1)SH(q(3)(−1))

)
· SQ(q(3)(0))

)
⊗ (q(2)(0)#1)⊗ q(3)(−2) · u(0)

=q(1)

((
q(2)(−1)(q(3)(−1) · u)(−1)

)
· SQ(q(3)(0)

)
⊗ (q(2)(0)#1)⊗ (q(3)(−1) · u)(0)

=(idQ ⊗ φ−1)δQIQ(U)(q ⊗ u).

This proves that φ−1, and thus φ, is a Q-comodule morphism.

Proposition 3.4.4. Let U ∈ QC and γ ∈ Γ. IQ(U) is homogeneously gen-
erated Γ-graded via IQ(U)(γ + n) = Q(n)⊗ U for n ∈ Nθ

0 and V (γ′) = 0 for
all γ′ ∈ Γ \ γ + N0. Moreover γIQ(U) = γ and IQ(U)0 = U .

Proof. Clearly IQ(U) is Γ-graded with the claimed grading. For n ∈ Nθ
0 we

have IQ(U)(γ + n) = Q(n)⊗ U = Q(n)(k⊗ U) = Q(n)IQ(U)(γ).

Lemma 3.4.5. Let V ∈ Q
QYD(C) and let U be a Q-subcomodule of V . Then

the restriction of νQV to IQ(U) ⊂ Q⊗ V , i.e.

π : IQ(U)→ V, x 7→ νQV (x),

is a morphism in Q
QYD(C).

Proof. It is elementary to verify that π is a Q-module morphism in C. For
q ∈ Q, v ∈ U we have by Lemma 1.1.3

δQV π(q ⊗ v) =(µQ ⊗ νQV )(µQ ⊗ cCQ⊗V,Q)(idQ ⊗ cCQ,Q ⊗ idV ⊗ SQ)

(∆Q ⊗ cCQ,Q⊗V )(∆Q ⊗ δQV )(q ⊗ v)

=(idQ ⊗ νQV )δQIQ(U)(q ⊗ v) = (idQ ⊗ π)δQIQ(U)(q ⊗ v).

Hence p is a Q-comodule morphism.
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3 YD-modules over Nichols systems

Remark 3.4.6. Let V ∈ Q
QYD(C) be a homogeneously generated Γ-graded

object. Observe that since δQV is graded we have for v ∈ V0

δQV (v) ∈ Q(0)⊗ V0 = k⊗ V0,

hence δQV (v) = 1⊗ v. This implies that V0 is a Q-subcomodule of V .

Proposition 3.4.7. Let V ∈ Q
QYD(C) be a homogeneously generated Γ-

graded object. Then the restriction of νQV to IQ(V0) ⊂ Q⊗ V , i.e.

π : IQ(V0)→ V, q ⊗ v 7→ νQV (q ⊗ v),

is a graded epimorphism in Q
QYD(C). In particular V ∼= IQ(V0)/ kerπ.

Proof. Lemma 3.4.5 implies that π is a morphism in Q
QYD(C). By definition

of V , π is a graded epimorphism.

Remark 3.4.8. Let V ∈ Q
QYD(C) be a homogeneously generated Γ-graded

object. If IQ(V0) is irreducible in Q
QYD(C), then π : IQ(V0) → V from

Proposition 3.4.7 is an isomorphism.

Lemma 3.4.9. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume N admits the
reflection sequence i. Let U ∈ QC be irreducible, assume IQ(U) ∈ Q

QYD(C)rat

and that IQ(U) admits the reflection sequence (i1, . . . , ik−1). Then mN(i1,...,ir) ∈
N0 for all 1 ≤ r ≤ k and

m
IQ(U)
i = mNi .

In particular β
IQ(U)
i,m = βNi,m for all 0 ≤ m ≤ mNi .

Proof. We do induction on k. If k = 1, then

N0 3 m
IQ(U)

(i1) = max{m ∈ N0 | Nm
i1
⊗ U 6= 0} = mN(i1).

Assume k ≥ 2 and that the claim holds for k − 1. As seen in the proof of
Corollary 3.3.8 we have for m ∈ N0

R(i1,...,ik−1)(N )mik ·R(i1,...,ik−1)(IQ(U))
0

=Q
(
β
IQ(U)

(i1,...,ik−1) +msN(i1,...,ik−1)(αik)
)
⊗ U

By induction hypothesis we know β
IQ(U)

(i1,...,ik−1) = βN(i1,...,ik−1). Moreover by

Proposition 2.3.14 we have βN(i1,...,ik−1) + msN(i1,...,ik−1)(αik) ∈ Sup(Q) if and

only if mαik ∈ Sup(R(i1,...,ik−1)(Q)), i.e. if and only if m ≤ mNi . We conclude

that mNi = m
IQ(U)
i ∈ N0.

50



3.4 The induced YD-module

Remark 3.4.10. Let p : Zθ → Z be the group homomorphism given by p(αj) =
1 for all j ∈ I. Q is N0-graded via Q(n) := Q(p−1(n)). Let

N := max{n ∈ N0 |Q(n) 6= 0} = max{p(γ) | γ ∈ Sup(Q)}.

If Q is finite-dimensional, then by Corollary 1.1.27 we know that Q(N) is
one dimensional. In particular, there exists a an index we denote Nmax

Q ∈ Nθ
0,

such that

{γ ∈ Sup(Q) | p(γ) ≥ N} = {Nmax
Q }.

and Q(Nmax
Q ) = Q(N) is one-dimensional.

Let 0 6= Λ ∈ Q(Nmax
Q ), i.e. Q(Nmax

Q ) = kΛ.

Lemma 3.4.11. If Q is finite-dimensional, then the following hold:

(1) For all 0 6= x ∈ Q there exists y ∈ Q, such that yx = Λ.

(2) Q(Nmax
Q ) is contained in every left ideal of Q.

Proof. Implied by Corollary 1.1.27.

Proposition 3.4.12. Let U ∈ C be an irreducible object. Assume that Q is
finite-dimensional and that IQ(U) ∈ Q

QYD(C)rat admits all reflections. Then

there is some k ∈ N0, i ∈ Ik, such that Nmax
Q = β

IQ(U)
i and

Ri(IQ(U))0 = kΛ⊗ U.

In particular kΛ⊗ U ⊂ δIQ(U).

Proof. Let M be the convex hull spanned by NIQ(U). Since Q is finite di-
mensional, NIQ(U) is a finite set. By construction, Nmax

Q lies on a vertex of
M . By Proposition 3.3.13 M coincides with the convex hull spanned by the

vectors β
IQ(U)
i , k ∈ N0, i ∈ Ik. Hence there exists some k ∈ N0, i ∈ Ik, such

that Nmax
Q = β

IQ(U)
i . Then by Proposition 3.3.7 we obtain

Ri(IQ(U))0 = IQ(U)(γIQ(U) +Nmax
Q ) = Q(Nmax

Q )⊗ U = kΛ⊗ U

By definition this component lies on an edge of IQ(U).

Lemma 3.4.13. Let U ∈ QC and assume Q is finite-dimensional. Let V be
a non-zero sub Q-module of IQ(U). Then there exists 0 6= u ∈ U , such that
Λ⊗ u ∈ V . In particular V ∩ (kΛ⊗ U) 6= 0.
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3 YD-modules over Nichols systems

Proof. Let 0 6= x ∈ V and for all n ∈ Nθ
0 let xn ∈ Q(n) ⊗ U , such that

x =
∑

n∈Nθ0
xn. Let p : Zθ → Z be the group homomorphism given by

p(αj) = 1 for all j ∈ I. Let us fix one m ∈ Nθ
0, such that xm 6= 0 and

p(m) = min{p(n) |n ∈ N0, xn 6= 0}.

Let k ∈ N, u1, . . . , uk ∈ U be linear independent elements and q1, . . . qk ∈
Q(m) \ {0}, such that xm =

∑k
j=1 qj ⊗ uj. By Lemma 3.4.11 there exists

some y ∈ Q, such that yq1 = Λ. Since Q is graded, we can achieve that
y ∈ Q(Nmax

Q −m). Thus yqj ∈ Q(Nmax
Q ) = kΛ for all 2 ≤ j ≤ k and hence

there exist c2, . . . , ck ∈ k, such that yqj = cjΛ for all 2 ≤ j ≤ k. In particular

u := u1 +
∑k

j=2 cjuj 6= 0 and

yxm =
k∑
j=1

yqj ⊗ uj = Λ⊗ u1 +
k∑
j=2

cjΛ⊗ uj = Λ⊗ u.

Recall that by definition of Nmax
Q we have

{n′ ∈ Sup(Q) | p(n′) ≥ p(Nmax
Q )} = {Nmax

Q }.

Now let m 6= n ∈ Nθ
0, such that xn 6= 0. By definition of m we have

p(m) ≤ p(n), hence

p(Nmax
Q −m+ n) = p(Nmax

Q )− p(m) + p(n) ≥ p(Nmax
Q )

and thus Nmax
Q − m + n /∈ Sup(Q), since n 6= m. Then we have yxn ∈

Q(Nmax
Q −m+ n)⊗U = 0, i.e. yxn = 0. In total this gives V 3 yx = yxm =

Λ⊗ u.

Corollary 3.4.14. Assume that Q is finite dimensional and that N admits
all reflections. Let U ∈ QC be an irreducible object in C. Then the following
are equivalent:

(1) IQ(U) admits all reflections.

(2) IQ(U) is irreducible in Q
QYD(C).

Proof. (2) =⇒ (1) is given Proposition 3.3.2. Assume IQ(U) admits all

reflections. Let V ∈ Q
QYD(C) be a graded non-zero subobject of IQ(U). By

Lemma 3.4.13 we know that V ∩ (kΛ⊗U) 6= 0 and by Proposition 3.4.12 we
have kΛ ⊗ U ⊂ δIQ(U), thus V ∩ δIQ(U) 6= 0. Since by Proposition 3.3.15
we know that proper graded subobjects of IQ(U) are contained in IQ(U)◦,
we obtain that V = IQ(U). Hence IQ(U) has no proper graded non-zero

subobjects. Then Corollary 3.3.16 gives that IQ(U) is irreducible in Q
QYD(C).
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3.5 Shapovalov morphism and maximal sub-

object

The goal of this section is to study the maximal subobject of a YD-module
over a Nichols system. We have already seen in Corollary 3.3.16, that if the
Nichols system admits all reflections, this subobject lies in the interior of the
YD-module. As it turns out in general the subobject coincides with the ker-
nel of a special morphism we call Shapovalov morphism (Proposition 3.5.6).
Studying this morphism we find that it behaves well under reflections (Propo-
sition 3.5.9) and we can also use it to determine which reflection sequences
a YD-module admits (Corollary 3.5.10 and Corollary 3.5.11). In chapter 4
and chapter 5 we will calculate the kernel of the Shapovalov morphism in
specific application areas.

Let N be a pre-Nichols system and let Q := N 0 and Nj := Nj for all

j ∈ I. Let Γ be an abelian group, such that Zθ ⊂ Γ. Let V ∈ Q
QYD(C)

be a homogeneously generated Γ-graded object and let π0 : V → V0 be the
canonical projection.

We view Q⊗V0 as a Γ-graded object with (γV +n)-th component Q(n)⊗V0

for all n ∈ Nθ
0.

Definition 3.5.1. Let fV be the graded morphism in the category C that is
defined as follows:

fV : V
δQV−→ Q⊗ V

idQ⊗π0−−−−→ Q⊗ V0.

fV is called the Shapovalov morphism of V .

Remark 3.5.2. The name was chosen because in section 5.2 we will obtain
a polynomial that is known as the Shapovalov determinant, by calculating
the Kernel of fV in the case where V is given as an induced module and the
Nichols system is of diagonal type.

Remark 3.5.3. In general fV : V → IQ(V0) is not a morphism in the category
Q
QYD(C): Assume Q is a Nichols algebra of diagonal type with generators

x1, . . . , xθ and let Nj = kxj for all j ∈ I. Let V ∈ Q
QYD(C) be homogeneously

generated Γ-graded, such that V0 is one-dimensional and let 0 6= v ∈ V0.
Finally for j ∈ I let rj ∈ k, such that

cCV0,Nj
cCNj ,V0

(xj ⊗ v) = rjxj ⊗ v.

Let j ∈ I, such that rj 6= 1. Then since SQ(xj) = −xj, δQV (v) = 1 ⊗ v,
(idQ⊗∆Q)∆Q(xj) = 1⊗ 1⊗xj + 1⊗xj ⊗ 1 +xj ⊗ 1⊗ 1 and by Lemma 1.1.3

53



3 YD-modules over Nichols systems

we have

fV ν
Q
V (xj ⊗ v) = (idQ ⊗ π0)δQV (xj · v)

= (idQ ⊗ π0) (1⊗ xj · v + (1− rj)xj ⊗ v) = (1− rj)xj ⊗ v

Conversely (µQ⊗ idV0)(idQ⊗ fV )(xj⊗ v) = xj⊗ v. Hence fV is no Q-module
morphism. Similarly

(idQ ⊗ fV )δQV (xj · v) = (1− r)(1⊗ xj ⊗ v + xj ⊗ 1⊗ v)

and

coadQ⊗V0fV (xj · v) = (1− r) (1⊗ xj ⊗ v + (1− r)xj ⊗ 1⊗ v) ,

hence in general fV is no Q-comodule morphism.

Lemma 3.5.4. We have

π0ν
Q
V = εQ ⊗ π0.

Proof. Since νQV is graded we have for all n, n′ ∈ N0, such that n 6= 0 or
n′ 6= 0, that

π0ν
Q
V (Q(n)⊗ V (γV + n′)) ⊂ π0(V (γV + n+ n′)) = 0.

Similarly (εQ⊗π0)(Q(n)⊗V (γV +n′)) = 0. Finally for λ ∈ k = Q(0), v ∈ V0

we have

π0ν
Q
V (λ⊗ v) = λv = (ε⊗ π0)(λ⊗ v).

Hence the two morphisms coincide on all components of Q⊗ V .

Lemma 3.5.5. Let x, y ∈ Q, v ∈ V0. Then we have

fV ((xy) · v) =(µQ ⊗ idV0)(µQ ⊗ cCV0,Q
)(idQ ⊗ cCQ,Q⊗V0

)

(idQ ⊗ SQ ⊗ idQ ⊗ idV0) (∆Q(x)⊗ fV (y · v)) .

In particular ker fV is a sub Q-module of V .

Proof. Since π0ν
Q
V = εQ⊗π0 by Lemma 3.5.4 we obtain by Lemma 1.1.3 that

fV (x · (y · v)) =(idQ ⊗ π0)δQV ν
Q
V (x⊗ y · v)

=(µQ ⊗ π0ν
Q
V )(µQ ⊗ cCQ⊗V,Q)(idQ ⊗ cCQ,Q ⊗ idV ⊗ SQ)

(∆Q ⊗ cCQ,Q⊗V )(∆Q(x)⊗ δQV (y · v))

=(µQ ⊗ idV0)(µQ ⊗ cCV0,Q
)(idQ ⊗ cCQ,Q⊗V0

)

(idQ ⊗ SQ ⊗ idQ ⊗ idV0)(∆Q(x)⊗ (idQ ⊗ π0)δQV (y · v)).
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3.5 Shapovalov morphism and maximal subobject

This proves the relation. Finally if y · v ∈ ker fV , then this relation implies
x(y · v) ∈ ker fV , hence ker f is a sub Q-module of V .

Proposition 3.5.6. Assume V0 is irreducible in C. Then ker fV is a graded
subobject of V ∈ Q

QYD(C), such that for every graded subobject U 6= V of

V ∈ Q
QYD(C) we have U ⊂ ker fV . Moreover V is irreducible in Q

QYD(C) if
and only if ker fV = 0.

Proof. Let U 6= V be a graded subobject of V ∈ Q
QYD(C). Then U(γV ) = 0,

since V0 = V (γV ) is irreducible, generates V as a Q-module and U 6= V . We
have

fV (U) = (idQ ⊗ π0)δQV (U) ⊂ Q⊗ U(γV ) = 0,

hence U ⊂ ker fV .

ker fV is graded in C, since fV is graded, i.e.

ker fV = ⊕n∈Nθ0 ker(fV (γV + n))

and ker(fV (γV + n)) ⊂ V (γV + n) for all n ∈ Nθ
0. Now by definition we have

(idQ ⊗ fV )δQV (ker fV ) = (idQ ⊗ (idQ ⊗ π0)δQV )δQV (ker fV )

= (∆Q ⊗ π0)δQV (ker fV ) = (∆Q ⊗ idV0)fV (ker fV ) = 0.

Hence δQV (ker fV ) ⊂ Q⊗ (ker fV ) and ker fV is a sub Q-comodule of V . Now
by Lemma 3.5.5 we obtain that ker fV is a sub Q-module of V . This implies
that ker fV is a graded subobject of V in Q

QYD(C).

Overall we have also proven that V/ ker fV is irreducible in the category of
Γ-graded objects in Q

QYD(C), hence by Corollary 1.1.23 it is also irreducible

in Q
QYD(C). This implies the last claim.

Corollary 3.5.7. Assume that Q is finite dimensional and that N admits
all reflections. Let U ∈ QC be an irreducible object in C and let Λ ∈ Q be
defined as in Lemma 3.4.13. Then the following are equivalent:

(1) IQ(U) is irreducible in Q
QYD(C).

(2) fIQ(U)(Λ⊗ u) 6= 0 for all 0 6= u ∈ U .

Proof. By Proposition 3.5.6 (1) is equivalent to ker fIQ(U) = 0. Hence clearly
(1) implies (2). Assume V is a proper non-zero subobject of IQ(U). Then
by Lemma 3.4.13 there is 0 6= u ∈ U , such that Λ ⊗ u ∈ V . Then Λ ⊗ u ∈
ker fIQ(U) by Proposition 3.5.6. Hence (2) does not hold.
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3 YD-modules over Nichols systems

Corollary 3.5.8. Assume V0 is irreducible in C. Let i ∈ I. The following
are equivalent.

(1) V is a i-well graded.

(2) ker fV (γV + Nαi) = 0.

Proof. Recall that by Lemma 3.1.4 we know k[Ni] · V0 ∈ k[Ni]
k[Ni]
YD(C) and

fV (γV + nαi) = fk[Ni]·V0(n) : Nn
i · V0 → Nn

i ⊗ V0 for all n ∈ N0.

By Corollary 1.1.23 V is i-well graded if and only if k[Ni] · V0 is irreducible

in
k[Ni]
k[Ni]
YD(C). By Proposition 3.5.6 this is equivalent to

ker fk[Ni]·V0 = 0.

By the argument above, this is equivalent to (2).

Assume V ∈ Q
QYD(C)rat and that V0 and Nj are irreducible in C for all

j ∈ I.

Proposition 3.5.9. Let i ∈ I, assume N is an i-finite Nichols system over
i and that V is a i-well graded. Then as objects in

Ri(Q)
Ri(Q)YD(C)rat we have

ker fRi(V ) = Ri(ker fV ).

In particular ker fRi(V ) = ker fV as objects in C

Proof. Ri(ker fV ) is graded subobject of Ri(V ) in
Ri(Q)
Ri(Q)YD(C)rat. Then by

Proposition 3.5.6 we have Ri(ker fV ) ⊂ ker fRi(V ). Hence it is enough to show,
that ker fRi(V ) = ker fV as objects in C. Now by Lemma 1.2.8 we obtain that

ker fRi(V ) is a subobject of V in Q
QYD(C)rat. Hence by Proposition 3.5.6 we

have ker fRi(V ) ⊂ ker fV , which together with the above implies equality.

Corollary 3.5.10. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik. Assume N admits the
reflection sequence i. The following are equivalent.

(1) V admits the reflection sequence i.

(2) V admits the reflection sequence (i1, . . . , ik−1) and for 0 ≤ m ≤ mV
i we

have

ker fV (γV + βVi,m) = 0.
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3.5 Shapovalov morphism and maximal subobject

Proof. By Corollary 3.5.8 we know that (1) holds if and only if V admits the
reflection sequence (i1, . . . , ik−1) and

ker fR(i1,...,ik−1)(V )(γR(i1,...,ik−1)(V ) + Nαik) = 0.

By Proposition 3.5.9 the latter is equivalent to

R(i1,...,ik−1)(ker fV )(γR(i1,...,ik−1)(V ) + Nαik) = 0.

Finally by Corollary 3.3.8 this is equivalent to

ker fV (γV + βVi,m) = 0

for all 0 ≤ m ≤ mV
i .

Corollary 3.5.11. Assume N admits all reflections. Let M be the convex
hull of NV and let δM be the set of points in Nθ

0, that lie on an edge of M .
The following are equivalent.

(1) V admits all reflections.

(2) ker fV (γV + δM) = 0.

Proof. If (1) holds, then δM = N δ
V by Proposition 3.3.13. Hence (2) holds

by Corollary 3.5.10. Now assume (2) holds. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik
and assume V admits the reflection sequence (i1, . . . , ik−1). Let 0 ≤ m ≤
mV
i . Then indeed βVi,m ∈ δM by Corollary 3.3.8. Hence (2) implies that

ker fV (γV + βVi,m) = 0, which in combination with Corollary 3.5.10 implies
(1).

Remark 3.5.12. Let k ∈ N0. Intuitively speaking, Corollary 3.5.10 says that
V admitting a reflection sequence i ∈ Ik in addition to admitting the prior
reflection sequence in Ik−1, is given if and only if fV does not vanish on the
corresponding edge of V . In addition Corollary 3.5.11 says V admits all
reflections, if and only if fV does not vanish on any edge of V. Compare this
also to Proposition 3.5.6, where it is stated that V is irreducible in Q

QYD(C)
if and only if fV does not vanish anywhere.

Then Corollary 3.5.7 states that for induced YD-modules IQ(U), U ∈ QC,
where Q is finite-dimensional, that fIQ(U) does not vanish anywhere, if and
only if it does not vanish on the maximal degree component of IQ(U).
Since this component lies on an edge, this explains intuitively why Corol-
lary 3.4.14(1) =⇒ (2) holds.
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4 Nichols systems of
group-type

In this chapter we want to calculate the Shapovalov morphism and its kernel
of YD-modules, i.e. the maximal subobject of the YD-module, for Nichols
systems of group type. To realize that, we must first look at the theory
of braided shuffles in section 4.1. Here we introduce a particular kind of
shuffle elements in the braid group and show in section 4.2, Theorem 4.2.3,
that we can give an explicit formula for the Shapovalov morphism on specific
components using these shuffle elements. We use this formula to calculate
the Kernel in degree 2 under some conditions, see Proposition 4.2.10. Finally
we calculate the kernel for some specific examples of Nichols algebras in
section 4.3.

Let θ ∈ N and I = {1, . . . , θ}. Let k be a field, H a Hopf algebra over k with
bijective antipode and let C = H

HYD.

4.1 Braided shuffles

After discussing some fundamentals, the focus of this section lies on the el-
ements gn,k ∈ kBn+1 for given 0 ≤ k ≤ n, introduced in Notation 4.1.11.
In Theorem 4.1.17 will show that they have a commuting relation with the
braided symmetrizer, which is a rare and unexpected property. These ele-
ments turn out to be essential when calculating the Shapovalov morphism in
section 4.2.

For n ∈ N let Sn be the symmetric group and Bn the group given by gener-
ators c1, . . . , cn−1 and relations

cici+1ci = ci+1cici+1, cicj = cjci,

for all 1 ≤ i ≤ n− 2 and i+ 2 ≤ j ≤ n− 1. Here B1 is the trivial group with
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4.1 Braided shuffles

one element. For n′ > n we canonically view Sn and Bn as subgroups of Sn′
and Bn′ , respectively. For 1 ≤ i ≤ n− 1 denote si = (i(i+ 1)) ∈ Sn.

Remark 4.1.1. For all π ∈ Sn there exists a minimal k ∈ N0 and (i1, . . . , ik)
with 1 ≤ i1, . . . , ik ≤ n−1, such that π = si1 · · · sik . Such (i1, . . . , ik) is called
reduced decomposition of π.

Proposition 4.1.2. Let n ∈ N. Then

Sn → Bn, π 7→ cπ,

where cπ = ci1 · · · cik , where (i1, . . . , ik), k ∈ N0 is a reduced decomposition of
π, is a well-defined map.

Proof. Refer to [HS20], Theorem 1.7.2.

Remark 4.1.3. The map in Proposition 4.1.2 is called Matsumoto section.
It is a section for the surjective group homomorphism given by

Bn → Sn, ci 7→ si.

Definition 4.1.4. For n ∈ N the element

Sn :=
∑
π∈Sn

cπ ∈ kBn

is called the braided symmetrizer. Moreover for 0 ≤ k ≤ n a permutation
π ∈ Sn is called k-shuffle, if

π(1) < . . . < π(k), π(k + 1) < . . . < π(n).

The set of all k-shuffles is denoted Sk,n−k. Finally denote

Sk,n−k =
∑

π∈Sk,n−k

cπ−1 ∈ kBn.

Notation 4.1.5. For n ∈ N, i ∈ N0 let ·↑i : Bn → Bn+i be the injevtive
group homomorphism, such that for all 1 ≤ j ≤ n− 1 we have

cj
↑i = cj+i.
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4 Nichols systems of group-type

Lemma 4.1.6. Let n ∈ N and 1 ≤ k ≤ n. Let ϕ : kBn → kBn be the
algebra antimorphism such that we have ϕ(ci) = ci for all 1 ≤ i ≤ n−1. The
following relations hold:

ϕ(Sn) = Sn, (1)

Sn−k+1,k = Sn−k+1,k−1 + cn−k+1 · · · cnSn−k,k, (2)

Sn+1 = Sn−k+1Sk
↑n−k+1Sn−k+1,k, (3)

Sn+1 = ϕ(Sn−k+1,k)Sn−k+1Sk
↑n−k+1. (4)

Proof. For all π ∈ Sn we have ϕ(cπ) = cπ−1 and thus

ϕ(Sn) =
∑
π∈Sn

ϕ(cπ) =
∑
π∈Sn

cπ−1 =
∑
π∈Sn

cπ = Sn.

Now (2) and (3) are proven in [HS20], Corollary 1.8.8. (4) is implied by (1),
(3) and the fact that Sn−k+1Sk

↑n−k+1 = Sk
↑n−k+1Sn−k+1.

Lemma 4.1.7. Let n ∈ N, π ∈ Sn and let (i1, . . . , il), l ∈ N0 be a reduced
decomposition of π. The following holds:

(1) Let 1 ≤ j ≤ n − 1. (i1, . . . , il, j) is a reduced decomposition of πsj if
and only if π(j) < π(j + 1).

(2) Let 1 ≤ k ≤ n. (i1, . . . , il, n, n− 1, . . . , k) is a reduced decomposition of
the permutation πsnsn−1 · · · sk ∈ Sn+1.

(3) Let 1 ≤ k ≤ n−1 and assume π(j) < π(n) for all k ≤ j ≤ n−1. Then
(i1, . . . , il, n − 1, . . . , k) is a reduced decomposition of the permutation
πsn−1 · · · sk.

(4) Let 1 ≤ k ≤ n and assume π ∈ Sn−k,k. Then

(i1, . . . , il, n, . . . , n− k + 1, n, . . . , n− k + 2, . . . , n, n− 1, n)

is a reduced decomposition of the permuation

π(sn · · · sn−k+1)(sn · · · sn−k+2) · · · (snsn−1)(sn).

Proof. (1) is proven in [HS20], Theorem 1.7.2(1).

(2): Clearly (i1, . . . , il, n) is a reduced decomposition of πsn, since π ∈ Sn.
Assume for 1 ≤ j ≤ n − k that (i1, . . . , il, n, . . . , n − j + 1) is a reduced
decomposition of πsnsn−1 · · · sn−j+1. Then

πsnsn−1 · · · sn−j+1(n− j) = π(n− j)
< n+ 1 = πsnsn−1 · · · sn−j+1(n− j + 1),
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4.1 Braided shuffles

hence by (1) we get that (i1, . . . , il, n, . . . , n− j) is a reduced decomposition
of πsnsn−1 · · · sn−j.

(3): Since π(n − 1) < π(n) using (1) we obtain that (i1, . . . , il, n − 1) is
a reduced decomposition of πsn−1. Assume for 1 ≤ j ≤ n − k − 1 that
(i1, . . . , il, n−1, . . . , n−j) is a reduced decomposition of πsn−1 · · · sn−j. Then
since k ≤ n− j − 1 ≤ n− 2

πsn−1 · · · sn−j(n− j − 1) = π(n− j − 1)

< π(n) = πsn−1 · · · sn−j(n− j),

hence by (1) we get that (i1, . . . , il, n, . . . , n−j−1) is a reduced decomposition
of πsn−1 · · · sn−j−1.

(4): By (2) we know that (i1, . . . , il, n, n − 1, . . . , n − k + 1) is a reduced
decomposition of πsnsn−1 · · · sn−k+1. Assume that for 1 ≤ l ≤ k − 1 we have
that

(i1, . . . , il, n, . . . , n− k + 1, n, . . . , n− k + 2, . . . , n, . . . , n− k + l)

is a reduced decomposition of

π′ = π(sn · · · sn−k+1)(sn · · · sn−k+2) · · · (sn · · · sn−k+l).

We show that

(i1, . . . , il, n, . . . , n− k + 1, n, . . . , n− k + 2, . . . , n, . . . , n− k + l + 1)

is a reduced decomposition of π′(sn · · · sn−k+l+1), finishing the proof. We
have for 1 ≤ l ≤ n+ 1

π′(j) =


π(j) if 1 ≤ j ≤ n− k,

π(n+ 1− (j − (n− k + 1))) if n− k + 1 ≤ j ≤ n− k + l,

π(j − l) if n− k + l + 1 ≤ j ≤ n+ 1.

In particular since π ∈ Sn−k,k we have π(n− k + 1) < · · · < π(n− l+ 1) and
thus

π′(n− k + l + 1) < π′(n− k + l + 2) < · · · < π′(n+ 1).

Using (3) the above claim is implied.

Notation 4.1.8. Let ω1 = idB1 and for n ∈ N let

ωn+1 = (cn)(cn−1cn) · · · (c1 · · · cn) ∈ Bn+1.
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4 Nichols systems of group-type

Remark 4.1.9. Let n ∈ N. The element ωn is equal to the image cπ of the
Matsumoto section of the permutation π ∈ Sn, such that π(k) = n − k + 1
for all 1 ≤ k ≤ n. ωn is the longest occurring product of generators in the
image under the Matsumoto section of Sn.

Lemma 4.1.10. Let n ∈ N and ϕ : kBn → kBn be the algebra antimorphism
such that ϕ(ci) = ci for all 1 ≤ i ≤ n− 1. Let ψ : kBn → kBn be the algebra
morphism, such that ψ(cj) = cn−j for all 1 ≤ j ≤ n− 1. Finally let a ∈ kBn.
The following relations hold:

ωn+1 = ωn
↑1c1 · · · cn, (1)

ϕ(ωn) = ωn, (2)

ωna = ψ(a)ωn, (3)

ωnSn = Snωn. (4)

Proof. (1) is directly implied by definition. (2): Let π ∈ Sn, such that
π(k) = n− k + 1 for all 1 ≤ k ≤ n. Then π = π−1 and thus

ϕ(ωn) = ϕ(cπ) = cπ−1 = cπ = ωn.

(3): It is enough to show the relation for a = cj, 1 ≤ j ≤ n − 1. Since for
1 ≤ k ≤ j ≤ n− 2 we have

(ck · · · cn−1)cj = ck · · · cj−1cjcj+1cjcj+2 · · · cn−1

= ck · · · cj−1cj+1cjcj+1cj+2 · · · cn−1 = cj+1(ck · · · cn−1),

we obtain for 1 ≤ j ≤ n− 1

ωncj = (cn−1) · · · (cn−j · · · cn−1)cn−1(cn−1−j · · · cn−1) · · · (c1 · · · cn−1)

Below we inductively will show:

(cn−1) · · · (cn−j · · · cn−1)cn−1 = cn−j(cn−1) · · · (cn−j · · · cn−1), (a)

implying ωncj = ψ(cj)ωn, proving (3). Clearly (a) holds for j = 1. Assume
j ≥ 2 and

(cn−1) · · · (cn−j+1 · · · cn−1)cn−1 = cn−j+1(cn−1) · · · (cn−j+1 · · · cn−1).

Observe that (cn−1) · · · (cn−j+1 · · · cn−1) = ωj
↑n−j, hence

ωj
↑n−jcn−1 = cn−j+1ωj

↑n−j.
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4.1 Braided shuffles

Using (1) and (2) we obtain

(cn−1) · · · (cn−j · · · cn−1) = ωj+1
↑n−j−1 = ϕ(ωj+1

↑n−j−1)

= ϕ(ωj
↑n−jcn−j−1 · · · cn−1) = cn−1 · · · cn−j−1ωj

↑n−j.

Thus we conclude

(cn−1) · · · (cn−j · · · cn−1)cn−1 = cn−1 · · · cn−j−1cn−j+1ωj
↑n−j

= cn−1 · · · cn−j+2cn−j+1cn−jcn−j+1cn−j−1ωj
↑n−j

= cn−1 · · · cn−j+2cn−jcn−j+1cn−jcn−j−1ωj
↑n−j

= cn−jcn−1 · · · cn−j−1ωj
↑n−j = cn−j(cn−1) · · · (cn−j · · · cn−1).

(4): Let ω̃ ∈ Sn, such that ω̃(j) = n − j + 1 for all 1 ≤ j ≤ n. Since for
all π ∈ Sn we have ψ(cπ) = cω̃πω̃, we obtain that ψ(Sn) = Sn. Hence (4) is
implied by (3).

Notation 4.1.11. For n ∈ N0, 0 ≤ k ≤ n let §n,k ⊂ Sn+1 be the subset of
all π ∈ Sn+1, such that

π(1) < . . . < π(n− k),

π(n− k + 1) = n+ 1,

π(n− k + 2) > . . . > π(n+ 1).

Moreover let

gn,k =
∑
π∈§n,k

cπ−1 ∈ kBn+1.

For k < 0 and k > n let gn,k = 0 ∈ kBn+1.

Remark 4.1.12. We will see that the elements gn,k interchange with the
braided symmetrizer (Theorem 4.1.17), which is a rare property. Also they
play an important role when calculating the Shapovalov endomorphism (The-
orem 4.2.3).

Proposition 4.1.13. Let n ∈ N. For 0 ≤ k ≤ n define the permutation
ω̃ = (sn · · · sn−k+1)(sn · · · sn−k+2) · · · (sn) (if k = 0, then ω̃ = idSn+1). We
have

§n,k = Sn−k,kω̃,
gn,k = ωk+1

↑n−kSn−k,k.
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Proof. We have for 1 ≤ j ≤ n+ 1

ω̃(j) =

{
j if 1 ≤ j ≤ n− k,

n+ 1− (j − (n− k + 1)) if n− k + 1 ≤ j ≤ n+ 1.

Let π ∈ Sn−k,k. Then πω̃(n− k + 1) = n + 1 and for 1 ≤ i ≤ n− k − 1 and
n− k + 2 ≤ j ≤ n we have since n− k + 2 ≤ 2n− k + 2− j ≤ n

πω̃(i) = π(i) < π(i+ 1) = πω̃(i+ 1),

πω̃(j) = π(2n− k + 2− j) > π(2n− k + 2− j − 1) = πω̃(j + 1),

hence πω̃ ∈ §n,k.

Now let π ∈ §n,k. Then we have πω̃(n + 1) = π(n − k + 1) = n + 1, hence
πω̃ ∈ Sn. Moreover for 1 ≤ i ≤ n − k − 1 and n − k + 1 ≤ j ≤ n − 1 we
obtain since n− k + 3 ≤ 2n− k + 2− j ≤ n+ 1

πω̃(i) = π(i) < π(i+ 1) = πω̃(i+ 1),

πω̃(j) = π(2n− k + 2− j) < π(2n− k + 2− j − 1) = πω̃(j + 1),

hence πω̃ ∈ Sn−k,k. Since ω̃2 = idSn+1 we get π = (πω̃)ω̃ ∈ Sn−k,kω̃ and thus
we can conclude §n,k = Sn−k,kω̃.

Now for π ∈ Sn−k,k by Lemma 4.1.7(4) we obtain that

c(πω̃)−1 = (cn)(cn−1cn) · · · (cn−k+1 · · · cn)cπ−1 = ωk+1
↑n−kcπ−1 .

Combining this with the above result we obtain

gn,k =
∑

π∈Sn−k,k

c(πω̃)−1 = ωk+1
↑n−k

∑
π∈Sn−k,k

cπ−1 = ωk+1
↑n−kSn−k,k,

finishing the proof.

Remark 4.1.14. We have §n,0 = {idSn+1} and gn,0 = 1 for all n ∈ N0. Moreover
#§n,k = #Sn−k,k =

(
n
k

)
and for π ∈ §n,k we have π(1) = 1 or π(n + 1) = 1:

Indeed if π(1) 6= 1, then 1 < π(1) < . . . < π(n − k). Thus we must have
π(n+ 1) = 1.

Example 4.1.15. We have §1,1 = {(12)}, hence g1,0 = 1 and g1,1 = c1.
Moreover we have

§2,1 = {(23), (123)}, §2,2 = {(13)},
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4.1 Braided shuffles

hence we have g2,0 = 1, g2,1 = c2 + c2c1 and g2,2 = c2c1c2. Observe that

S2,1 = {idS3 , (23), (123)}, S1,2 = {idS3 , (12), (132)}, S0,3 = {idS3}.

Using Proposition 4.1.13 we obtain g3,0 = 1, g3,1 = c3(1 + c2 + c2c1), g3,2 =
c3c2c3(1 + c1 + c1c2) and g3,3 = c3c2c3c1c2c3.

Lemma 4.1.16. For n ∈ N, 1 ≤ k ≤ n we have

gn,k + gn,k−1 = ωk
↑n−k+1Sn−k+1,k, (1)

gn,k = gn−1,k−1cn · · · c1 + gn−1,k
↑1. (2)

Proof. (1): Using Proposition 4.1.13 and Lemma 4.1.10(1) we obtain

gn,k = ωk+1
↑n−kSn−k,k = ωk

↑n−k+1cn−k+1 · · · cnSn−k,k.

Now applying Lemma 4.1.6(2) this simplifies to

ωk
↑n−k+1Sn−k+1,k − ωk↑n−k+1Sn−k+1,k−1 = ωk

↑n−k+1Sn−k+1,k − gn,k−1.

(2): For π ∈ Sn let π↑1 ∈ Sn+1 be the permutation that fixes 1 and maps
2 ≤ i ≤ n+ 1 to π(i− 1) + 1. Assuming §n−1,k is the empty set for k < 0 or
k ≥ n, we will show the following:

(a) §n,k = s1 · · · sn§n−1,k−1 ∪ §n−1,k
↑1.

(b) The union in (1) is disjoint.

Then (2) is implied by (a), (b) and Lemma 4.1.7(2).

(a): It is straight forward to check §n−1,k
↑1 ⊂ §n,k. If k ≥ 1 and π ∈ §n−1,k−1

then

s1 · · · snπ(n− k + 1) = s1 · · · sn(n) = n+ 1

and for 1 ≤ i ≤ n− k − 1 and n− k + 2 ≤ j ≤ n we have

s1 · · · snπ(i) = π(i) + 1 < π(i+ 1) + 1 = s1 · · · snπ(i+ 1),

s1 · · · snπ(j) = π(j) + 1 > π(j + 1) + 1 = s1 · · · snπ(j + 1),

hence s1 · · · sn§n−1,k−1 ⊂ §n,k. Now if π ∈ §n,k and π(1) = 1, then the
permutation that maps 1 ≤ i ≤ n to π(i+1)−1 is an element in §n−1,k, hence
π ∈ §n−1,k

↑1. If π(1) 6= 1, then π(n+1) = 1, see Remark 4.1.14. In particular
π(i) 6= 1 for all 1 ≤ i ≤ n. We also have sn · · · s1π(n + 1) = n + 1, hence
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4 Nichols systems of group-type

sn · · · s1π ∈ Sn. Moreover we get sn · · · s1π(n− k + 1) = sn · · · s1(n+ 1) = n
and for 1 ≤ i ≤ n− k − 1 and n− k + 2 ≤ j ≤ n− 1 we have

sn · · · s1π(i) = π(i)− 1 < π(i+ 1)− 1 = sn · · · s1π(i+ 1),

sn · · · s1π(j) = π(j)− 1 > π(j + 1)− 1 = sn · · · s1π(j + 1),

thus sn · · · s1π ∈ §n−1,k−1 and π = s1 · · · snsn · · · s1π ∈ s1 · · · sn§n−1,k−1.

(b): Let π ∈ §n−1,k−1. Then s1 · · · snπ(1) = π(1) + 1 6= 1. Since any permu-
tation in §n−1,k

↑1 fixes 1, the union is disjoint.

Theorem 4.1.17. Let n ∈ N and let ϕ : kBn+1 → kBn+1 be the algebra
antimorphism such that we have ϕ(ci) = ci for all 1 ≤ i ≤ n. Then for
0 ≤ k ≤ n we have

Sn+1gn,k = ϕ(gn,k)Sn+1.

Proof. Clearly the claim holds for k = 0, since gn,0 = 1. Assume k ≥ 1
and that Sn+1gn,k−1 = ϕ(gn,k−1)Sn+1. In the following calculation we use
Lemma 4.1.16(1) in the first equation, Lemma 4.1.6(4) in the second equa-
tion, Lemma 4.1.10(2) and (4) in the third equation, Lemma 4.1.6(3) in the
fourth equation and again Lemma 4.1.16(1) in the last equation:

Sn+1gn,k = Sn+1ωk
↑n−k+1Sn−k+1,k − Sn+1gn,k−1

= ϕ(Sn−k+1,k)Sn−k+1Sk
↑n−k+1ωk

↑n−k+1Sn−k+1,k − Sn+1gn,k−1

= ϕ(Sn−k+1,k)ϕ(ωk
↑n−k+1)Sn−k+1Sk

↑n−k+1Sn−k+1,k − Sn+1gn,k−1

= ϕ(ωk
↑n−k+1Sn−k+1,k)Sn+1 − Sn+1gn,k−1

= ϕ(gn,k)Sn+1 + ϕ(gn,k−1)Sn+1 − Sn+1gn,k−1.

This simplifies to ϕ(gn,k)Sn+1 by assumption.

4.2 Nichols systems of group-type

We are now ready to give a explicit formula for the Shapovalov morphism
on specific components, if some conditions are met, see Theorem 4.2.3. In
particular, most of these conditions are met if the corresponding component
of the Nichols system is of group-type, see Example 4.2.1. At the end of
the section in Proposition 4.2.10 we use the formula to calculate parts of
the maximal subobject in the componenent of the YD-module of degree 2.
The explicit formula will also prove very useful when we go over to Nichols
systems of diagonal type in section 5.2.
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4.2 Nichols systems of group-type

Denote k× = k \ {0}. Let N be a pre-Nichols system, let Q := N 0 and
Nj := Nj for all j ∈ I. Let Γ be an abelian group, such that Zθ ⊂ Γ.

Let V ∈ Q
QYD(C) be a homogeneously generated Γ-graded object. We fix

i ∈ I, assume that k[Ni] is strictly graded and that there exists λi ∈ k×, such
that

cCV0,Ni
cCNi,V0

= λi idNi⊗V0 . (4.1)

Example 4.2.1. Such λi exists in the following setting: Assume Ni is ir-
reducible in C and that V0 is one-dimensional. Let X be a basis of Ni and
0 6= v ∈ V0. We assume that Ni is of group-type, that is for all x ∈ X, there
exists a group-like element gx ∈ H, such that

δHNi(x) = gx ⊗ x.

Moreover assume that H is generated by group-like elements and that the
elements gx, x ∈ X are linearly independent. Observe that if a ∈ Ni, such
that a 6= 0 and δHNi(a) = g⊗a for some group-like element g ∈ H, then g = gx
and a ∈ kx for some x ∈ X. By Lemma 1.1.4 we obtain that for x ∈ X the
set Hx is a subobject of Ni. Since Ni is irreducible we obtain Hx = Ni. Hx
is spanned by elements g · x, where g is group-like. Such g is invertible with
inverse S(g) and we have

δHNi(g · x) = ggxg
−1 ⊗ g · x.

By the above we conclude that there exists some y ∈ X, such that ggxg
−1 =

gy and g · x ∈ ky. Since Hx = Ni we conclude that all gz, z ∈ X are
conjugate. Now there exists some λ′ ∈ k×, such that gx · v = λ′v. Let y ∈ X,
g ∈ H and µ ∈ k×, such that g is group-like, gy = ggxg

−1 and g · x = µy.
We obtain gy · v = ggxg

−1 · v = λ′v, hence gz · v = λ′v for all z ∈ X. Now let
gv ∈ H be the group-like element with δV0(v) = gv ⊗ v. For each group-like
element h ∈ H we have h · v ∈ k×v and thus

gv ⊗ v = δHNi(v) = hgvh
−1 ⊗ v,

i.e. hgv = gvh. Since gv · x ∈ Ni and

δHNi(gv · x) = gvgxg
−1
v ⊗ gv · x = gx ⊗ gv · x,

we conclude that gv · x ∈ k×x. Let λ′′ ∈ k×, such that gv · x = λ′′x. Since

gv · y = µ−1gvg · x = µ−1ggv · x = λ′′µ−1g · x = λ′′y

we have gv · z = λ′′z for all z ∈ X. This implies

cCV0,Ni
cCNi,V0

(z ⊗ v) = λ′cCV0,Ni
(v ⊗ z) = λ′λ′′z ⊗ v

for all z ∈ X, i.e. cCV0,Ni
cCNi,V0

= λ′λ′′ idNi⊗V0 .
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4 Nichols systems of group-type

Let n ∈ N. We view kBn as a subset of EndC(N
⊗n
i ) by identifying cj with

the endomorphism

id
N
⊗j−1
i

⊗ cCNi,Ni ⊗ idN⊗n−j−1
i

for all 1 ≤ j ≤ n− 1. Since k[Ni] is strictly graded, we know that

Nn
i
∼= N⊗ni / kerSn,

for details refer to [HS20], Corollary 1.9.7. By Theorem 4.1.17 we obtain
that gn,k(kerSn+1) ⊂ kerSn+1, hence gn,k ∈ kBn+1 yields a well defined
endomorphism

gn,k : Nn+1
i → Nn+1

i

for all k ∈ Z.

Lemma 4.2.2. Let x ∈ Ni, y ∈ Q, v ∈ V0. Then we have

fV ((xy) · v) =
(
µQ ⊗ idV0 − λi(µQcCQ,Q ⊗ idV0)

)
(x⊗ fV (y · v)) .

Proof. Combining Lemma 3.5.5 and the fact that x is primitive we obtain
that fV ((xy) · v) simplifies to

(µQ ⊗ idV0)(µQ ⊗ cCV0,Q
)(idQ ⊗ cCQ,Q⊗V0

) ((x⊗ 1− 1⊗ x)⊗ fV (y · v))

=
(
µQ ⊗ idV0 − (µQ ⊗ idV0)(idQ ⊗ cCV0,Q

)cCQ,Q⊗V0

)
(x⊗ fV (y · v))

Observe that cCQ,Q(Ni ⊗Q) ⊂ Q⊗Ni. Hence eq. (4.1) implies the claim.

Theorem 4.2.3. Let n ∈ N0. For x ∈ Nn+1
i and v ∈ V0 we have

fV (x · v) = (1− λi)
n∑
k=0

(−λi)kgn,k(x)⊗ v.

Proof. We do induction on n. If n = 0, then x ∈ Ni and thus by setting
y = 1 in Lemma 4.2.2 and the fact that fV (v) = 1⊗ v we obtain

fV (x · v) = (1− λi)x⊗ v.

Now assume n ≥ 1. Let x′ ∈ Ni, y ∈ Nn
i , such that x = x′y. We have

x′gn−1,k(y) = gn−1,k
↑1(x′y) = gn−1,k

↑1(x)
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4.2 Nichols systems of group-type

as well as

µQc
C
Q,Q(x′ ⊗ gn−1,k(y)) = (gn−1,kcn · · · c1)(x′y) = (gn−1,kcn · · · c1)(x).

Then by Lemma 4.2.2 and induction hypothesis we obtain

fV (x · v) =
(
µQ ⊗ idV0 − λi(µQcCQ,Q ⊗ idV0)

)
(x′ ⊗ fV (y · v))

=(1− λi)
n−1∑
k=0

(−λi)k
(
µQ ⊗ idV0 − λi(µQcCQ,Q ⊗ idV0)

)
(x′ ⊗ gn−1,k(y)⊗ v)

=(1− λi)
n−1∑
k=0

(−λi)k
(
gn−1,k

↑1 − λign−1,kcn · · · c1

)
(x)⊗ v.

Since gn−1,n = 0 and gn−1,−1 = 0 this further simplifies to

fV (x · v) = (1− λi)
n∑
k=0

(−λi)k
(
gn−1,k

↑1 + gn−1,k−1cn · · · c1

)
(x)⊗ v.

Finally Lemma 4.1.16 yields gn−1,k
↑1 + gn−1,k−1cn · · · c1 = gn,k.

Remark 4.2.4. If λi = 1, then by Theorem 4.2.3 we get that

ker fV ∩ k[Ni] · V0 = ⊕n≥1N
n
i · V0.

If λi 6= 1, then

ker fV ∩ k[Ni] · V0 ⊂ ⊕n≥2N
n
i · V0.

Assume λi 6= 1. We now want to calculate ker fV ∩N2
i · V0 in the case where

there is a basis of Ni, such that for all x, y ∈ Ni in that basis there exists a
minimal number m ∈ N0, such that the elements x⊗y, c1(x⊗y), . . . , cm1 (x⊗y)
are linearly independent in N⊗2

i and

cm+1
1 (x⊗ y) ∈ kx⊗ y.

Example 4.2.5. Assume Ni is defined via quandle and cocycle (for details
refer to [AGn03]), that is that there exists a basis X of Ni as well as an
action B : X × X → X, such that X is a quandle and there exists a 2-
cocycle q : X ⊗X → k×, such that that for x, y ∈ X we have that

cCNi,Ni(x⊗ y) = q(x, y)xB y ⊗ x.

Then such m exists for all x, y ∈ X, since Ni is finite-dimensional. Here Ni

is of group-type like in Example 4.2.1, where H could be the group algebra
over the enveloping group of X.
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4 Nichols systems of group-type

Let x, y ∈ Ni. Assume there is a minimal number m ∈ N0, such that the
elements x⊗ y, c1(x⊗ y), . . . , cm1 (x⊗ y) ∈ N⊗2

i are linearly independent and
that cm+1

1 (x⊗ y) ∈ kx⊗ y. Let q ∈ k be such that

cm+1
1 (x⊗ y) = qx⊗ y.

Observe that since c1S2 = S2c1 we have a well-defined endomorphism

c1 : N2
i → N2

i .

We obtain cm+1
1 (xy) = qxy.

Lemma 4.2.6. If q = (−1)m+1 then c1(xy), . . . , cm1 (xy) are linearly indepen-
dent and

m∑
k=1

(−1)kck1(xy) = −xy.

If q 6= (−1)m+1 then xy, c1(xy), . . . , cm1 (xy) are linearly independent.

Proof. Assume q = (−1)m+1. Then

S2

(
m∑
k=0

(−1)kck1(x⊗ y)

)
=

m∑
k=0

(−1)k(1 + c1)ck1(x⊗ y) = 0

since (−1)mcm+1
1 (x ⊗ y) = (−1)2m+1(x ⊗ y) = −x ⊗ y. This implies that∑m

k=0(−1)kck1(xy) = 0. Now let µ1, . . . , µm ∈ k and assume

m∑
k=1

µic
k
1(xy) = 0.

We obtain

0 = S

(
m∑
k=1

µkc
k
1(x⊗ y)

)
=

m∑
k=1

µk(1 + c1)ck1(x⊗ y)

= (−1)m+1µm(x⊗ y) + µ1c1(x⊗ y) +
m∑
k=2

(µk−1 + µk)c
k
1(x⊗ y)

This implies µm = µ1 = µk−1 + µk = 0 for all 2 ≤ k ≤ m, i.e. µk = 0 for all
1 ≤ k ≤ m. Similarly if q 6= (−1)m+1 and µ0, . . . , µm ∈ k are given such that∑m

k=0 µic
k
1(xy) = 0, then similarly to the above we obtain

0 = (µ0 + qµm)(x⊗ y) +
m∑
k=1

(µk−1 + µk)c
k
1(x⊗ y).
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4.2 Nichols systems of group-type

This implies µ0 = −qµm, as well as µk−1 = −µk for all 1 ≤ k ≤ m. Hence
qµm = −µ0 = (−1)m+1µm and since q 6= (−1)m+1, this implies µ0 = µ1 =
. . . = µm = 0.

Lemma 4.2.7. For k ∈ N0 and v ∈ V0 we have

fV (ck1(xy) · v) = (1− λi)(ck1(xy)− λick+1
1 (xy))⊗ v.

Proof. The claim is a direct implication of Theorem 4.2.3.

Lemma 4.2.8. Assume q 6= (−1)m+1. Then for

a =
m∑
k=0

λki c
k
1(xy) ∈ N2

i

and v ∈ V0 we have a 6= 0 and

fV (a · v) = (1− λi)(1− qλm+1
i )xy ⊗ v

Proof. a is non-zero by Lemma 4.2.6. Using Lemma 4.2.7 we get

fV (a · v) = (1− λi)
m∑
k=0

λki (c
k
1(xy)− λick+1

1 (xy))⊗ v

This is a telescoping sum and simplifies to (1− λi)(1− qλm+1
i )xy ⊗ v.

Lemma 4.2.9. Assume q = (−1)m+1. Then for

a =
m∑
k=1

(
k−1∑
l=0

(−1)k−1−lλli)c
k
1(xy) ∈ N2

i

and v ∈ V0 we have a 6= 0 and

fV (a · v) = (1− λi)(
m∑
l=0

(−1)lλli)xy ⊗ v

Proof. a is non-zero by Lemma 4.2.6. Using Lemma 4.2.7 we get

fV (a · v) = (1− λi)
m∑
k=1

(
k−1∑
l=0

(−1)k−1−lλli)(c
k
1(xy)− λick+1

1 (xy))⊗ v
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4 Nichols systems of group-type

Now rewriting the sums, most terms will cancel each other out:

m∑
k=1

(
k−1∑
l=0

(−1)k−1−lλli)(c
k
1(xy)− λick+1

1 (xy))

=
m∑
k=1

(
k−1∑
l=0

(−1)k−1−lλli)c
k
1(xy) +

m+1∑
k=2

(
k−1∑
l=1

(−1)k−lλli)c
k
1(xy)

=c1(xy) +
m∑
k=2

(−1)k−1ck1(xy) + (
m∑
l=1

(−1)m+1−lλli)c
m+1
1 (xy)

=
m∑
k=1

(−1)k−1ck1(xy) + (
m∑
l=1

(−1)lλli)xy.

By Lemma 4.2.6 the left summand is xy, hence the whole sum simplifies to
(
∑m

l=0(−1)lλli)xy.

Let O ⊂ N2
i be the subspace spanned by xy, c1(xy), . . . , cm1 (xy).

Proposition 4.2.10. We have ker fV ∩O ·V0 6= 0 if and only if q 6= (−1)m+1

and qλm+1
i = 1 or if q = (−1)m+1 and

∑m
l=0(−1)lλli = 0. In this case

ker fV ∩O · V0 = a · V0, where

a =

{∑m
k=0 λ

k
i c
k
1(xy), if q 6= (−1)m+1,∑m

k=1(
∑k−1

l=0 (−1)k−1−lλli)c
k
1(xy), else.

Proof. Let 0 6= v ∈ V0 and b ∈ O, such that b · v ∈ ker fV ∩ O · V0. Assume
q 6= (−1)m+1. Moreover let µ0, . . . , µm ∈ k, such that b =

∑m
k=0 µkc

k
1(xy).

Then by Lemma 4.2.7

0 =(1− λi)
m∑
k=0

µk(c
k
1(xy)− λick+1

1 (xy))⊗ v

=(1− λi)

(
(µ0 − µmλiq)xy +

m∑
k=1

(µk − µk−1λi)c
k
1(xy)

)
⊗ v.

This implies µk = µk−1λi for all 1 ≤ k ≤ m, hence b ∈ ka.

Now assume q = (−1)m+1. Moreover let µ1, . . . , µm ∈ k, such that b =∑m
k=1 µkc

k
1(xy) (exists by Lemma 4.2.6). Again by Lemma 4.2.7 we obtain

0 = (1− λi)
m∑
k=1

µk(c
k
1(xy)− λick+1

1 (xy))⊗ v.
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Then we have using also Lemma 4.2.6

0 =
m∑
k=1

µk(c
k
1(xy)− λick+1

1 (xy))

= µ1c1(xy) + (−1)mµmλixy +
m∑
k=2

(µk − µk−1λi)c
k
1(xy)

= µ1c1(xy) + µmλi

m∑
k=1

(−1)m+k+1ck1(xy) +
m∑
k=2

(µk − µk−1λi)c
k
1(xy).

For all 1 ≤ k ≤ m the coefficient of ck1(xy) must be 0, hence we obtain
µ1 + µmλi(−1)m = 0 and

µmλi(−1)m+k+1 + µk − µk−1λi = 0

for all 2 ≤ k ≤ m. This gives

µk = λiµk−1 + (−1)k−1µ1,

for all 2 ≤ k ≤ m, which inductively implies b = µ1a ∈ ka.

In both cases we get ker fV ∩ O · V0 ⊂ a · V0. Hence either we have equality,
or ker fV ∩ O · V0 = 0, depending on the conditions in Lemma 4.2.8 and
Lemma 4.2.9.

4.3 Examples

We will now calculate the kernel of the shapovalov morphism for specific ex-
amples of Nichols algebras. The results hint that some results of the previous
section should also hold in degree ≥ 3, see Conjecture 4.3.4.

Similar to the previous section let N be a pre-Nichols system, Q := N 0

and Nj := Nj for all j ∈ I. Let Γ be an abelian group, such that Zθ ⊂ Γ.

Let V ∈ Q
QYD(C) be a homogeneously generated Γ-graded object. We fix

t ∈ I, assume that k[Nt] is strictly graded and that there exists λt ∈ k×, such
that

cCV0,Nt
cCNt,V0

= λt idNt⊗V0 .

Example 4.3.1. Let n ≥ 3, X = {(ij) | 1 ≤ i < j ≤ n} ⊂ Sn the quandle
of transpositions with quandle action π . σ = πσπ−1 for all π, σ ∈ X. Let
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4 Nichols systems of group-type

q : X ×X → k× be the cocycle defined by

q(π, (ij)) =

{
1, if π(i) < π(j),

−1, else.

for all π ∈ X, 1 ≤ i < j ≤ n. Assume that Nt is defined by X and q like
in Example 4.2.5. Let xπ, π ∈ X be the corresponding basis elements of
Nt. For n ≤ 5 the algebras k[Nt] are known as the Fomin-Kirillov algebras
([Ven12]). For n ∈ {3, 4, 5} the dimension of k[Nt] is 12, 576, 8294400,
respectively. Assume λt 6= 1. First we want to calculate ker fV ∩N2

t ·V0. For
1 ≤ i, j, k, l ≤ n, #{i, j, k} = 3 and #{i, j, k, l} = 4 we have

(cm1 (x(ij) ⊗ x(ij)))0≤m≤1 =(x(ij) ⊗ x(ij),−x(ij) ⊗ x(ij)),

(cm1 (x(ij) ⊗ x(jk)))0≤m≤3 =(x(ij) ⊗ x(jk), q((ij), (jk))x(ik) ⊗ x(ij),

q((ij), (jk))q((ik), (ij))x(jk) ⊗ x(ik),−x(ij) ⊗ x(jk)),

(cm1 (x(ij) ⊗ x(kl)))0≤m≤2 =(x(ij) ⊗ x(kl), x(kl) ⊗ x(ij), xij ⊗ xkl).

Hence we can associate each orbit to a 2-cycle (ij), a 3-cycle (ijk) or to a
permutation of type (ij)(kl). In the notation from before for these orbits we
get m(ij) = 0, q(ij) = 1, m(ijk) = 2, q(ijk) = −1 and m(ij)(kl) = 1, q(ij)(kl) = 1.
By Lemma 4.2.6 we obtain that the orbits of N2

t under the action of kB2 are
O(ij) = 0 and

O(ijk) = Spank{x(ik)x(ij), x(jk)x(ik)},
O(ij)(kl) = Spank{x(kl)x(ij)}.

Proposition 4.2.10 yields: Since λt 6= 1 we get ker fV ∩ O(ij)(kl) · V0 = 0.
Moreover if 1−λt+λ2

t 6= 0, then ker fV ∩O(ijk) ·V0 = 0 and ker fV ∩N2
t ·V0 = 0.

If 1− λt + λ2
t = 0, that is if λt = −ω, where ω is a primitive third root of 1,

then

ker fV ∩O(ijk) · V0 =
(
x(ik)x(ij) + (λt − 1)q((ik), (ij))x(jk)x(ik)

)
· V0. (4.2)

Observe that we have n(n−1)(n−2)
3

of those components.

Now using GAP and its package GBNP ([Gro21], [CK16]), for n = 3 and
n = 4 we can calculate the entire ker fV ∩k[Nt] ·V0 using Gröbner basis. For
n = 3 the results are: If 1 − λt + λ2

t 6= 0, then ker fV ∩ k[Nt] · V0 = 0 and if
1 − λt + λ2

t = 0, then ker fV ∩ k[Nt] · V0 = A · V0, where A is the left ideal
of Nt generated by the 2 elements of degree 2 that we have seen in eq. (4.2),
that is

x(13)x(12) − (λt − 1)x(23)x(13),

x(12)x(13) + (λt − 1)x(23)x(12).
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A has dimension 6. Now for n = 4 the result differs, since we might get a new
kernel in degree 3: First similar to before, if (1− λt + λ2

t )(λ
2
t + 1) 6= 0, then

ker fV ∩k[Nt] ·V0 = 0 and if 1−λt +λ2
t = 0, then ker fV ∩k[Nt] ·V0 = A ·V0,

where A is the left ideal of Nt generated by the 8 elements of degree 2
in eq. (4.2). Here A has dimension 528. Now if λ2

t + 1 = 0, we obtain
ker fV ∩ k[Nt] · V0 = A · V0, where A is a 384-dimensional left ideal of Nt

generated by 6 elements of degree 3 that we obtain by acting on

x(14)x(13)x(23) + (1− λt)x(14)x(12)x(13) + x(13)x(24)x(34)

− λtx(13)x(23)x(24) − x(12)x(13)x(24).

Observe that λ2
t + 1 = 0 if and only if 1 − λt + λ2

t − λ3
t = 0, since λt 6= 1,

which hints at some richer structure.

We conclude that if n = 3, then V is t-well-graded if and only if k[Nt] · V0 is
irreducible, which is if and only if 1 − λt + λ2

t 6= 0, see Proposition 3.5.6 or
Corollary 3.5.8. If n = 4 then V is t-well-graded if and only if

(1− λt + λ2
t )(1− λt + λ2

t − λ3
t ) 6= 0.

We give another example with a slightly different behaviour.

Example 4.3.2. Let X = Z/5Z be the quandle given by

i . j = −i+ 2j

for all i, j ∈ X. Let q : X ×X → k×, (i, j) 7→ −1 be the constant cocycle.
Assume that Nt is defined by X and q like in Example 4.2.5. k[Nt] has
dimension 1280 and appears in the list of [Ven21]. Let xi, i ∈ X be the
corresponding basis elements of Nt. Assume λt 6= 1. We first calculate
ker fV ∩N2

t · V0. For 0 ≤ i ≤ 4 we have

(cm1 (xi ⊗ xi))0≤m≤1 =(xi ⊗ xi,−xi ⊗ xi),
(cm1 (xi ⊗ xi+1))0≤m≤4 =(xi ⊗ xi+1,−xi+2 ⊗ xi, xi+3 ⊗ xi+2,−xi+1 ⊗ xi+3

xi ⊗ xi+1).

Hence the first orbit vanishes in N2
t . Observe that in the second orbit for

each 0 ≤ k ≤ 4 we have precisely one element of the form xj ⊗ xj+k. Hence
for each 0 ≤ i ≤ 4 we get a different orbit, when starting with xi ⊗ xi+1,
and those are all possible orbits. So in the notation from before the orbits
of N2

t under the action of kB2 are the five orbits Oi, 0 ≤ i ≤ 4, generated by
xixi+1. We have that mi = 3, qi = 1 and by Lemma 4.2.6

Oi = Spank{xi+2xi, xi+3xi+2, xi+1xi+3}.

75



4 Nichols systems of group-type

Proposition 4.2.10 yields: If 1−λt +λ2
t −λ3

t 6= 0, then ker fV ∩O(ijk) ·V0 = 0
and ker fV ∩N2

t · V0 = 0. If 1− λt + λ2
t − λ3

t = 0, that is if λ2
t = −1, then

ker fV ∩O(ijk) · V0

=
(
xi+2xi + (1− λt)xi+3xi+2 + (1− λt + λ2

t )xi+1xi+3

)
· V0.

(4.3)

Calculating the entire ker fV ∩ k[Nt] · V0 with the help of GAP and Gröbner
basis, gives the following: If (λ2

t + 1)(1 − λt + λ2
t − λ3

t + λ4
t ) 6= 0, then

ker fV ∩k[Nt] ·V0 = 0 and if λ2
t = −1, then ker fV ∩k[Nt] ·V0 = A ·V0, where

A is the left ideal of Nt generated by the 5 elements of degree 2 in eq. (4.3).
Here A has dimension 1202. Now if 1−λt+λ2

t −λ3
t +λ4

t = 0, that is λt = −ω,
where ω is a primitive fifth root of 1, we obtain ker fV ∩ k[Nt] · V0 = A · V0,
where A is a 640-dimensional left ideal of Nt generated by 4 elements of
degree 4 that we obtain by acting on

x3x0x3x4 + (−λ2
t + λ3

t − λ4
t )x2x3x0x3 + λ2

tx2x0x3x1

+ (λ3
t − λ4

t )x1x2x3x0 + λ3
tx1x2x0x4 + (−λt + λ2

t − λ3
t )x0x3x1x4

− λ3
tx0x2x1x3 − λ2

tx0x2x0x1 + (λt − λ2
t + 2λ3

t − λ4
t )x0x1x3x1.

We conclude that V is t-well-graded if and only if k[Nt] · V0 is irreducible,
which is if and only if

(1− λt + λ2
t − λ3

t )(1− λt + λ2
t − λ3

t + λ4
t ) 6= 0.

Remark 4.3.3. The last section only calculates ker fV ∩ k[Nt] · V0 explicitly
in degree 2. The method used to prove the main result Proposition 4.2.10
relied on Lemma 4.2.6 and Lemma 4.2.7, where the former makes use of the
simple form of the braided symmetrizer S2 = 1 + c1 and the latter makes use
of the simple form of g1,1 = c1. To prove similar statements in degree ≥ 3 will
therefor be either a lot more difficult, or require a different approach. How-
ever the examples discussed above hint heavily, that the statements in degree
≥ 3 should be similar. In particular, they justify the following conjecture.

Conjecture 4.3.4. There is a class of objects Nt, such that the following
holds: Let k ≥ 2 and O ⊂ Nk

t be an orbit of Nk
i under the action of kBk.

Then we either have ker fV ∩ O · V0 = 0 or there exists an a ∈ O, such that
ker fV ∩O ·V0 = a ·V0 6= 0. Also there exists some l ≥ 2, such that the latter
holds if and only if

∑l
i=0(−1)iλit = 0.

In particular, there exist some numbers l1, . . . , ls ≥ 2, s ≥ 1, such that V is
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4.3 Examples

t-well-graded (i.e. k[Nt] · V0 is irreducible) if and only if

s∏
j=1

 lj∑
i=0

(−1)iλit

 6= 0.
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5 Nichols systems of diagonal
type

In this final chapter we are interested in using the previous theory to de-
scribe YD-modules over Nichols systems of diagonal type. To such a Nichols
system we can associate a Dynkin diagram, which we therefor study first
in section 5.1. We will also study the reflection theory of such Dynkin di-
agrams, to then show in section 5.2 that this is consistent with reflecting
the YD-modules (Proposition 5.2.11). To do so, we make important use of
the previous results about the Shapovalov morphism, most notably Theo-
rem 4.2.3. We will also apply the results to the induced YD-modules intro-
duced in section 3.4. Most notably we find, that the irreducibility of such
an object can be characterized by a polynomial that is given by the positive
roots of the Nichols system. In fact, this polynomial was already found in a
similar context in [HY10], where it appeared as the Shapovalov determinant
for bicharacters of finite root systems. Here, in a more general context, we
obtain this polynomial without much effort from the Shapovalov morphism.
Finally in section 5.3 we apply the theory to some explicit examples of Nichols
systems of diagonal type.

Let θ ∈ N and I = {1, . . . , θ}. Let k be a field, H a Hopf algebra over k with
bijective antipode and let C = H

HYD.

5.1 Dynkin diagrams and their reflections

Besides defining and discussing Dynkin diagrams and their reflection theory,
we will also associate a set of roots to a Dynkin diagram, which will later
coincide with the set of roots of the Nichols system. As it turns out the
reflections of the Dynkin diagrams are really only dependent on these roots,
see Proposition 5.1.17. At the end of the chapter in Definition 5.1.25 we
will already define the polynomial known as the Shapovalov determinant,
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5.1 Dynkin diagrams and their reflections

without giving much context yet. In section 5.2 we will see how such Dynkin
diagrams appear in the theory of Nichols systems of diagonal type and what
role the Shapovalov determinant plays.

Definition 5.1.1. Let Dθ
k be the category where objects D ∈ Dθ

k are a
collection D1, . . . , Dθ ∈ k× of vertices and edges Djk ∈ k× for all 1 ≤ j <
k ≤ θ, and where a morphisms D → D′ for D,D′ ∈ Dθ

k is a triple (D′, f,D),
where f ∈ End(Zθ). For readability we also denote Dkj := Djk for all
1 ≤ j < k ≤ θ, D ∈ Dθ

k and Djj = D2
j for all j ∈ I.

Let V1, . . . , Vθ ∈ C be one-dimensional objects and for 1 ≤ j ≤ θ let vj ∈
Vj \ {0}. Moreover for 1 ≤ j < k ≤ θ let rj, rjk ∈ k× such that

cCVj ,Vj(vj ⊗ vj) = rjvj ⊗ vj, cCVk,Vjc
C
Vj ,Vk

(vj ⊗ vk) = rjkvj ⊗ vk.

The Dynkin diagram of V1, . . . , Vθ is the object D(V1, . . . , Vθ) ∈ Dθ
k, where

D(V1, . . . , Vθ)j := rj for all 1 ≤ j ≤ n and D(V1, . . . , Vθ)jk := rjk for all
1 ≤ j < k ≤ n.

Remark 5.1.2. Basically an object D ∈ Dθ
k is a labelled complete graph,

where labels are in k×. When we visualize D, we will omit all edges where
Djk = 1 for 1 ≤ j < k ≤ θ.

Example 5.1.3. Let θ = 3 and let ω be an third root of unity and assume
that D ∈ D3

k is the object where D1 = D2 = ω, D3 = −1, D12 = ω−1,
D13 = 1 and D23 = ω−2. Then the visualisation of D is

ω ω −1
ω−1 ω−2

.

Definition 5.1.4. For n ∈ N0, 0 ≤ k ≤ n define the following rational
functions in Q(t) with indeterminate t

(n)t :=
n−1∑
i=0

ti, (n)!
t :=

n∏
i=1

(i)t,

(
n

k

)
t

:=
(n)!

t

(k)!
t(n− k)!

t

.

Moreover for i < 0 or i > n we let
(
n
i

)
t

= 0.

Remark 5.1.5. By [HS20], Lemma 1.9.3(3) we obtain
(
n
k

)
t
∈ Z[t] for all n ∈

N0, 0 ≤ k ≤ n.

Definition 5.1.6. Let n, k ∈ N0 and a ∈ k. Define (n)a, (n)!
a and

(
n
k

)
a

to be

the images of (n)t, (n)!
t and

(
n
k

)
t
, respectively, under the ring homomorphism

Z[t]→ k given by mapping t to a.
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5 Nichols systems of diagonal type

Remark 5.1.7. Let m ∈ N0 and a ∈ k. Since (1− a)(m)a = 1− am we obtain
am = 1 if and only if a = 1 or (m)a = 0.

Regarding the reflection theory of Dynkin diagrams we will establish a notion
that is consistent with our previous notions.

Definition 5.1.8. Let D ∈ Dθ
k and i ∈ I. For j ∈ I denote

mD
j := min{m ∈ N0 | (m+ 1)Dj = 0}.

Moreover denote aDii = 2 and for all j ∈ I \ {i} denote

aDij = −min{m ∈ N0 | (m+ 1)Di(D
m
i Dij − 1) = 0}.

We call D i-finite if for all j ∈ I \ {i} we have −aDij ∈ N0. If D is i-finite,
then let sDi ∈ Aut(Zθ) be such that for all j ∈ I

sDi (αj) = αj − aDijαi.

Definition 5.1.9. Let i ∈ I and D ∈ Dθ
k be i-finite. We define the i-th

reflection Ri(D) of D as follows: For j, k ∈ I let

Ri(D)j = DjD
−aDij
ij D

aDij
2

i

and

Ri(D)jk = DjkD
−aDij
ik D

−aDik
ij D

2aDija
D
ik

i .

Proposition 5.1.10. Let i ∈ I and D ∈ Dθ
k be i-finite. The following hold:

(1) mD
i = m

Ri(D)
i , aDij = a

Ri(D)
ij for all j ∈ I and sDi = s

Ri(D)
i .

(2) Ri(D) is i-finite.

(3) RiRi(D) = D.

Proof. (1): Since Ri(D)i = Di we obtain mD
i = m

Ri(D)
i and for m ∈ N0,

j ∈ I \ {i} we have

Ri(D)mi Ri(D)ij = D
m+2aDij
i D−1

ij .

By definition we have (−aDij + 1)Di(D
−aDij
i Dij − 1) = 0, hence

(−aDij + 1)Ri(D)i(Ri(D)
−aDij
i Ri(D)ij − 1)

=(−aDij + 1)Di(D
aDij
i D−1

ij − 1) = 0.
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5.1 Dynkin diagrams and their reflections

This implies −aRi(D)
ij ≤ −aDij , in particular (2) holds. If −aDij = 0, then (1)

holds, so assume −aDij ≥ 1, i.e. Dij 6= 1. We distinguish three cases:

First case: (−aDij + 1)Di = 0. By definition for 0 ≤ m < −aDij we have

(m + 1)Di 6= 0 and Dm
i Dij 6= 1. Since Dij 6= 1 and D

−aDij+1

i = 1, see
Remark 5.1.7, we also obtain Dm

i Dij 6= 1 for all m ∈ Z \ −1 + (−aDij + 1)Z.

Then for all 0 ≤ m ≤ −aDij − 1 we have D
−m−2aDij
i Dij 6= 1 and thus

(m+ 1)Ri(D)i(Ri(D)mi Ri(D)ij − 1)

=(m+ 1)Di(D
m+2aDij
i D−1

ij − 1) 6= 0,

hence −aRi(D)
ij ≥ −aDij .

Second case: (−aRi(D)
ij + 1)Di = 0. Then −aRi(D)

ij ≥ −aDij by definition.

Third case: (−aDij + 1)Di 6= 0 and (−aRi(D)
ij + 1)Di 6= 0. By definition we have

D
aDij
i = Dij (in particular Di 6= 1) and

0 = Ri(D)
−aRi(D)

ij

i Ri(D)ij − 1 = D
−aRi(D)

ij +2aDij
i D−1

ij − 1

i.e. D
−aRi(D)

ij +2aDij
i = Dij. Combining the two we get D

−aDij+a
Ri(D)
ij

i = 1. Since

0 ≤ −aDij+a
Ri(D)
ij ≤ −aDij and Dm

i 6= 1 for all 1 ≤ m ≤ −aij, see Remark 5.1.7,

we conclude −aDij + a
Ri(D)
ij = 0.

In all cases we conclude a
Ri(D)
ij = aDij and hence (1) holds. Finally to check

that (3) holds is straight forward using (1).

Lemma 5.1.11. Let i ∈ I and D ∈ Dθ
k be i-finite. We assume that mD

i ∈ N0.
Then for j ∈ I the following hold:

D
mDi +aDij
ij D

−aDij(1+2mDi +aDij)

i = 1, (1)

DjD
mDi
ij D

−aDij(2mDi +1)

i = Ri(D)j. (2)

Proof. (1): Regarding Remark 5.1.7, we obtain that D
mDi +1
i = 1. Hence

D
−aDij(1+2mDi +aDij)

i = D
−aDij(mDi +aDij)

i and it is enough to show(
DijD

−aDij
i

)mDi +aDij
= 1.

81



5 Nichols systems of diagonal type

This is trivial if mD
i = −aDij . If mD

i 6= −aDij , then (−aDij + 1)Di 6= 0, hence by

definition DijD
−aDij
i = 1.

(2): Using (1) we obtain

DjD
mDi
ij D

−aDij(2mDi +1)

i = DjD
mDi −mDi −aDij
ij D

−aDij(2mDi +1−1−2mDi −aij)
i

= DjD
−aDij
ij D

aDij
2

i .

By definition this is equal to Ri(D)j.

Definition 5.1.12. Let k ∈ N0, i1, . . . , ik ∈ I and D ∈ Dθ
k.

(1) We say D admits the reflection sequence (i1, . . . , ik), if k = 0 or D
is i1-finite and Ri1(D) admits the reflection sequence (i2, . . . , ik).

(2) We say D admits all reflections, if for all n ∈ N0, i ∈ In, D admits
the reflection sequence i.

Notation 5.1.13. Let k ∈ N0, i1, . . . , ik ∈ I and D ∈ Dθ
k. Assume D admits

the reflection sequence (i1, . . . , ik−1). First denote for all j ∈ I

Di := R(i1,...,ik−1)(D)ik , Di,j := R(i1,...,ik−1)(D)ikj

Moreover denote mD
() = 0 and if k ≥ 1 denote

mD
i := m

R(i1,...,ik−1)(D)

ik
.

Finally let aDi,ik = 2 and for j ∈ I \ {ik} define

aDi,j := a
R(i1,...,ik−1)(D)

ikj
.

If R(i1,...,ik−1)(D) is ik-finite, then let sD(i1,...,ik−1),ik
∈ Aut(Zθ) be such that for

all j ∈ I

sD(i1,...,ik−1),ik
(αj) = αj − aDi,jαik .

Finally define sDi = sD(),i1s
D
(i1),i2

· · · sD(i1,...,ik−1),ik
and sD() = idZθ .

Definition 5.1.14. Let k ∈ N0, i1, . . . , ik ∈ I and D ∈ Dθ
k. If D admits

the reflection sequence i, then for j ∈ I the element sDi (αj) ∈ Zθ is called
a root of D. The set of all roots is denoted ∆D. Furthermore we denote
∆D

+ = ∆D ∩ Nθ
0 for the set of positive roots of D.
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5.1 Dynkin diagrams and their reflections

Notation 5.1.15. Let D ∈ Dθ
k. Let λD : Zθ → k× be the character (i.e.

group homomorphism) that is given by λD(αj) = Dj for all j ∈ I. Moreover
let

λD : Zθ × Zθ → k×

be the bicharacter (i.e. group homomorphism), such that λD(αj, αj) = Dj for
all j ∈ I, as well as λD(αj, αk) = Djk and λD(αk, αj) = 1 for all 1 ≤ j < k ≤ θ
(while we are indeed using the symbol λD for two different mappings here,
it should always be clear which one we are refering to). Finally define the
bicharacter

χD : Zθ × Zθ → k×

that is given by χD(αj, αk) = Djk for all j, k ∈ I.

Lemma 5.1.16. For D ∈ Dθ
k, n = (n1, . . . , nθ), n

′ = (n′1, . . . , n
′
θ) ∈ Zθ we

have

χD(n, n′) = λD(n, n′)λD(n′, n).

Proof. The claim follows from

λD(n, n′) =

( ∏
1≤j≤θ

D
nj+n

′
j

j

)( ∏
1≤j<k≤θ

D
nj+n

′
k

jk

)

as well as D2
j = Djj for all j ∈ I.

Proposition 5.1.17. Let m ∈ N0, i1, . . . , im ∈ Im and assume D ∈ Dθ
k

admits the reflection sequence i. Then for j, k ∈ I we have

Ri(D)j = λD
(
(sDi (αj), s

D
i (αj)

)
,

Ri(D)jk = χD
(
sDi (αj), s

D
i (αk)

)
.

In particular if sDi = idZθ , then Ri(D) = D.

Proof. We do induction on m: The claim is trivial for m = 0. Assume m ≥ 1
and that the claim holds for i′ = (i1, . . . , im−1). For j ∈ I we have

sDi (αj) = si′(αj)− aDi,jsi′(αim).

Then by induction hypothesis for j, k ∈ I we have

χD
(
sDi (αj), s

D
i′ (αk)

)
= χD

(
sDi′ (αj), s

D
i′ (αk)

)
χD
(
sDi′ (αim), sDi′ (αk)

)−aDi,j
= Ri′(D)jkRi′(D)

−aDi,j
imk

83



5 Nichols systems of diagonal type

as well as

χD
(
sDi (αj), s

D
i′ (αim)

)
= Ri′(D)jimRi′(D)

−2aDi,j
im

.

Combing the above we obtain

χD
(
sDi (αj), s

D
i (αk)

)
= χD

(
sDi (αj), s

D
i′ (αk)

)
χD
(
sDi (αj), s

D
i′ (αim)

)−aDi,k
= Ri′(D)jkRi′(D)

−aDi,j
imk

Ri′(D)
−aDi,k
jim

Ri′(D)
2aDi,ja

D
i,k

im

= Ri(D)jk.

This proves the second relation of the claim. The first relation is obtained
similarly: By induction hypothesis we have

λD
(
sDi (αj), s

D
i′ (αj)

)
= Ri′(D)j λ

D
(
sDi′ (αim), sDi′ (αj)

)−aDi,j
as well as

λD
(
sDi (αj), s

D
i′ (αim)

)
= λD

(
sDi′ (αj), s

D
i′ (αim)

)
Ri′(D)

−aDi,j
im

.

Hence combining the above and using Lemma 5.1.16 as well as the second
relation from the claim we obtain

λD
(
(sDi (αj), s

D
i (αj)

)
=Ri′(D)j

(
λD
(
sDi′ (αim), sDi′ (αj)

)
λD
(
sDi′ (αj), s

D
i′ (αim)

) )−aDi,j
Ri′(D)

aDi,j
2

im

=Ri′(D)j χ
D
(
sDi′ (αim), sDi′ (αj)

)−aDi,j Ri′(D)
aDi,j

2

im

=Ri′(D)jRi′(D)
−aDi,j
imj

Ri′(D)
aDi,j

2

im
= Ri(D)j,

implying the first relation.

The following definition will be useful later when we describe Dynkin dia-
grams of induced YD-modules.

Definition 5.1.18. Let D ∈ Dθ
k and k(t1, . . . , tk) the field of rational func-

tions over the indeterminates t1, . . . , tk. Define D ∈ Dθ+1
k(t1,...,tθ) to be the

object where Dj = Dj, Djk = Djk for all j, k ∈ I as well as Dθ+1 = 1 and
Dj(θ+1) = tj.

Lemma 5.1.19. Let D ∈ Dθ
k and i ∈ I. The following hold:

(1) −aDi(θ+1) = mD
i .
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5.1 Dynkin diagrams and their reflections

(2) For i ∈ I we have that D is i-finite if and only if D is i-finite and
mD
i ∈ N0.

Proof. We have Dm
i ti 6= 1 for all m ∈ N0. Hence

−aDi(θ+1) = min{m ∈ N0 | (m+ 1)Di = 0} = mD
i .

This implies (1) and (2).

We will now do a construction similar to Notation 2.3.9 and point out its
connection with D for D ∈ Dθ

k.

Notation 5.1.20. Let D ∈ Dθ
k, k ∈ N0, i = (i1, . . . , ik) ∈ Ik and assume D

admits the reflection sequence i. For m = (m1, . . . ,mk) ∈ Nk
0 let

βDi,m =−
k∑
r=1

mrs
D
(i1,...,ir)

(αir) ∈ Zθ0.

Moreover if mD
(i1,...,ir)

∈ N0 for all 1 ≤ r ≤ k − 1, then for 0 ≤ m ≤ mD
i let

βDi,m := βD
i,(mD

(i1)
,...,mD

(i1,...,ik−1)
),m)

, where βD(),0 = 0. If also mD
i ∈ N0, then let

βDi := βD
i,mDi

.

Proposition 5.1.21. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, let D ∈ Dθ
k, assume

D admits the reflection sequence i and that mD
(i1,...,ir)

∈ N0 for all 1 ≤ r ≤ k.

Then we have sDi (αj) = sDi (αj) for all j ∈ I and

sDi (αθ+1) = αθ+1 + βDi .

Proof. We prove the claim by induction on k: The claim is trivial for k = 0.
Assume k ≥ 1 and that the claim holds for i′ = (i1, . . . , ik−1). By induction
hypothesis we have for j ∈ I

sDi (αj) = sDi′ (αj − aDi,jαik) = sDi′ (αj − aDi,jαik) = sDi (αj).

Thus by induction hypothesis and Lemma 5.1.19(2) we have

sDi (αθ+1) = sDi′ (αθ+1 +mD
i αik) = αθ+1 + βDi′ +mD

i s
D
i′ (αik)

Since sDi′ (αik) = −sDi (αik) we obtain βDi′ +mD
i s

D
i′ (αik) = βDi .

Lemma 5.1.22. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, let D ∈ Dθ
k, assume D

admits the reflection sequence i and mD
(i1,...,ir)

∈ N0 for all 1 ≤ r ≤ k. Then
for j ∈ I the following holds:

χD
(
βDi , s

D
i (αj)

)
λD
(
sDi (αj)

)
= Ri(D)j.
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Proof. We do induction on k: The claim is trivial for k = 0. Assume k ≥ 1
and that the claim holds for i′ = (i1, . . . , ik−1). Since βi = βi′ + mD

i s
D
i′ (αik)

and using Proposition 5.1.17 we obtain for j ∈ I

χD
(
βDi , s

D
i (αj)

)
λD
(
sDi (αj)

)
=χD

(
βDi′ , s

D
i′ (αj)

)
λD
(
sDi′ (αj)

) (
χD
(
βDi′ , s

D
i′ (αik)

)
λD
(
sDi′ (αik)

) )−aDi,j
Ri′(D)

mDi
ikj
Ri′(D)

−2aDi,jm
D
i

ik
.

Hence we obtain by induction hypothesis

χD
(
βDi , s

D
i (αj)

)
λD
(
sDi (αj)

)
=Ri′(D)jRi′(D)

−aDi,j
ik

Ri′(D)
mDi
ikj
Ri′(D)

−2aDi,jm
D
i

ik
.

By Lemma 5.1.11(2) we obtain that this coincides with Ri(D)j.

Notation 5.1.23. For v =
∑θ

i=1 niαi ∈ Zθ, n1, . . . , nθ ∈ Z we define the

monomials tv :=
∏θ

i=1 t
ni
i in k(t1, . . . , tθ), such that t0 = 1.

Proposition 5.1.24. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, let D ∈ Dθ
k and

assume D ∈ Dθ+1
k(t1,...,tθ) admits the reflection sequence i. Then for j ∈ I the

following two relations hold

Ri(D)j(θ+1) = tsDi (αj)χ
D
(
βDi , s

D
i (αj)

)
= tsDi (αj)λ

D
(
−sDi (αj)

)
λD
(
sDi (αj), s

D
i (αj)

)
.

In particular Ri(D)j(θ+1) only relies on the root sDi (αj).

Proof. Using Lemma 5.1.19(2), Proposition 5.1.17 and Proposition 5.1.21 we
get

Ri(D)(θ+1)j = χD
(
sDi (αθ+1), sDi (αj)

)
= χD

(
αθ+1, s

D
i (αj)

)
χD
(
βDi , s

D
i (αj)

)
Now D(θ+1)k = tk for all k ∈ I, hence

χD
(
αθ+1, s

D
i (αj)

)
= tsDi (αj).

Since both sDi (αj) and βDi are linear combinations of α1, . . . , αθ, we obtain
using Lemma 5.1.22 that

χD
(
βDi , s

D
i (αj)

)
= χD

(
βDi , s

D
i (αj)

)
= λD

(
−sDi (αj)

)
Ri(D)j.

Finally Ri(D)j = λD
(
sDi (αj), s

D
i (αj)

)
by Proposition 5.1.17.
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Definition 5.1.25. Let D ∈ Dθ
k and γ ∈ Zθ. If

mγ := min{m ∈ N0 | (m+ 1)λD(γ,γ) = 0} ∈ N0,

then we define the rational function

PD
γ :=

mγ∏
m=1

(
tγ − λD (γ)λD (γ, γ)−m

)
∈ k(t1, . . . , tθ)

Finally if ∆D is finite and mγ ∈ N0 for all γ ∈ ∆D
+ , then define the polynomial

PD :=
∏
γ∈∆D

+

PD
γ ∈ k[t1, . . . , tθ].

Remark 5.1.26. The polynomial in Definition 5.1.25 also appears in [HY10]
as the Shapovalov determinant for bicharacters of finite root systems. We
will the importance of this polynomial later in Theorem 5.2.18 and Theo-
rem 5.2.19.

Lemma 5.1.27. Let D ∈ Dθ
k, γ ∈ ∆D

+ and assume

mγ := min{m ∈ N0 | (m+ 1)λD(γ,γ) = 0} ∈ N0.

Let r1, . . . , rθ ∈ k. Then PD
γ ∈ k[t1, . . . , tθ] and PD

γ (r1, . . . , rθ) = 0 if and
only if PD

−γ(r1, . . . , rθ) = 0.

Proof. We have that PD
−γ(r1, . . . , rθ) 6= 0 if and only if

t−γ(r1, . . . , rθ)− λD (−γ)λD (−γ,−γ)−m 6= 0

for all 1 ≤ m ≤ mγ. This is equivalent to

tγ(r1, . . . , rθ)− λD (γ)λD (γ, γ)m 6= 0

for all 1 ≤ m ≤ mγ. By Remark 5.1.7 we have λD (γ, γ)mγ+1 = 1, hence the
above is equivalent to

tγ(r1, . . . , rθ)− λD (γ)λD (γ, γ)m−mγ−1 6= 0.

for all 1 ≤ m ≤ mγ. This is equivalent to PD
γ (r1, . . . , rθ) 6= 0.

Proposition 5.1.28. Let D ∈ Dθ
k, k ∈ N0, i ∈ Ik and assume D admits

the reflection sequence i. Let j ∈ I and assume m
Ri(D)
j ∈ N0, as well as

sDi (αj) ∈ Nθ
0 ∪ −Nθ

0. Then for r1, . . . , rθ ∈ k the following are equivalent:
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5 Nichols systems of diagonal type

(1) For all 0 ≤ m ≤ m
Ri(D)
j − 1 we have

Ri(D)mj Ri(D)j(θ+1)(r1, . . . , rθ) 6= 1.

(2) PD
sDi (αj)

(r1, . . . , rθ) 6= 0.

(3) PD
−sDi (αj)

(r1, . . . , rθ) 6= 0.

Proof. Denote γ = sDi (αj). First observe that by Proposition 5.1.17 we have

m
Ri(D)
j = min{m ∈ N0 | (m+ 1)λD(γ,γ) = 0} ∈ N0,

hence PD
sDi (αj)

is well-defined. The equivalence of (2) and (3) is shown in

Lemma 5.1.27. Now by Proposition 5.1.17 and Proposition 5.1.24 we obtain
for 0 ≤ m ≤ m

Ri(D)
j − 1

Ri(D)mj Ri(D)j(θ+1) = tγλ
D (−γ)λD (γ, γ)m+1 .

Hence Ri(D)mj Ri(D)j(θ+1)(r1, . . . , rθ) 6= 1 for all 0 ≤ m ≤ m
Ri(D)
j − 1 if and

only if

tγ(r1, . . . , rθ)− λD (γ)λD (γ, γ)−m 6= 0.

for all 1 ≤ m ≤ m
Ri(D)
j = mγ. This proves the equivalence of (1) and (2).

Corollary 5.1.29. Let D ∈ Dθ
k, assume D admits all reflections, that ∆D

is finite and ∆D = ∆D
+ ∪ −∆D

+ . Then

mγ := min{m ∈ N0 | (m+ 1)λD(γ,γ) = 0} ∈ N0

for all γ ∈ ∆D and for r1, . . . , rθ ∈ k the following are equivalent:

(1) PD(r1, . . . , rθ) 6= 0.

(2) For all k ∈ N0, i ∈ Ik, j ∈ I, 0 ≤ m ≤ m
Ri(D)
j − 1 we have

Ri(D)mj Ri(D)j(θ+1)(r1, . . . , rθ) 6= 1.

Proof. Let γ ∈ ∆D, k ∈ N0, i ∈ Ik, j ∈ I, such that γ = sDi (αj). Then by
Proposition 5.1.17 and Lemma 5.1.19(2) we have

mγ = m
Ri(D)
j ∈ N0.

The equivalence of (1) and (2) is implied by Proposition 5.1.28.
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5.1 Dynkin diagrams and their reflections

Definition 5.1.30. Assume D ∈ Dθ
k admits all reflections. The reflection

graph of D is a graph with vertex set {Ri(D) | k ∈ N0, i ∈ I} and where for
every vertex D and j ∈ I, such that D 6= Rj(D) there is an edge labelled j
from D to Rj(D).

Example 5.1.31. Let ω ∈ k be a third root of 1 and assume D ∈ D2
k is

given by

ω −1−ω
,

i.e. D1 = ω, D2 = −1 and D12 = −ω. We can easily calculate that D is
1-finite and 2-finite, that R1(D) = D and that R2(D) is given by

ω−1 −1−ω−1

.

We then calculate that R2(D) is 1-finite and R1R2(D) = R2(D). Hence D
admits all reflections and the reflection graph of D is

ω −1−ω ω−1 −1−ω−1
2

.

Hence for all k ∈ N0, i ∈ Ik

(a
Ri(D)
jk )j,k∈I =

(
2 −2
−1 2

)
, (m

Ri(D)
j )j∈I =

(
2
1

)
.

Example 5.1.32. Let a ∈ {3, 6}. Moreover let ω be an a-th root of unity
and assume that D ∈ D3

k is given by

ω ω −1
ω−1 ω−2

,

i.e. D1 = D2 = ω, D3 = −1, D12 = ω−1, D13 = 1 and D23 = ω−2. We can
calculate that D admits all reflections and that the reflection graph of D is

ω ω −1
ω−1 ω−2 ω −ω−1 −1

ω−1 ω2
3

.

Let a′ ∈ {3, 6}, such that a 6= a′. Then for k ∈ N0, i = (i1, . . . , ik) ∈ I we
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5 Nichols systems of diagonal type

obtain

(a
Ri(D)
jk )j,k∈I =



 2 −1 0

−1 2 −2

0 −1 2

 if #{1 ≤ l ≤ k | il = 3} is even,

 2 −1 0

−2 2 −2

0 −1 2

 else.

and (m
Ri(D)
j )j∈I = (a − 1, a − 1, 1) if #{1 ≤ l ≤ k | il = 3} is even and

(m
Ri(D)
j )j∈I = (a− 1, a′ − 1, 1) if not.

5.2 Nichols systems of diagonal type

The first half of this section will be about how the reflection theory of Nichols
systems of diagonal type and its YD-modules can be ascribed by the reflec-
tion theory of Dynkin diagrams. The core of this is Lemma 5.2.4, where we
calculate the Shapovalov morphism in this situation. Here the main results
are Proposition 5.2.11 and its succeeding corollaries. In the second half we
will apply these results to the theory of induced YD-modules. We will see
that in the case where the Nichols system is finite-dimensional, the informa-
tion about what reflection sequences the induced YD-module admits, and
therefore also when it is irreducible, all depends on the roots of the Nichols
system and the polynomial of Definition 5.1.25, see Theorem 5.2.18 and The-
orem 5.2.19. At the end, we will also give an algorithm on how to calculate
this polynomial.

Let Γ be an abelian group, such that Zθ ⊂ Γ.

Definition 5.2.1. A pre-Nichols system N := (Q, (N1, . . . , Nθ)), where
N1, . . . , Nθ ∈ C are one-dimensional objects is called pre-Nichols system
of diagonal type.

The Dynkin diagram of N is DN := D(N1, . . . , Nθ) ∈ Dθ
k. For a ho-

mogeneously generated Γ-graded object V ∈ Q
QYD(C), where V0 is one-

dimensional, the Dynkin diagram of V is DV := D(N1, . . . , Nθ, V0) ∈
Dθ+1

k .

Let N := (Q, (N1, . . . , Nθ)) be a pre-Nichols system of diagonal type. For
j ∈ I let xj ∈ Nj \ {0}, i.e. Nj = kxj.
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5.2 Nichols systems of diagonal type

Remark 5.2.2. Let V ∈ C, v ∈ V . Let k ∈ N, i1, . . . , ik ∈ I. We have

(idV ⊗ µk−1
Q )(cCNi1 ,V ⊗ idQ⊗k−1)(idQ ⊗ cCNi2 ,V ⊗ idQ⊗k−2) · · · (idQ⊗k−1 ⊗ cCNik ,V )

(xi1 ⊗ · · · ⊗ xik ⊗ v) = cCQ,V ((xi1 · · ·xik)⊗ v)

and

(µk−1
Q ⊗ idV )(idQ⊗k−1 ⊗ cCV,Nik )(idQ⊗k−2 ⊗ cCV,Nik−1

⊗ idQ) · · · (cCV,Ni1 ⊗ idQ⊗k−1)

(v ⊗ xi1 ⊗ · · · ⊗ xik) = cCQ,V (v ⊗ (xi1 · · ·xik)) .

Lemma 5.2.3. For i ∈ I and m ∈ N0 the following hold:

(1) ∆Q(xmi ) =
∑m

k=0

(
m
k

)
DNi
xki ⊗ xm−ki .

(2) SQ(xmi ) = (−1)mDNi
1
2

(m−1)m
xmi .

(3) The following are equivalent:

(a) k[Ni] is strictly graded.

(b) mNi = mDN
i .

Proof. (1): We do induction on m: Clearly the claim holds for m = 0.
Assume the claim holds for m ≥ 0. Then

∆Q(xm+1
i ) = µQ⊗Q(∆Q(xi)⊗∆Q(xmi ))

=µQ⊗Q

(
(xi ⊗ 1 + 1⊗ xi)⊗

(
m∑
k=0

(
m

k

)
DNi

xki ⊗ xm−ki

))

=
m∑
k=0

(
m

k

)
DNi

xk+1
i ⊗ xm−ki +DNi

k
(
m

k

)
DNi

xki ⊗ xm−k+1
i

=
m+1∑
k=0

((
m

k − 1

)
DNi

+DNi
k
(
m

k

)
DNi

)
xki ⊗ xm−k+1

i .

Observe that (
m+ 1

k

)
DNi

=

(
m

k − 1

)
DNi

+DNi
k
(
m

k

)
DNi

,

hence the above calculation yields

∆Q(xm+1
i ) =

m+1∑
k=0

(
m+ 1

k

)
DNi

xki ⊗ xm+1−k
i .
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(2): We do induction on m: Clearly the claim holds for m = 0. Assume the
claim holds for m ≥ 0. Then

SQ(xm+1
i ) =µQ(SQ ⊗ SQ)cCQ,Q(xmi ⊗ xi) = DNi

m
SQ(xmi )SQ(xi)

=(−1)mDNi
1
2

(m−1)m+m
xmi (−xi) = (−1)m+1DNi

1
2
m(m+1)

xm+1
i .

(3): Assume (a) holds. Assume mDN
i ∈ N0, i.e. (mDN

i + 1)DNi = 0. Then (1)
implies

∆Q(x
mD
N

i +1
i ) = 1⊗ xm

DN
i +1

i + x
mD
N

i +1
i ⊗ 1.

Hence x
mD
N

i +1
i = 0 by (a), since mDN

i ≥ 1. This implies mNi ∈ N0 and

mNi ≤ mDN
i . On the other hand ifmNi ∈ N0 we have x

mNi
i 6= 0 and x

mNi +1
i = 0.

Hence (1) implies

0 = ∆Q(x
mNi +1
i ) =

mNi +1∑
k=0

(
mNi + 1

k

)
DNi

xki ⊗ x
mNi +1−k
i ,

in particular
(
mNi +1

1

)
DNi
xi ⊗ x

mNi
i = 0. Since x

mNi
i 6= 0 we can conclude that

(mNi + 1)DNi =
(
mNi +1

1

)
DNi

= 0. Hence mDN
i ∈ N0 and mNi ≥ mDN

i . So

altogether either both mNi /∈ N0 and mDN
i /∈ N0, or mNi = mDN

i ∈ N0, i.e.
(b) holds.

Now conversely assume (b) holds. Let m ≤ mNi , λ0, . . . , λm ∈ k, such that
λm 6= 0 and such that x :=

∑m
l=0 λlx

l
i is primitive. Since m ≤ mDN

i by (b),
we obtain (m)DNi 6= 0. Now (1) implies

m∑
l=0

λl
(
xli ⊗ 1 + 1⊗ xli

)
= ∆Q(x) =

m∑
l=0

λl

l∑
k=0

(
l

k

)
DNi

xki ⊗ xl−ki .

Comparing the coefficients for 1⊗ 1 yields 2λ0 = λ0, hence λ0 = 0. If m ≥ 2,
then comparing the coefficients for xi ⊗ xm−1

i yields

0 = λm

(
m

1

)
DNi

= λm(m)DNi 6= 0,

hence m ≤ 1, i.e. m = 1 and x = λ1xi. Thus (a) holds.
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Lemma 5.2.4. Let i ∈ I and assume k[Ni] is strictly graded. Moreover let

V ∈ k[Ni]
k[Ni]
YD(C) be a homogeneously Γ-graded object. Assume there exists

r ∈ k such that for all v ∈ V0 we have

cCV,Qc
C
Q,V (xi ⊗ v) = rxi ⊗ v.

Then for m ∈ N0 and v ∈ V0 we have

fV (xmi · v) =

(
m−1∏
l=0

(1−DNi
l
r)

)
xmi ⊗ v.

Proof. We do induction on m. The case m = 0 is trivial, since δQV is graded.
Moreover with Lemma 4.2.2 (by assumption we have λi = r), we obtain

fV (xm+1
i · v) =

(
µQ ⊗ idV0 − r(µQcCQ,Q ⊗ idV0)

)
(xi ⊗ fV (xmi · v)) .

By induction hypothesis this is equal to(
m−1∏
l=0

(1−DNi
l
r)

)(
µQ ⊗ idV0 − r(µQcCQ,Q ⊗ idV0)

)
(xi ⊗ xmi ⊗ v) ,

which simplifies to
(∏m

l=0(1−DNi
l
r)
)
xm+1
i ⊗ v.

Proposition 5.2.5. Let i ∈ I and assume k[Ni] is strictly graded. Moreover

let V ∈ k[Ni]
k[Ni]
YD(C) be a homogeneously Γ-graded object. Assume there exists

r ∈ k such that for all v ∈ V0 we have

cCV,Qc
C
Q,V (xi ⊗ v) = rxi ⊗ v.

Let v ∈ V0 and mv
i = max{m ∈ N0 |xmi · v 6= 0}. The following are equivalent

(1) k[Ni] · v ∈ k[Ni]
k[Ni]
YD(C) is well graded.

(2) mv
i = min{m ∈ N0 | (m+ 1)DNi (DNi

m
r − 1) = 0}.

Proof. First by Lemma 1.1.4 we know that k[Ni] · v is indeed an N0-graded

object in
k[Ni]
k[Ni]
YD(C). By Corollary 3.5.10 we obtain that (1) is equivalent to

ker fk[Ni]·v(N
m
i · v) = 0

for all 0 ≤ m ≤ m
k[Ni]·v
i = mv

i . This is equivalent to

fV (xmi ) 6= 0
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for all 0 ≤ m ≤ mv
i . By Lemma 5.2.4 this is equivalent to

m−1∏
l=0

(1−DNi
l
r) 6= 0.

for all 0 ≤ m ≤ mv
i . Hence (2) implies (1). Since xmi 6= 0 for all 0 ≤ m ≤ mv

i

we get (m)DNi 6= 0 by Lemma 5.2.3(3). So assuming (1), we get

mv
i ≤ min{m ∈ N0 | (m+ 1)DNi (DNi

m
r − 1) = 0}.

If mv
i /∈ N0, then there is nothing more to show. Assuming mv

i ∈ N0, again
by Lemma 5.2.4 we know

0 = f(0) = f(x
mvi+1
i · v) =

mvi∏
l=0

(1−DNi
l
r)x

mvi+1
i ⊗ v,

So 1 − DNi
mvi r = 0 or x

mvi+1
i = 0. With Lemma 5.2.3(3) the latter implies

(mv
i + 1)DNi = 0, hence we obtain equality in (2).

Corollary 5.2.6. For i ∈ I the following are equivalent:

(1) N is a Nichols system over i.

(2) The following hold:

(a) mNi = mDN
i .

(b) aNij = aD
N

ij for all j ∈ I.

In this case N is i-finite if and only if DN is i-finite.

Proof. By definition (1) holds if and only if k[Ni] is strictly graded and

(adk[Ni])(Nj) = (adk[xi])(xj) ∈ k[Ni]
k[Ni]
YD(C) is well-graded for all j ∈ I \ {i}.

By Lemma 5.2.3(3) the former one is equivalent to (a) and by Proposi-
tion 5.2.5 the latter one is equivalent to

max{n ∈ N0 | (adxi)
m(xj) 6= 0}

= min{m ∈ N0 | (m+ 1)DNi (DNi
m
DNij − 1) = 0}

for all j ∈ I \ {i}, which is equivalent to (b).

Now N is i-finite if and only if −aNij ∈ N0 for all j ∈ I\{i} and DN is i-finite

if and only if −aDNij ∈ N0 for all j ∈ I \ {i}.
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Corollary 5.2.7. Let i ∈ I and assume k[Ni] is strictly graded. Let V ∈
Q
QYD(C) be a homogeneously generated Γ-graded object, such that V0 is one-
dimensional. The following are equivalent:

(1) V is i-well graded.

(2) mV
i = −aDVi(θ+1).

Proof. Let v ∈ V0 \ {0}. Recall that by definition V is i-well graded, if and

only if k[Ni] · V0 = k[xi] · v ∈ k[Ni]
k[Ni]
YD(C) is well graded. Moreover we have

cCV,Qc
C
Q,V (xi⊗v) = DV

i(θ+1)xi⊗v, DV
i = DNi . Hence the claim is a special case

of Proposition 5.2.5.

Remark 5.2.8. Let i ∈ I and assume k[Ni] is strictly graded. Let V ∈
Q
QYD(C) be a homogeneously generated Γ-graded object, such that V0 is one-
dimensional. By Corollary 5.2.7 for all j ∈ I we have

Ri(D
V )j(θ+1) = DV

j(θ+1)D
V
i(θ+1)

−aDNij DNij
mVi DNi

−2aD
N

ij mVi .

In particular for all j ∈ I we have that Ri(D
V )j(θ+1) only relies on DN , DV

i(θ+1)

and DV
j(θ+1).

We will now discuss the relationship between reflections in Dθ
k and reflections

of N or objects in Q
QYD(C)rat.

Lemma 5.2.9. Let i, j ∈ I such that j 6= i. Then

(adxi)
m(xj) =

m∑
k=0

λkx
m−k
i xjx

k
i

for some λ0, . . . , λm ∈ k.

Proof. We know that

(idQ ⊗ SQ)(idQ ⊗ cCQ,Q)(∆Q(xmi )⊗ xj) ∈ ⊕mk=0N
m−k
i ⊗Nj ⊗Nk

i .

Applying µQ(µQ ⊗ idQ) to this gives (adxi)
m(xj).

Remark 5.2.10. Let i ∈ I and let yi ∈ N∗i be defined by yi(xi) = 1. For j ∈ I
let gj ∈ H, such that δHQ (xj) = gj ⊗ xj. Then gj is an invertible, group-like
element. For j ∈ I let χj ∈ H∗ be defined by h · xj = χj(h)xj for all h ∈ H.
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5 Nichols systems of diagonal type

Observe that χj(gj) = DNj and χj(gk)χk(gj) = DNjk for all j, k ∈ I, j 6= k.
Recall that then we have N∗i ∈ C with H-action and H-coaction given by

h · yi = χi(SH(h))yi, δHN∗i (yi) = g−1
i ⊗ yi

for all h ∈ H, for details refer to [HS20], Lemma 4.2.2. Hence we obtain

cCN∗i ,N∗i (yi ⊗ yi) = g−1
i · yi ⊗ yi = χi(gi)yi ⊗ yi = DNi yi ⊗ yi. (5.1)

Moreover for j ∈ I

cCN∗i ,Nj(yi ⊗ xj) = χj(g
−1
i )xj ⊗ yi

and

cCNj ,N∗i (xj ⊗ yi) = gj · yi ⊗ xj = χi(g
−1
j )yi ⊗ xj.

Hence

cCNi,N∗i c
C
N∗i ,Ni

(yi ⊗ xi) = χi(g
−1
i )χi(g

−1
i )yi ⊗ xi = DNi

−2
yi ⊗ xi (5.2)

and for j ∈ I, j 6= i

cCNj ,N∗i c
C
N∗i ,Nj

(yi ⊗ xj) = χi(g
−1
j )χj(g

−1
i )yi ⊗ xj = DNij

−1
yi ⊗ xj. (5.3)

Finally let V ∈ k[Ni]
k[Ni]
YD(C). Moreover assume there exists v ∈ V \ {0}, such

that δQV (v) = 1⊗ v and r ∈ k such that

cCV,Qc
C
Q,V (xi ⊗ v) = rxi ⊗ v.

Then similar to above we obtain

cCV,Qc
C
Q,V (yi ⊗ v) = r−1yi ⊗ v. (5.4)

Proposition 5.2.11. Let i ∈ I and assume N is an i-finite Nichols system
over i. Then Ri(N ) is a Nichols system of diagonal type and we have

Ri(D
N ) = DRi(N ).

If V ∈ Q
QYD(C)rat is homogeneously generated i-well Γ-graded, such that V0

is one-dimensional, then DV is i-finite, Ri(V )0 is one-dimensional and we
have

Ri(D
V ) = DRi(V ).
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5.2 Nichols systems of diagonal type

Proof. Let yi ∈ N∗i , such that yi(xi) = 1, let aij := aNij = aD
N

ij and let
yj = (adxi)

−aij(xj) for all j ∈ I, j 6= i. Then yj is a basis of Ri(N )j for all

j ∈ I and thus Ri(N ) is a Nichols system of diagonal type. First D
Ri(N )
i =

DNi = Ri(D
N )i was shown in (5.1). By Lemma 5.2.9 for j, k ∈ I \ {i}, j 6= k

there exist λ0, . . . , λ−aij ∈ k and µ0, . . . , µ−aik ∈ k, such that

yj =

−aij∑
l=0

λlx
−aij−l
i xjx

l
i, yk =

−aik∑
l=0

µlx
−aik−l
i xkx

l
i.

Now for 0 ≤ l ≤ −aij we have

cCRi(Q),Ri(Q)(x
−aij−l
i xjx

l
i ⊗ x

−aij−l
i xjx

l
i)

=DNj D
N
ij

−aij
DNi

aij
2

x
−aij−l
i xjx

l
i ⊗ x

−aij−l
i xjx

l
i.

This implies D
Ri(N )
j = DNj D

N
ij
−aijDNi

aij
2

= Ri(D
N )j. Considering (5.2)

and (5.3), we obtain

cCRi(Q),Ri(Q)c
C
Ri(Q),Ri(Q)(yi ⊗ x

−aij−l
i xjx

l
i) = DNij

−1
DNi

2aij
yi ⊗ x

−aij−l
i xjx

l
i,

hence D
Ri(N )
ij = DNij

−1
DNi

2aij = Ri(D
N )ij. Similarly for 0 ≤ l′ ≤ −aik we

obtain

cCRi(Q),Ri(Q)c
C
Ri(Q),Ri(Q)(x

−aij−l
i xjx

l
i ⊗ x

−aik−l′
i xkx

l′

i )

=DNjkD
N
ik

−aij
DNij

−aikDNi
2aijaikx

−aij−l
i xjx

l
i ⊗ x

−aik−l′
i xkx

l′

i ,

implying D
Ri(N )
jk = DNjkD

N
ik
−aijDNij

−aikDNi
2aijaik = Ri(D

N )jk.

Now aD
V

ij = aij and −aDVi(θ+1) = mV
i by Corollary 5.2.7, hence we obtain that

DV is i-finite. Let 0 6= v ∈ V0, i.e. V0 = kv. Then we have Ri(V )0 =

N
mVi
i · V0 = kxm

V
i

i · v by Proposition 3.2.8, i.e. Ri(V )0 is one-dimensional. It

remains to show that Ri(D
V )θ+1 = D

Ri(V )
θ+1 , Ri(D

V )i(θ+1) = D
Ri(V )
i(θ+1) and that

Ri(D
V )j(θ+1) = D

Ri(V )
j(θ+1). The first relation is implied by

cCV,V (x
mVi
i · v ⊗ xm

V
i

i · v) = DV
θ+1D

V
i(θ+1)

mVi DNi
mVi

2

x
mVi
i · v ⊗ xm

V
i

i · v.

Now (5.2) and (5.4) imply

cCV,Ri(Q)c
C
Ri(Q),V (yi ⊗ x

mVi
i · v) = DNi

−2mVi DV
i(θ+1)

−1
yi ⊗ x

mVi
i · v,
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5 Nichols systems of diagonal type

implying D
Ri(V )
i(θ+1) = DNi

−2mVi DV
i(θ+1)

−1
= Ri(D

V )i(θ+1). Finally

cCV,Ri(Q)c
C
Ri(Q),V (x

−aij−l
i xjx

l
i ⊗ x

mVi
i · v)

=DNi
−2mVi aijDNij

mVi DV
i(θ+1)

−aij
DV
j(θ+1)x

−aij−l
i xjx

l
i ⊗ x

mVi
i · v,

implying D
Ri(V )
j(θ+1) = DNi

−2mVi aijDNij
mVi DV

i(θ+1)

−aijDV
j(θ+1) = Ri(D

V )j(θ+1).

Corollary 5.2.12. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik. The following are
equivalent

(1) N admits the reflection sequence i.

(2) N admits the reflection sequence (i1, . . . , ik−1) and the following hold

(a) mNi = mDN
i .

(b) aNij = aD
N

ij for all j ∈ I.

(c) R(i1,...,ik−1)(D
N ) is ik-finite.

Proof. Implied by Corollary 5.2.6 and Proposition 5.2.11.

Corollary 5.2.13. Let V ∈ Q
QYD(C)rat be a homogeneously generated Γ-

graded object, such that V0 is one-dimensional. Moreover let k ∈ N, i =
(i1, . . . , ik) ∈ Ik. Assume N admits the reflection sequence i. The following
are equivalent

(1) V admits the reflection sequence i.

(2) V admits the reflection sequence (i1, . . . , ik−1) and

mV
i = −aDVi(θ+1).

Proof. Implied by Corollary 5.2.7 and Proposition 5.2.11.

Corollary 5.2.14. Let k ∈ N, i = (i1, . . . , ik) ∈ Ik and assume N admits
the reflection sequence i. Then sNi = sD

N
i . In particular if N admits all

reflections we have

∆DN = ∆N , ∆DN = ∆DN

+ ∪ −∆DN

+ .

Moreover if mN(i1,...,ir) ∈ N0 for all 1 ≤ r ≤ k, then for 1 ≤ m ≤ mNi we have

βNi,m = βD
N

i,m .
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5.2 Nichols systems of diagonal type

Let V ∈ Q
QYD(C)rat be homogeneously generated Γ-graded, such that V0 is one-

dimensional and V admits the reflection sequence i. Then for 1 ≤ m ≤ mV
i

we have

βVi,m := βD
N

i,(−aDV
(i1),θ+1

,...,−aDV
(i1,...,ik−1),θ+1

),m)
.

Proof. Implied by Corollary 5.2.12, Proposition 2.3.6 and Corollary 5.2.13.

Remark 5.2.15. AssumeN admits all reflections. Corollary 5.2.14 and Propo-
sition 2.3.17 imply that we can calculate the edges of Sup(Q) from DN . Sim-
ilarly if V ∈ Q

QYD(C)rat is homogeneously generated Γ-graded, such that V0

is one-dimensional and V admits all reflections, then we can calculate N δ
V

from DV .

We will now discuss when IQ(U) ∈ Q
QYD(C) is irreducible, where U ∈ QC is

a one-dimensional object.

Lemma 5.2.16. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik and let U ∈ QC be a
one-dimensional object. Assume that IQ(U) admits the reflection sequence i.

Finally assume mDN

(i1,...,ir)
∈ N0 for all 1 ≤ r ≤ k. Then for j ∈ I we have

Ri(D
IQ(U))j(θ+1) = Ri(DN )j(θ+1)(D

IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)).

Proof. We prove the claim by induction on k. Since

DN j(θ+1)(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) = (tj)(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) = D
IQ(U)

j(θ+1),

the claim holds for k = 0. Now assume k ≥ 1 and that the claim holds for
k − 1. Then by definition, Lemma 5.1.19 and induction hypothesis we have

Ri(DN )j(θ+1)(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1))

=DNi,j
mD
N

i DNi
−2aD

N
i,j mD

N
i(

R(i1,...,ik−1)(DN )j(θ+1)R(i1,...,ik−1)(DN )
−aDi,j
ik(θ+1)

)
(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1))

=DNi,j
mD
N

i DNi
−2aD

N
i,j mD

N
i R(i1,...,ik−1)(D

IQ(U))j(θ+1)D
IQ(U)

i(θ+1)

−aDi,j
.

By Lemma 3.4.9 and Corollary 5.2.6 we have

m
IQ(U)
i = mNi = mDN

i
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5 Nichols systems of diagonal type

and thus by Remark 5.2.8

DNi,j
mD
N

i DNi
−2aD

N
i,j mD

N
i R(i1,...,ik−1)(D

IQ(U))j(θ+1)D
IQ(U)

i(θ+1)

−aDi,j

=Ri(D
IQ(U))j(θ+1).

This finishes the induction.

Remark 5.2.17. Assume that Q is finite-dimensional. Let k ∈ N0, i =
(i1, . . . , ik) ∈ Ik and assume N admits the reflections sequence i. Then
by Corollary 5.2.6 we obtain mDN

i = mNi ∈ N0, since Q is finite-dimensional.
Hence by Lemma 5.1.19 we obtain that DN admits the reflection sequence i.

Let U ∈ QC be a one-dimensional object. By induction on k we show that
DIQ(U) admits the reflection sequence i: Let k ≥ 1 and assume DIQ(U) admits
the reflection sequence (i1, . . . , ik−1). As mDN

i ∈ N0 we have that (m)DNi = 0
for some m ∈ N. This implies that for all 1 ≤ j ≤ θ + 1, j 6= ik we have

(m)DNi (DNi
m−1

D
IQ(U)
i,j − 1) = 0,

hence R(i1,...,ik−1)(D
IQ(U)) is ik-finite.

In particular, Ri(D
IQ(U))j(θ+1) is defined for all j ∈ I.

Theorem 5.2.18. Let k ∈ N0, i = (i1, . . . , ik) ∈ Ik, assume N admits the
reflection sequence i and that Q is finite-dimensional. Let U ∈ QC be a
one-dimensional object and j ∈ I. The following are equivalent

(1) IQ(U) admits the reflection sequence (i1, . . . , ik, j).

(2) IQ(U) admits the reflection sequence i and

PDN

sD
N

i (αj)
(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) 6= 0.

(3) IQ(U) admits the reflection sequence i and

PDN

−sDNi (αj)
(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) 6= 0.

Proof. First consider that Ri(DN ) and Ri(D
IQ(U))j(θ+1) are defined for all

j ∈ I, as discussed in Remark 5.2.17. Assume IQ(U) admits the reflec-
tion sequence i and let j ∈ I. Combining Corollary 5.2.12, Lemma 3.4.9
and Corollary 5.2.13 we obtain that IQ(U) admits the reflection sequence
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5.2 Nichols systems of diagonal type

(i1, . . . , ik, j) if and only if m
Ri(D

N )
j = −aRi(D

IQ(U)
)

j(θ+1) . By definition this is
equivalent to

Ri(D
N )mj Ri(D

IQ(U))j(θ+1) − 1 6= 0

for all 0 ≤ m ≤ m
Ri(D

N )
j − 1. Since sD

N
i (αj) ∈ Nθ

0 ∪−Nθ
0 by Corollary 5.2.14,

using Lemma 5.2.16 and Proposition 5.1.28 completes the proof.

Theorem 5.2.19. Assume N admits all reflections and that Q is finite-
dimensional. Let U ∈ QC be a one-dimensional object. The following are
equivalent

(1) IQ(U) is irreducible in Q
QYD(C).

(2) PDN (D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) 6= 0.

Proof. By Corollary 3.4.14 (1) holds if and only if IQ(U) admits all reflec-

tions. Since ∆DN = ∆DN
+ ∪ −∆DN

+ by Corollary 5.2.14, the equivalence of
(1) and (2) is inductively implied by Theorem 5.2.18.

Theorem 5.2.19 states that whether IQ(U) is irreducible in Q
QYD(C) can

be determined by calculating some rational functions in k(t1, . . . , tθ) and

checking if (D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) is a root of any of those functions. By
definition these functions only rely on the roots of the Nichols system. The
following is an algorithm that calculates these functions and more.

Algorithm 5.2.20. Assume N admits all reflections and mNi ∈ N0 for all
k ∈ N0, i ∈ Ik. Let S be an empty list with entries in Aut(Zθ) and X be an
empty list where entries are objects in Dθ

k. Moreover let R and B be empty
lists with entries in Zθ0 (actually B has entries in Nθ

0). Finally let P be an
empty list with entries in k(t1, . . . , tθ). For any list L and n ∈ N we denote
L[n] for the n-th entry in L and let #L be the number of entries in L. Now
do the following.

(1) Add idZθ to S, DN to X and 0 ∈ Nθ
0 to B. Let n = 1.

(2) While n ≤ #S do the following:

(a) Let s = S[n], D = X[n] and β = B[n].

(b) For all j ∈ I do:

(i) Define the monomial

q′ = ts(αj)χ
DN (β, s(αj)) ,
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5 Nichols systems of diagonal type

let r = q′(1, . . . , 1) ∈ k× and q = r−1q′. (Careful: Here DN

is used, not D.)

(ii) For all 1 ≤ m ≤ mD
j do:

If q − r−1D1−m
j /∈ P and q−1 − rDm−1

j /∈ P , then add

q − r−1D1−m
j to P .

(iii) Add s(αj) to R, if it is not already contained.

(iv) Let s′ = ssDj .

(v) If s′ is not contained in S, then add s′ to S, Rj(D) to X and
β −mD

j s
′(αj) to B.

(c) Increment n by 1.

If the algorithm terminates, then the following hold:

(A) Q is finite-dimensional.

(B) ∆N = R.

(C) B ⊂ Sup(Q) and Sup(Q) is contained in the convex hull of B.

(D) For any one-dimensional object U ∈ QC we have that IQ(U) is irre-

ducible in Q
QYD(C) if and only if for all p ∈ P we have

p(D
IQ(U)

1(θ+1), . . . , D
IQ(U)

θ(θ+1)) 6= 0.

Proof. We show the following:

(I) For all 1 ≤ n ≤ #S there exists k ∈ N0, i ∈ Ik such that S[n] = sD
N

i ,
X[n] = Ri(D

N ) and B[n] = βD
N

i .

(II) For all k ∈ N0, i ∈ Ik there exists 1 ≤ n ≤ #S such that S[n] = sD
N

i ,
X[n] = Ri(D

N ) and B[n] = βD
N

i .

Then (B) and (C) are implied by (II), Proposition 2.3.17 and Corollary 5.2.14,
(A) is implied by (C) and (D) is implied by (II), Theorem 5.2.19, Proposi-
tion 5.1.28 and Proposition 5.1.24.

(I): Assume that S[n] = sD
N

i , X[n] = Ri(D
N ) and B[n] = βD

N
i for some

1 ≤ n ≤ #S, k ∈ N0, i = (i1, . . . , ik) ∈ Ik (given for n = 1, k = 0 and i = ()).
Then for j ∈ I we have

sD
N

i s
Ri(D

N )
j = sD

N

i sD
N

i,j = sD
N

(i1,...,ik,j)
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as well as Rj(Ri(D
N )) = R(i1,...,ik,j)(D

N ) and

βD
N

i −mRi(D
N )

j sD
N

(i1,...,ik,j)
(αj) = βD

N

(i1,...,ik,j)
.

Considering (v) we conclude that (I) holds.

(II): We do induction on k: For k = 0 (II) holds via choosing n = 1. Let
k ∈ N0, i ∈ Ik as well as 1 ≤ n ≤ #S and assume that S[n] = sD

N
i ,

X[n] = Ri(D
N ) and B[n] = βD

N
i . Let j ∈ I. We will show that (II)

holds for i′ = (i1, . . . , ik, j). There are two possibilities: Either in (v)

sD
N

i s
Ri(D

N )
j = sD

N

(i1,...,ik,j)
was contained in S or not. In the latter case similar to

(I) we conclude that (II) holds for i′. So assume in (v) sD
N

(i1,...,ik,j)
was contained

in S, i.e. that there exists 1 ≤ n′ ≤ #S, such that sD
N

(i1,...,ik,j)
= S[n′]. Now by

(I) there exists l ∈ N0, a = (a1, . . . , al) ∈ Il, such that S[n′] = sD
N

a , X[n′] =
Ra(D

N ) and B[n′] = βD
N

a . Since sD
N

(i1,...,ik,j)
= sD

N
a , Proposition 5.1.17 implies

R(i1,...,ik,j)(D
N ) = Ra(D

N ) = X[n′]. Finally Corollary 5.2.14 and Corol-

lary 2.3.16 imply βD
N

(i1,...,ik,j)
= βD

N
a = B[n′].

5.3 Examples

In this last section we will apply Algorithm 5.2.20 to two examples of Nichols
systems of diagonal type. The examples appear in [Hec08] and [Hec07],
respectively.

Example 5.3.1. Assume θ = 2, let ω ∈ k be a third root of 1 and assume N
is a pre-Nichols system that admits all reflections and has Dynkin diagram

ω −1−ω
,

In Example 5.1.31 we saw that the reflection graph of DN is

ω −1−ω ω−1 −1−ω−1
2

,

and that for all k ∈ N0, i ∈ Ik

(a
Ri(N )
jk )j,k∈I =

(
2 −2
−1 2

)
, (m

Ri(N )
j )j∈I =

(
2
1

)
.

Then s
Ri(N )
j = sNj for all j ∈ I and we obtain

sN(1212) = sN1 s
N
2 s
N
1 s
N
2 = −idZθ = sN2 s

N
1 s
N
2 s
N
1 = sN(2121).

We do Algorithm 5.2.20 step by step:
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5 Nichols systems of diagonal type

• Add sD() = idZθ to S, DN to X and βN() to B.

• Let s = S[1] = idZθ , D = X[1] = DN and β = B[1] = 0.

– For j = 1 in (i) we obtain q = t1, r = 1, hence in (ii) we add t1−1
and t1 − ω2 to P .

– For j = 1 in (iii) we add (1, 0) to R.

– For j = 1 in (v) we add sD1 to S, R1(D) to X and βD1 = (2, 0) to
B.

– For j = 2 in (i) we obtain q = t2, r = 1, hence in (ii) we add t2−1
to P .

– For j = 2 in (iii) we add (0, 1) to R.

– For j = 2 in (v) we add sD2 to S, R2(D) to X and βD2 = (0, 1) to
B.

• Let s = S[2] = sD1 , D = X[2] = R1(DN ) and β = B[2] = βD1 .

– For j = 1 we obtain q = t−1
1 , r = ω2 and s′ = idZθ , hence only add

(−1, 0) to R in (iii).

– For j = 2 in (i) we obtain q = t21t2, r = ω, hence in (ii) we add
t21t2 − ω2 to P .

– For j = 2 in (iii) we add (2, 1) to R.

– For j = 2 in (v) we add sD(12) to S, R(12)(D) to X and βD(12) = (4, 1)
to B.

• Let s = S[3] = sD2 , D = X[3] = R2(DN ) and β = B[3] = βD2 .

– For j = 1 in (i) we obtain q = t1t2, r = −ω, hence in (ii) we add
t1t2 + ω2 and t1t2 + 1 to P .

– For j = 1 in (iii) we add (1, 1) to R.

– For j = 1 in (v) we add sD(21) to S, R(21)(D) to X and βD(21) = (2, 3)
to B.

– For j = 2 we only add (0,−1) to R in (iii).

• Let s = S[4] = sD(12), D = X[4] = R(12)(D
N ) and β = B[4] = βD(12).

– For j = 1 we do nothing in (ii).
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– For j = 1 in (v) we add sD(121) to S, R(121)(D) to X and βD(121) =

(6, 3) to B.

– For j = 2 we only add (−2,−1) to R in (iii).

• Let s = S[5] = sD(21), D = X[5] = R(21)(D
N ) and β = B[5] = βD(21).

– For j = 1 we only add (−1,−1) to R in (iii).

– For j = 2 we do nothing in (ii).

– For j = 2 in (v) we add sD(212) to S, R(212)(D) to X and βD(212) =

(4, 4) to B.

• Let s = S[6] = sD(121), D = X[6] = R(121)(D
N ) and β = B[6] = βD(121).

– For j = 1 we do nothing.

– For j = 2 we do nothing in (ii).

– For j = 2 in (v) we add sD(1212) = −idZθ to S, R(1212)(D) to X and

βD(1212) = (6, 4) to B.

• Let s = S[7] = sD(212), D = X[7] = R(212)(D
N ) and β = B[7] = βD(212).

– For j = 1 we do nothing.

– For j = 2 we do nothing.

• Let s = S[8] = sD(1212), D = X[8] = R(1212)(D
N ) and β = B[8] = βD(1212).

– For j = 1 we do nothing.

– For j = 2 we do nothing.

• The algorithm terminates.

In total we have

R = [(1, 0), (0, 1), (−1, 0), (2, 1), (1, 1), (0,−1), (−2,−1), (−1,−1)],

B = [(0, 0), (2, 0), (0, 1), (4, 1), (2, 3), (6, 3), (4, 4), (6, 4)],

P = [t1 − 1, t1 − ω2, t2 − 1, t21t2 − ω2, t1t2 + ω2, t1t2 + 1].

Hence Q is finite-dimensional, Sup(Q) is contained in the set drawn in Fig-
ure 5.1 and for a one-dimensional object U ∈ QC, where r1, r2 ∈ k× are such
that for u ∈ U , u 6= 0, j ∈ {1, 2} we have

cCU,Njc
C
Nj ,U

(xj ⊗ u) = rjxj ⊗ u,
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α1

α2

1

1

2

2

3

3

4

4

5 6

Figure 5.1: A subset of N2
0 in which Sup(Q) is contained in.

then we obtain that IQ(U) is irreducible if and only if

(r1 − 1)(r1 − ω2)(r2 − 1)(r2
1r2 − ω2)(r1r2 + ω2)(r1r2 + 1) 6= 0.

Example 5.3.2. Let a ∈ {3, 6}, assume ω ∈ k is an a-th root of 1 and
assume N is a pre-Nichols system that admits all reflections and has Dynkin
diagram

ω ω −1
ω−1 ω−2

.

As seen in Example 5.1.32 the reflection graph of DN is

ω ω −1
ω−1 ω−2 ω −ω−1 −1

ω−1 ω2
3

.

Let a′ ∈ {3, 6}, such that a 6= a′. For all k ∈ N0, i = (i1, . . . , ik) ∈ I we
obtain

(a
Ri(D)
jk )j,k∈I =



 2 −1 0

−1 2 −2

0 −1 2

 if #{1 ≤ l ≤ k | il = 3} is even,

 2 −1 0

−2 2 −2

0 −1 2

 else.

and (m
Ri(D)
j )j∈I = (a − 1, a − 1, 1) if #{1 ≤ l ≤ k | il = 3} is even and

(m
Ri(D)
j )j∈I = (a− 1, a′ − 1, 1) else.
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Here Algorithm 5.2.20 terminates after #S = 96. We obtain

R =[(1, 0, 0), (0, 1, 0), (0, 0, 1), (−1, 0, 0), (1, 1, 0), (0,−1, 0), (0, 2, 1), (0, 1, 1),

(0, 0,−1), (−1,−1, 0), (2, 2, 1), (1, 1, 1), (0,−2,−1), (1, 2, 2), (0,−1,−1),

(−2,−2,−1), (−1,−1,−1), (1, 2, 1), (1, 3, 2), (−1,−2,−2), (2, 3, 2),

(−1,−2,−1), (−1,−3,−2), (2, 4, 3), (−2,−3,−2), (−2,−4,−3)].

If a = 3, then we obtain that B and P are given by

B =[(0, 0, 0), (2, 0, 0), (0, 2, 0), (0, 0, 1), (4, 2, 0), (2, 0, 1), (2, 4, 0), (0, 4, 1),

(0, 5, 6), (4, 4, 0), (6, 4, 1), (7, 5, 6), (2, 6, 1), (0, 9, 6), (2, 9, 10), (0, 7, 7),

(6, 6, 1), (11, 9, 6), (9, 9, 10), (9, 7, 7), (7, 16, 6), (2, 15, 10), (0, 9, 7),

(7, 14, 15), (2, 11, 11), (11, 16, 6), (15, 15, 10), (11, 9, 7), (9, 14, 15),

(11, 11, 11), (9, 22, 10), (9, 18, 7), (7, 25, 15), (2, 15, 11), (9, 18, 18),

(4, 17, 15), (15, 22, 10), (11, 18, 7), (20, 25, 15), (15, 15, 11), (11, 18, 18),

(15, 17, 15), (9, 27, 15), (11, 24, 11), (9, 29, 18), (4, 19, 15), (11, 24, 22),

(6, 21, 18), (20, 27, 15), (15, 24, 11), (22, 29, 18), (17, 19, 15), (15, 24, 22),

(17, 21, 18), (11, 31, 18), (15, 30, 15), (11, 33, 22), (6, 23, 18), (15, 30, 26),

(11, 26, 23), (22, 31, 18), (17, 30, 15), (24, 33, 22), (19, 23, 18), (17, 30, 26),

(17, 26, 23), (15, 37, 22), (17, 34, 18), (15, 39, 26), (11, 33, 23), (15, 32, 27),

(24, 37, 22), (19, 34, 18), (26, 39, 26), (24, 33, 23), (19, 32, 27), (17, 41, 26),

(17, 39, 23), (15, 39, 27), (20, 42, 32), (26, 41, 26), (24, 39, 23), (26, 39, 27),

(24, 42, 32), (19, 43, 27), (20, 44, 32), (22, 44, 33), (26, 43, 27), (26, 44, 32),

(24, 44, 33), (24, 48, 32), (22, 46, 33), (26, 48, 32), (26, 46, 33), (24, 48, 33),

(26, 48, 33)]

and

P =[t1 − 1, t1 − ω2, t2 − 1, t2 − ω2, t3 − 1, t1t2 − ω, t1t2 − 1, t22t3 − ω2,

t2t3 − ω2, t2t3 + 1, t2t3 − ω, t2t3 + ω2, t2t3 − 1, t21t
2
2t3 − ω, t1t2t3 − 1,

t1t2t3 + ω, t1t2t3 − ω2, t1t2t3 + 1, t1t2t3 − ω, t1t22t23 − ω2, t1t
2
2t

2
3 − ω,

t1t
2
2t3 − ω, t1t22t3 + ω2, t1t

2
2t3 − 1, t1t

2
2t3 + ω, t1t

2
2t3 − ω2, t1t

3
2t

2
3 − 1,

t1t
3
2t

2
3 − ω2, t21t

3
2t

2
3 − ω, t21t32t23 − 1, t21t

4
2t

3
3 − 1].
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Moreover if a = 6, then B and P are given by

B =[(0, 0, 0), (5, 0, 0), (0, 5, 0), (0, 0, 1), (10, 5, 0), (5, 0, 1), (5, 10, 0), (0, 7, 1),

(0, 2, 3), (10, 10, 0), (12, 7, 1), (7, 2, 3), (5, 12, 1), (0, 9, 3), (5, 12, 13),

(0, 4, 4), (12, 12, 1), (14, 9, 3), (12, 12, 13), (9, 4, 4), (7, 16, 3), (5, 24, 13),

(0, 9, 4), (7, 14, 15), (5, 14, 14), (14, 16, 3), (24, 24, 13), (14, 9, 4),

(12, 14, 15), (14, 14, 14), (12, 31, 13), (9, 18, 4), (7, 28, 15), (5, 24, 14),

(9, 18, 18), (10, 29, 24), (24, 31, 13), (14, 18, 4), (26, 28, 15), (24, 24, 14),

(14, 18, 18), (24, 29, 24), (12, 33, 15), (14, 33, 14), (9, 32, 18), (10, 34, 24),

(14, 33, 28), (12, 33, 27), (26, 33, 15), (24, 33, 14), (28, 32, 18), (29, 34, 24),

(24, 33, 28), (26, 33, 27), (14, 37, 18), (24, 48, 24), (14, 42, 28), (12, 38, 27),

(24, 48, 38), (14, 35, 29), (28, 37, 18), (29, 48, 24), (33, 42, 28), (31, 38, 27),

(29, 48, 38), (26, 35, 29), (24, 52, 28), (26, 52, 27), (24, 57, 38), (14, 42, 29),

(24, 50, 39), (33, 52, 28), (31, 52, 27), (38, 57, 38), (33, 42, 29), (31, 50, 39),

(29, 62, 38), (26, 54, 29), (24, 57, 39), (26, 54, 41), (38, 62, 38), (33, 54, 29),

(38, 57, 39), (33, 54, 41), (31, 64, 39), (26, 59, 41), (28, 56, 42), (38, 64, 39),

(38, 59, 41), (33, 56, 42), (33, 66, 41), (28, 61, 42), (38, 66, 41), (38, 61, 42),

(33, 66, 42), (38, 66, 42)]

and

P =[t1 − 1, t1 + ω2, t1 − ω4, t1 + 1, t1 − ω2, t2 − 1, t2 + ω2, t2 − ω4,

t2 + 1, t2 − ω2, t3 − 1, t1t2 + ω4, t1t2 − 1, t1t2 + ω2, t1t2 − ω4,

t1t2 + 1, t22t3 − ω2, t2t3 − ω2, t2t3 − 1, t21t
2
2t3 − ω4, t1t2t3 + 1,

t1t2t3 + ω4, t1t
2
2t

2
3 − ω2, t1t

2
2t

2
3 + ω4, t1t

2
2t

2
3 − 1, t1t

2
2t

2
3 + ω2,

t1t
2
2t

2
3 − ω4, t1t

2
2t3 − ω4, t1t

2
2t3 − ω2, t1t

3
2t

2
3 + 1, t1t

3
2t

2
3 − ω2,

t1t
3
2t

2
3 + ω4, t1t

3
2t

2
3 − 1, t1t

3
2t

2
3 + ω2, t21t

3
2t

2
3 − ω4, t21t

3
2t

2
3 + 1,

t21t
3
2t

2
3 − ω2, t21t

3
2t

2
3 + ω4, t21t

3
2t

2
3 − 1, t21t

4
2t

3
3 − 1].

Hence Q is finite-dimensional, Sup(Q) is contained in the convex hull of B
and for a one-dimensional object U ∈ QC, where r1, r2, r3 ∈ k× are such that
for u ∈ U , u 6= 0, j ∈ {1, 2, 3} we have

cCU,Njc
C
Nj ,U

(xj ⊗ u) = rjxj ⊗ u,

then we obtain that IQ(U) irreducible if and only if∏
p∈P

p(r1, r2, r3) 6= 0.
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Appendix

German summary

Das Konzept des Nichols-Systems ist recht neu und ergibt sich als sinnvolles
Werkzeug, wenn man Nichols-Algebren B(⊕kVk) von direkten Summen von
Yetter-Drinfeld-Moduln Vk anschaut ([HS20], Abschnitte 13.2-13.3). Nichols-
Systeme halfen beim Studieren von Spiegelungen solcher Nichols-Algebren
([HS20], Abschnitte 13.3-13.4), sowie beim Untersuchen von Rechtskoide-
alunteralgebren von Nichols-Algebren ([HS20], Kapitel 14). Unser erstes
Ziel ist es eine neue äquivalente Definition eines Nichols-Systems zu geben,
die ohne viel Vorarbeit und mit wenigen Voraussetzungen auskommt (Ab-
schnitt 2.1). Wir studieren Spiegelungen von Nichols-Systemen, ohne die
notwendigen Funktoren explizit zu konstruieren. Stattdessen werden wir nur
einige wichtige Eigenschaften solcher Funktoren benutzen (Abschnitt 1.2,
Abschnitt 2.2). Dieser Ansatz unterscheidet sich von dem in [HS20] und
interessanterweise stellt sich heraus, dass wir nur wissen müssen, wie die
Funktoren Z-Graduierungen verändern, siehe Proposition 1.2.1.

Wir werden diese Funktoren außerdem benutzen, um Spiegelungsfunktoren
für Yetter-Drinfeld-Moduln über Nichols-Systemen zu konstruieren. Solche
Funktoren sind neu, weswegen wir ihre fundamentalen Eigenschaften detail-
liert diskutieren (Abschnitt 3.1, Abschnitt 3.2). Mithilfe der Wurzeln eines
Nichols-Systems werden wir einige Eigenschaften über die Geometrie des
Trägers des Nichols-Systems und seiner Yetter-Drinfeld-Moduln herleiten,
indem wir iterierte Spiegelungen betrachten (Abschnitt 2.3, Abschnitt 3.3).
Zum Beispiel werden wir zeigen, dass wenn ein Yetter-Drinfeld-Modul bes-
timmte Voraussetzungen erfüllt, dann liegt jedes echte Unterobjekt im In-
neren des Trägers des Yetter-Drinfeld-Moduls (Proposition 3.3.15). Diese
geometrischen Eigenschaften werden wir dann oft in den folgenden Abschnit-
ten benutzen, was ermöglicht eine Intuition über die diskutierten Aussagen
zu entwickeln.
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Mit der dann getätigten Vorarbeit wird unser nächstes Thema die Beschrei-
bung des maximalen Unterobjekts eines Yetter-Drinfeld-Moduls über einem
Nichols-System sein (Abschnitt 3.5), welches gleichzeitig auch die Irreduz-
ibilität der Yetter-Drinfeld-Moduln beschreibt. Für einen Yetter-Drinfeld-
Modul finden wir einen besonderen Morphismus, den wir Shapovalov-Mor-
phismus nennen (Definition 3.5.1) und dessen Kern mit dem maximalen
Unterobjekt des Yetter-Drinfeld-Moduls übereinstimmt (Proposition 3.5.6).
Dieser Morphismus stellt sich als besonders nützlich heraus, da er mit Spiege-
lungen verträglich ist (Proposition 3.5.9) und deswegen benutzt werden kann,
um gewisse Eigenschaften über die Spiegelungen des Yetter-Drinfeld-Moduls
zu charakterisieren, indem man sich anschaut wie sich der Morphismus auf
bestimmten Komponenten des Trägers des Objekts verhält (Corollary 3.5.10,
Corollary 3.5.11).

Wir berechnen dann eine explizite Formel für den Shapovalov-Morphismus
(Theorem 4.2.3) in dem Fall wo das Nichols-System von Gruppentyp ist (Ab-
schnitt 4.2). In der Formel spielen eine besondere Variante von sogenannten
braided shuffles eine wichtige Rolle, welche in Abschnitt 4.1 studiert werden.
Diese haben unerwarteterweise eine Vertauschungsrelation mit dem braided
symmetrizer (Theorem 4.1.17). Wir benutzen die explizite Formel um das
maximale Unterobjekt von Yetter-Drinfeld-Moduln über Nichols-Systemen
vom Gruppentyp, das heißt den Kern des zugehörigen Shapolov-Morphismus,
in den Komponenten mit Grad 2 zu bestimmen (Proposition 4.2.10). Zuletzt
benutzen wir die Resultate des Kapitels um das maximale Unterobjekt einiger
Beispiele von Yetter-Drinfeld-Moduln über Nichols-Systemen mit nicht-abel-
schem Gruppentyp zu bestimmen (Abschnitt 4.3), nämlich die der Fomin-
Kirillov-Algebren der Dimension 12 und 576 ([Ven12]), sowie die der 1280-
dimensionalen Nichols-Algebra, die durch ein Quandle mit 5 Elementen ge-
geben ist und in der Liste von [Ven21] auftaucht.

Mit der errechneten expliziten Formel des Shapovalov-Morphismus ist zu-
dem nicht mehr viel nötig, um die Theorie der Spiegelungen von Yetter-
Drinfeld-Moduln über Nichols-Systemen vom diagonalen Typ (Abschnitt 5.2)
auf die Theorie der Spiegelungen von Dynkin-Diagrammen zurückzuführen
(Abschnitt 5.1).

Im Verlauf werden wir außerdem die Theorie auf Yetter-Drinfeld-Moduln
über Nichols-Systemen anwenden und spezifizieren, die man durch induzieren
von Komoduln der Nichols-Systeme erhält (Abschnitt 3.4), eine Konstruktion
die ähnlich zu Verma-Moduln in der Darstellungstheorie von Lie-Algebren
ist. Insbesondere erhalten wir für Nichols-Systeme vom diagonalen Typ das
Ergebnis, das die Irreduzibilität der hier induzierten Objekte mithilfe eines
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Polynoms charakterisiert werden kann, welches man aus den Wurzeln des
Nichols-Systems erhält (Theorem 5.2.18, Theorem 5.2.19). Dieses Polynom
(Definition 5.1.25) taucht auch in [KM99], [BK02], [LL08], aber insbeson-
dere in ähnlichem Kontext in [HY10] auf und ist bekannt als Shapovalov-
Determinante. Während in [HY10] ein ähnliches Resultat mithilfe von vielen
technischen expliziten Berechnungen diskutiert wird, bekommen wir in einem
allgemeineren Kontext dieses Polynom durch den Shapovalov-Morphismus,
was auch der Grund für dessen Namen ist. Wir beschreiben, wie man die
Wurzeln und das Polynom berechnen kann (Algorithm 5.2.20) und in Ab-
schnitt 5.3 tun wir dies für einige Beispiele, welche in [Hec08] und [Hec07]
auftauchen.
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